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Abstract. Modal parameters define the inherent characteristics of real-world structures, being
therefore employed as reference information for various purposes, including the assessment of
structural damage, the evaluation of operational and environmental effects, and the calibration
of realistic numerical models. Among frequencies, damping ratios and mode shapes, the latter
have been proved far more effective in localizing structural damage given their spatial
dependency on the nodal coordinates of vibrating systems. Most of modal analysis applications
resort to the real part of these quantities for vibration-based damage identification of structural
systems, assuming them as classically damped. However, the classical viscous damping
assumption is often idealistic for real-world structures as the damping matrix cannot be
considered as proportional to mass and stiffness matrices. It follows that the mode shapes of
real systems are complex in nature, and their complexity level can vary with damage. Based on
the above considerations, this work intends to shed light on the relationship between structural
damage and modal complexity. Numerical investigations are carried out to track the variation
of complex mode shapes in a multi-span bridge subjected to progressive damage scenarios and
to infer about the generalization of a new index that relies on the variation of the imaginary
content of complex eigenmodes to detect, locate and assess the structural damage.

1. Introduction

The Raileigh damping assumption, commonly adopted for modelling energy dissipation mechanisms
in structural systems, is an approximation that turns simplistic and unrealistic in many cases because
real-world structures cannot be always considered as classically damped. In case of nonproportional
damping, the mode shapes of a system are generally characterized by real and imaginary components
[1-2]; this complexity can arise from different factors, including non-uniform distributions of energy
dissipation mechanisms caused by structural damage.

The above explains why, although real-valued modal analysis methods continue to be the standard
approach for the dynamic characterization of structural systems, they might lead to inaccurate results
when employed for damage identification purposes. In fact, structures tend to exhibit unsynchronized
nodal movements in the presence of damage; thus, the real part of the mode shapes, which is related to
the in-phase components of the structural response, can supply only limited or incorrect information
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about the damage location unlike the imaginary counterpart which is, conversely, linked to the out-of-
phase components of the mode [3].

Based on the previous considerations, many researchers have focused their attention on the
correlation between structural damage, modal damping and modal complexity with the aim of deriving
useful and expeditive indicators to employ for structural health monitoring [4-5-6]. The resulting
works have corroborated the relationship existing among these variables, yet most of the proposed
indicators turned out to be unable to go beyond the simple detection of the damage occurrence. In
other cases, validations have been performed using scaled experimental models and attributing the
increase in mode shapes complexity exclusively to the energy dissipation associated with damage.
But, when dealing with experimentally identified mode shapes, mode complexity can also increase
due to measurements noise, identification errors, signal aliasing and leakage, mass loading effects,
nonlinearities, and high levels of modal density [7]. Numerically, these aspects can be controlled,
allowing to reduce the uncertainties in the analysis of the mode complexity and fostering an in-depth
comprehension of the phenomenon.

In order to fill this gap, a new index has been recently formulated by the authors for attaining
higher levels of damage identification in structural systems [8]. Hitherto, the proposed indicator has
been only validated against numerical and experimental data obtained from the modal identification of
elementary systems. The scope of the present research work is to go beyond and demonstrate the wide
applicability of this new damage index to structures close to real-world physical systems. To this end,
a well-known multi-span bridge is simulated and used as a numerical benchmark for the complex
modal analysis.

2. Complex modal analysis

2.1. Theoretical background

The dynamic behaviour of real structures is commonly analysed by the Finite Element Method (FEM),
assuming the hypothesis of a viscous damped multi degrees of freedom (MDOF) system, translated
via the use of a damping matrix C proportional to the mass M and stiffness K matrices of the structure,
in accordance with the Rayleigh assumption. In this case, the natural vibration modes of the system are
real-valued and coincide with those of the undamped one; otherwise, the system results non-classically
damped featuring complex-valued vibration modes.

In case of non-ordinary constructions consisting of many heterogeneous substructures and
elaborated spatial geometries or even in case of common buildings but equipped with energy
dissipation devices, the system is far from being classically damped, hence the second-order
differential equations governing the motion are coupled and the free vibration problem is solved
turning it into a complex polynomial eigenvalue problem [9]:

[s?2M +sC+K]p =0 (1)
where ¢ is a modal vector belonging to R" and s is a complex number. This problem can be solved
using a state-space model that describes the behaviour of the system as a set of first-order differential
equations given by the expression:

Aw(t) + Bw(t) =0 (2

in which the complex vector w(t) = [u(t) u(t)]”, while A and B are 2n X 2n symmetric
matrices defined as:

a-15 Mo 1)
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Assuming the free vibration solution of the damped structure as u(t) = ¢est, the complex vector
w(t) and its time derivative result equal to:

— d)] st — St & _[Sd)] st _ st : st
w(t) = [s¢ et =ze*,w(t) = ¢ e®t = sze*", with se** # 0 4)
Thus, the problem in Eq. (2) ultimately reads:
[sA+B]z=0 5)

Being A and B real symmetric matrices, Eq. (5) yields to complex conjugate pairs of eigenvalues
Sj = —{jwy ; T iwg,j (function of the natural w.;j and wq; damped circular frequencies of the system,

the imaginary unit i and the damping ratio {j) and associated complex conjugate pairs of eigenvectors
[10].

2.2. Mode complexity and structural damage

Rooted in the assumption that non-uniform energy dissipation mechanisms induced by structural
damage yield non-proportional damping distributions, ergo complex vibration modes, mode
complexity has been widely accepted as a measure of structural damage. Therefore, as mentioned in
the Introduction, several indicators based on mode shapes complexity have been proposed in the
literature for damage identification purposes. Among the most relevant are the Modal Phase
Collinearity (MPC) [11], the Modal Imaginary Ratio (MIR) [6], the Modal Dispersity (MD) and the
Modal Polygon Area (MPA) [12]. MIR, MD, MPA lead to positive values ranging between zero - in
case of null or proportional damping and real-valued vectors - and one - in case of non-proportional
damping and fully complex modes; conversely MPC is equal to one for real mode shapes. The explicit
expressions of the indices are reported in Table 1, where Sy, S,; and Sy, represent the variances and
covariance of the real Re(-) and imaginary Im(+) parts of the mode shape; |I-l] indicates the Euclidean
2-norm operator and || means absolute value; ¢ is the kth component of jth mode shape ¢;; n
indicates the number of DOFs of the structure; 4; is the area enclosed by the polygon constituted by
the components of ¢; in the complex plane, whilst Ajmax indicates the maximum potential area of the

modal polygons.

Table 1. MPC, MIR, MD, MPA expressions.

Index Expression
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It is worth noting that the afore-mentioned state-of-the-art indicators enable the sole qualitative
detection of the damage occurrence, being all coordinate-independent scalar quantities of complexity.
As damage is a localized phenomenon that requires higher levels of identification beyond detection in
order to plan targeted countermeasures in a timely fashion and prevent irreversible failures, the
following damage index has been recently introduced by the authors to overcome the limitations of
state-of-the-art mode complexity indicators:

Im(¢;*) — Im(¢y;") it
n u a
& 3, m(ey)] [

Ali(f;) = (6)

where Im() is the imaginary part of the mode shape; ¢;; is the ith component of the jth natural
mode shape ¢;; n is the total number of imaginary elements contained in the mode shape; f; is the
eigenfrequency associated with the jth mode, and the upper scripts v and d stand for undamaged and
damaged scenarios. The index in Eq. (6) is based on the weighted componentwise difference of the
imaginary content of complex modes between different scenarios, thus enabling the detection,
localization and quantification of structural damage. Like the other literature indices, it is estimated
after a normalization and rotation process of the modal vectors aimed at removing the fictitious
complexity typical of modes obtained by state-space modal analyses [13].

The proposed index has been already proved effective to attain higher levels of damage
identification for simply supported beams and fixed-end arches [8]. Yet, no validation through data
derived from realistic models calibrated on the basis of real-world physical systems has been
performed. The next section of the paper focuses on this aspect in order to prove the wide applicability
of the index and move towards the generalization of its formulation.

3. Analysis of modal complexity for damage identification

In order to validate the performance of the damage index proposed by the authors when applied to
realistic non-proportionally damped systems as well as to better investigate the relationship between
modal complexity and structural damage, a well-known benchmark structure was simulated and
analysed under progressive damage scenarios. The simulations were carried out using NOSA-ITACA
code (www.nosaitaca.it/software/), a non-commercial FE software developed in house by ISTI-CNR.

3.1. Numerical benchmark

The benchmark selected for the simulation is the Z24 bridge, a three-span post-tensioned concrete
overpass built in Switzerland in the 1960s and subsequently demolished in favour of a new one with a
larger side span. The bridge deck was centrally supported by two piers clamped into the box-girder,
while the extremities rested on triple columns via hinges. The main dimensions of the bridge are
reported in Fig. 1.

DAMAGED AREA
DECK SECTION PIERS SECTION

2.50 10.00 = 130 6.00 1130,
= [ 1 I 1
o w Foe s o
=T

270 | 14.00 | 30.00
[ I

i

Figure 1. Geometry of the Z24 bridge used in the numerical simulations (length in meters) with
identification of the damage location.

0.35




XII International Conference on Structural Dynamics IOP Publishing
Journal of Physics: Conference Series 2647 (2024) 192024 doi:10.1088/1742-6596/2647/19/192024

The physical system was numerically reproduced resorting to 176 Timoshenko beam elements
(element n. 9 of NOSA-ITACA library) with cross sections as shown in Fig. 1, for a total of 177 nodes
and 1062 degrees of freedom. As for the boundary conditions, fixed displacements along X, Y and Z
directions are considered at the free ends of columns, piers, and deck of the bridge. A preliminary
modal analysis was performed to calibrate the main frequencies and mode shapes of the bridge with
respect to the corresponding modal parameters experimentally estimated for the reference undamaged
scenario (RS). The analyses were conducted in the hypothesis of homogeneous material with Young’s
modulus E = 37.5 GPa, Poisson’s ratio v = 0.2 and mass density p = 2500 kg/m®. Once a fine model
updating of the bridge was achieved, the stiffness and mass matrices were extracted from the code and
the damping matrix was computed under the Rayleigh assumption. The first four vibration modes of
the system are shown in Fig. 2 along with their respective frequencies. For comparative purposes, the
experimental frequencies are reported between parentheses [14]. As it can be observed, the first mode
is a symmetric bending mode featuring a single-curvature vertical deflection of the main span, the
second mode involves a lateral bending of the bridge deck, the third one is an asymmetric bending
mode with a double-curvature vertical deflection of the main span and the fourth mode is a symmetric
vertical bending mode with greater deflections at the side spans.

ﬁ, ’
1*tmode shape, f; =3.87 Hz T_f‘ 20d mode shape, f, =5.02 Hz
(fLexp= 3.89 Hz, relative error =0.51%) (f2.exp= 5.02 Hz, relative error =0.00%)

Y Y
s s
3rd mode shape, f; =9.86 Hz 4t mode shape, f; =11.88 Hz
(f3.exp= 9.80 Hz, relative error =-0.61%) (fi.exp= 12.67 Hz, relative error =6.24%)

Figure 2. The first four vibration modes of the bridge in the reference scenario.

3.2. Modal complexity under progressive damage scenarios
After calibrating a realistic numerical model, four artificial damage scenarios (DS1-DS4) are induced
in the bridge deck by applying an increasing penalty factor (0.1 to 0.6) to the elastic modulus of four
elements of the girder (Fig. 1), whose position was selected in order to avoid null inflection points. For
each scenario, the new stiffness matrix of the damaged system was evaluated through the code and
employed to solve the complex eigenvalue problem according to the formulation described in Section
2. It is stressed that the damping non-proportionality of the bridge arises as an indirect effect of the
stiffness loss.

The modal frequencies estimated for the bridge across the different scenarios are reported in Table
2 along with their percentage variation with respect to the initial undamaged condition. Indeed, the
relative frequency decay and MAC decrement of the different modes with progressive damage are
shown in Fig. 3. As expected, frequencies appear to be very sensitive to damage-induced stiffness
variations, reading downshifts up to 4.8% (f1), 2.3% (f2) and 2.6% (f3) for the lower modes, whereas
MAC-weighted mode shape changes result more evident in the vertical bending modes, particularly
those with a higher number of inflection points (modes 3 and 4). Similar considerations can be drawn
by inspecting the trend of the complexity indices traced in Fig. 4, whose variation is consistent with
the progressive severity of each damage scenario and turns to be greater for higher-order mode shapes
in most cases, except for the MPA index, which shows an increase of modal complexity for all three
vertical bending modes. Despite the meaningfulness of the results, the damage position cannot be
inferred as the analysed indicators are scalar quantities and do not provide spatial information.
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Table 2. Numerical frequencies of the bridge across the different scenarios.

Damage f1 f2 f3 fa
scenario [HZ] [HZz] [HZz] [Hz]
RS 3.87 5.02 9.86 11.88
DS1 3.85 5.00 9.83 11.88
DS2 3.81 4.98 9.78 11.87
DS3 3.76 4.95 9.72 11.86
Ds$ 3.68 4.90 9.61 11.85
1.00E+00 — .  LOOE+0D ¢ g —
9.87E-01 T \\ 9.08E-01 + %
9.74E-01 + 9.96E-01 +
OGIE0L £ OOMEOL £ e rb)
9.48E-01 T - flfy 9.02E-01 T == MAC (¢
0.35E-01 + ﬁ: OOOEOL T . rac &lﬁ
9.22E-01 : : : i 0.88E-01 : i : |
RS DSl D2 DS} D4 RS DSl D$2 DS D

Figure 3. Frequency decay and MAC trend versus damage scenarios (DSs).

1.000E+00 5 - — 1.50E-02 T
—*— MIR ($y)
9.999E-01 1.25E-02 + —— MIR ()
9.998E-01 T 1.00E-02 1 MIR (45)
9.097E-01 + —e— MIR ()
7.50E-03 1
9.996E-01 + —* MPC(¢y)
< —— MPC (¢,) 5.00E-03 |
9.995E-01 -+ 2
) MPC () s
9.994E-01 T —— MPC () 2.50E-03 +
9.993E-01 : f : 1 0.00E+00
RS DS1 DS2 DS3 D34 RS D3l Ds2 Ds3 DS4
1.40E-03 T 2.40E-05
1.20E-03 1 3 D0E-05 4
—— MD (6)) 2.00E-03 —=— MPA ($p)
LOOED3 = —e= MD (9) L60E-05 {  —* MPA(D)
§.00E-04 T MD (65) L 20E.05 ig: (93
20E-05 +
goop0s + 7 MR - 2 e
4.00E-04 8.00E-06 T
2.00E-04 + 4.00E-06 +
0.00E+00 : i . i 0.00E+00 + = + +
RS Ds1 DS2 DS3 DS4 RS DSl Ds2 DS3 Ds4

Figure 4. Complexity indices trend versus damage scenarios (DSs).

By analysing the pointwise variation of the imaginary part of the four predicted mode shapes with
increasing damage, see Fig. 5, one can clearly notice the greater damage sensitivity of this component
as compared to its real counterpart. Particularly, the relative percentage difference between imaginary
components increases with progressive damage and, for the first two modes, it reaches its maximum
value near the damage position. Though, for higher-order modes, the number of points of the structure,
that do not pass through their undeflected position at the same instant in time, does increase thus
leading to greater shifts of the imaginary components in multiple parts and to a higher number of
candidate damage locations (false positives). This outcome corroborates the non-proportional
correlation existing between the presence of structural damage and the amount of complexity in non-
classically damped systems.



XII International Conference on Structural Dynamics
Journal of Physics: Conference Series 2647 (2024) 192024

IOP Publishing
doi:10.1088/1742-6596/2647/19/192024

Moving from a global to a local damage identification, the damage indicator recently proposed by
the authors [8] is computed by measuring for each DS the pointwise difference between reference and
current magnitude of the imaginary part of each modal vector with respect to its initial average
imaginary content, and weighing the resulting value by the ratio between the reference and current
frequency of that mode, following the expression reported in Eq. (6). Accordingly, if damage occurs in
the structure, 41 provides a coordinate-dependent vector of scalar components different than zero and
with higher values in correspondence of the damaged nodes. Indeed, each scalar is linked to a specific
DOF of the system and the overall dimension of the vector equals the total number of measured DOFs
(177 for the present case study).

L T ] L Tz 1

1% mode: real part 1" mode: imaginary part

3.0E-03

2 0E-03

-1.0E-03

-2.0E-03

-2.0E-01 - -3.0E-03

2% mode: real part 2% mode: imaginary part

1.5E-03

1.0E-03

SOE-0AT S e RS
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2.0E-03
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Figure 5. Variation of real and imaginary components of the identified mode shapes of the bridge over
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the four damage scenarios (DSs).



XII International Conference on Structural Dynamics IOP Publishing
Journal of Physics: Conference Series 2647 (2024) 192024 doi:10.1088/1742-6596/2647/19/192024

The results obtained by computing the proposed index based on single- as well as multi-mode
shape contribution (the latter computed by summing the indices of single modes) are displayed in Fig.
6 and Fig. 7, respectively. It is found that, accounting for the relative imaginary content variation of all
complex-valued eigenvectors between progressive scenarios, it is possible to localize the position of
the structural damage, whereas single mode contributions might lead to false positives in case of
higher-order modes.

T ﬂ H I
3.5E+03 - DSt
3.0E+03 - E DS3
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< sE403
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0.0E+00 .--l”””l””“””'”"l J"“ R .|IIH|II|||.. "'n-.
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35E+02 7 uDst
3.0E+02 1 i DS3
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py 20E402 T
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Figure 6. Pointwise damage index Al based on single-mode contribution.
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4. Conclusions

This paper explored the variation of complex vibration modes in a multi-span bridge model calibrated
through experimental data and progressively damaged by simulating local stiffness reductions. The
selection of the case study was driven by the necessity to validate the applicability of a new damage
localization index to systems behaving as real-world physical structures. The underlying concept of
this study is the profitability of spatial information that can be retrieved from the imaginary part of
complex modal vectors when performing vibration-based assessments of the structural health.

It is shown that tracking the variation of complex mode shapes enables to capture modal deflection
changes that would go otherwise undetected taking into consideration only the real components of the
modal vectors. Moreover, in comparison with state-of-the-art indicators, the proposed index — which is
based on the componentwise difference of the imaginary content of complex mode shapes between
different scenarios, averaged with respect to the initial imaginary content of the modes and weighted
by the ratio between initial and current frequencies — allowed not only to infer about the presence of
damage in the structure but also to identify its location and provide a first estimate of its extent.
Further analyses are being performed to thoroughly explore and quantify the correlation between
amount of imaginary content variation and stiffness loss.
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