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A new functional clustering method: the
Functional Clustering and Dimension Reduction
model

Un nuovo metodo di clustering funzionale: il modello
CDR funzionale

Adelia Evangelista and Stefano Antonio Gattone

Abstract In this work a new general procedure to cluster functional observations
in a subspace of reduced dimension is proposed. In particular the method simulta-
neously performs cluster analysis and dimension reduction of functional data. The
Functional Clustering and Dimension Reduction (FCDR) is obtained as the com-
bination of two objective functions: the Functional Principal Component Analysis
(FPCA) and the Functional Factorial K-Means (FFKM). The advantage of this ap-
proach consists in the optimization of a single global objective function which, by
means of the selection of a tuning parameter, incorporates several techniques vary-
ing from the FPCA to FFKM including intermediate cases of clustering and dimen-
sion reduction.

Abstract In questo lavoro viene proposta una nuova procedura generale per rag-
gruppare dati funzionali in un sottospazio di dimensioni ridotte. In particolare, il
metodo esegue simultaneamente la cluster analysis e la riduzione della dimension-
alita dei dati funzionali. Il metodo Functional Clustering and Dimension Reduc-
tion (FCDR) ¢ ottenuto come la combinazione di due funzioni obiettivo: la Func-
tional Principal Component Analysis (FPCA) ed il Functional Factorial K-Means
(FFKM). 1l vantaggio di questo approccio consiste nell’ottimizzare una sola fun-
zione obiettivo globale che, attraverso la selezione di un parametro di controllo,
include diverse tecniche che vanno dalla FPCA al FFKM includendo casi intermedi
di raggruppamento e riduzione dei dati.
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1 Introduction

Cluster analysis has been well used in multiple areas [5] and it continues to play
a significant role for analysts and researchers. Unsupervised classification (or clus-
tering) methods aim to classify a sample of data into homogeneous groups, with-
out having any previous information about the clustering structure. This work deals
with the clustering of functional data which received specific consideration in the
last decade, as a result of the relevance of the high frequency data collected with
modern technologies ([7]). Several clustering techniques for multivariate data have
been suitably modified in order to be applied to functional data ([6]). Jacques and
Preda ([9]) made an interesting review of the most important works related to func-
tional clustering. They identify three general approaches: dimension-reduction be-
fore clustering, model-based clustering and nonparametric distance-based methods.
Several approaches have been introduced for clustering univariate and multivariate
functional data. See for example ([2][3][10][17][12]).

This work is based on the Clustering and Dimension Reduction (CDR) technique
proposed by Vichi et al [15] which simultaneously identifies the optimal subspaces
and the optimal clustering for multivariate data. The idea is that dimension reduction
can improve the clustering recovery when the data incorporate unimportant infor-
mation and the clusters lie in a subspace of reduced dimension ([3]). To this end,
the proposed general model called Functional Clustering and Dimension Reduction
(FCDR) represents an extension to the functional case of the CDR technique. The
work is organized as follows. Section 2 describes Functional Principal Component
Analysis (FPCA), Functional Factorial K-Means (FFKM)([17]), and Functional Re-
duced K-Means ([8, 16]) . The objective function of the FCDR model is presented
in Section 3. Some concluding remarks are given in Section 4.

2 Background knowledge: FPCA, FFKM and FRKM

2.1 FPCA

A functional random variable X takes values in a Hilbert space of functions de-
fined on a continuous subset of Z, say T. Let {x;(t)}!_, be the set of observed
curves where ¢ € T. Without loss of generality assume that data are centered,
i.e. the mean function has been subtracted and Y  x;(f) =0, for all r € T. Let
D ={¢1,¢2,...,0;} be aset of basis functions. X can be expanded in terms of basis
functions as

J
X(1)=Y ci0;(t) =c] P. (1)
j=1

FPCA searches an optimal representation of the curves into a functional space of
reduced dimension. In other words it tries to minimize the reconstruction error of the
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Q-dimensional approximation of the data given by the following objective function:
n Q 5
Crpea(W) = Y [Ixi(t) = Y aigwy (1) 2
i=1 q=1

where aj, = [;xi(t) y,(1)dt are the principal component scores, projections of x;(r)
on the orthonormal eigenfunctions y, with [y, (t)y,(t)dt = 1 if g = r and 0 oth-
erwise. The eigenfunctions y, belong to the same linear space spanned by the basis
. ie. Yy = Ty bighy(1) = BTW with ¥ = {y, ya..... o).

Let C be the n x J matrix of basis coefficients with generic component c;;, W the
J x J matrix with generic component given by wjs = [ ¢;(¢)¢s(¢)dr, and B the J x Q
matrix with generic column given by b,. The FPCA loss function can be expressed
in matrix form as follows:

Crpca(B) = || [C —CWBB"| ®|%. )

2.2 FFKM

Cluster analysis and dimension reduction are often performed in tandem ([1]). A
standard approach is to first apply a dimension-reduction technique to obtain a
fewer number of components than the number of variables, and subsequently using
the extracted components for clustering objects (fandem clustering). For example,
one may apply standard clustering algorithm on the functional principal compo-
nent scores a;, [11]. A more efficient way to proceed is to implement the clustering
simultaneously with dimension reduction. The main subspace functional clustering
are the Functional Reduced K-Means (FRKM) ([8, 16]) and the Functional Factorial
K-Means (FFKM) ([17]). FFKM applies to functional data the Factorial K-Means
technique ([14]) where a clustering and a continuous factorial model are fitted si-
multaneously to multivariate data.

Let U = {ujg}(i=1,...,n;g = 1,...,G) be the binary matrix defining the cluster
parameters, where u;, = 1 if x;(r) belongs to the g — th cluster and O otherwise. Let
ngy be the size of cluster g, the cluster centroids functions %, (f) = ézzﬂ:l UigXi (1)
are assumed to lie in a lower dimensional space. FFKM aims at identifying the
optimal projection expressing the cluster structure of the data by minimizing the
within-cluster deviance of the clusters in the reduced space given by the following
objective function:

0 0
beren(U9) = Y| Y. [ xva0dry, 0= X [ 20w 0di @) @
g=17T g=17T

g

subject to the weight functions {Wq}gzl being orthonormal.
The FFKM loss function can be expressed in matrix form as follows:
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lrrkm(U,B) = ||CWB — HyCWB||? (5)

where Hy = U(UTU)~'UT is the projection matrix onto the space spanned by the
columns of U.

2.3 FRKM

Functional Reduced K-Means (FRKM) attempts to find an optimal subspace for
clustering functional data by maximizing the between cluster deviance in the re-
duced space.The loss function of FRKM is given by:

n G 0
Crrkm (U, W) = Y Y wig|lxi(r) = ) /ng(t)llfq(t)dﬂlfq(t)||2 (6)
g=1

i=1g=1

subject to the weight functions {lllq}g:l being orthonormal.
In matrix form the loss function becomes

lrrm(U,B) = ||[C — HyCWBBT |®|%. (7

3 The Functional CDR

The two methodologies described in Section2 have been shown to perform bet-
ter than the tandem analysis ([17]). However, one technique maximizes the be-
tween cluster deviance (FRKM) and the other minimizes the within cluster deviance
(FFKM) in the reduced space. Following Vichi et al [15] a more general model can
be considered which combines the two methodologies in order to optimize both
the within and the between deviance: the clustering and dimension reduction model
(CDR). The Functional CDR loss function is developed as the sum of the FPCA loss
function given in (3) and the FFKM loss function given in (5):

Lrcpr(U,B) = olppca(B) + (1 — &) lprkm (U, B). (8

Hence, the minimization of the loss function (8) is a trade-off amid FPCA and
FFKM. Clearly, by setting the value of the constant & = 0, (8) becomes the FFKM
loss function, vice versa fixing o = 1 it is equivalent to minimize the loss function
of the FPCA. By varying o between O and 1 different weights are given to FPCA
and FFKM. Interestingly, it can be shown that with o¢ = 0.5 the FCDR is equivalent
to the FRKM loss function. Therefore, the clustering solution depends on the cho-
sen value of the tuning parameter o, whose selection becomes crucial.

Vichi et al [15] proposed to use the pseudo F index in order to automatically se-
lect the value of « ([4]). In this work different criterion to select the value of o are
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considered and their performance evaluated through a simulation study. A criterion
could be clustering stability proposed by [18]. The idea is to evaluate the clustering
algorithm on different samples taken from the same population. If the algorithm is
good, it should assign the units to the same cluster from one sample to another. An
alternative criterion might be the gap statistic suggested by [13] for estimating the
number of groups in a data set.

4 Future works

A simulation study to evaluate the performance of the FCDR algorithm together
with the criterion for the choice of the tuning parameter ¢ is currently under devel-
opment.

A possible application of the FCDR method could be the identification of homoge-
neous areas in an environmental setting. Indeed, the FCDR method seems to be an
optimal solution when dealing with meteorological variables where correlation and
redundant information are usually found in the data.
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