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ROOT POLYTOPES AND BOREL SUBALGEBRAS
PAOLA CELLINI AND MARIO MARIETTI

ABSTRACT. Let ® be a finite crystallographic irreducible root system and Pg
be the convex hull of the roots in ®. We give a uniform explicit description of
the polytope Pg, analyze the algebraic-combinatorial structure of its faces, and
provide connections with the Borel subalgebra of the associated Lie algebra. We
also give several enumerative results.
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1. INTRODUCTION

Let ® be a finite crystallographic root system in an n-dimensional Euclidean
space £, with scalar product (-,-). We denote by Pg the convex hull of all the
roots in @, and we call it the root polytope of ®. The aim of this paper is to give a
uniform explicit description of the root polytope Ps.

The root polytopes, or some strictly related objects, are studied in some recents
papers. Some authors (see in particular [16] and [17]), intend by root polytope the
convex hull of the positive roots together with the origin, first introduced in [9] for
the root system of type A,,. We call this the positive root polytope and, if confusion
may arise, we call Pg the complete root polytope. In this paper we only consider
the complete root polytope; our results have direct applications to the study of the
positive root polytopes of types A, and C,, (see [4]). In [1], some properties of the
complete root polytopes are provided for the classical types through a case by case
analysis, using the usual coordinate descriptions of the root systems. In our paper,
we give case free statements and proofs for all types.

We provide both a simple global description of the root polytope, and a clear
analysis of the combinatorial structure of its faces. Our results have also a direct
interesting application in the study of partition functions. More precisely, for all
7 in the root lattice, let || be the minimum number of roots needed to express y
as a sum of roots. Chirivi uses the results in Sections 3 through 5 to prove several
properties of the map v +— |7|; in particular, the map is piecewise quasi-linear with
the cones over the facets of Pp as quasi-linearity domains (see [7]). Finally, our

results give information about |J w(A), where A is the fundamental alcove of the
weWw
affine Weyl group of @, since this union set is the polar polytope of Py (see [5]).

The Weyl group W of ® acts on Pg thus, in order to describe Ps, it is natural

to describe the orbits of its faces, of all dimensions, under the action of W. And,
1
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in order to describe the faces, we may describe a special representative in each
W-orbit.

The choice of a root basis provides a special set of faces of Pp. We study
these faces and then prove that they are representatives of the W-orbits. Let
T = {ov,...,a,} be a root basis and let Q = {&y,...,&,} be the dual basis of II
in £ i.e., the corresponding set of fundamental coweights. Moreover, let ®* be the
set of positive roots with respect to II. If 6 is the highest root of ® with respect to

n

I1, and 6 = > m;q;, then each hyperplane (z,w;) = m;, for ¢ = 1,... n, supports
i=1
a face F; of Py of some dimension, that contains §. Thus for each I C {1,...,n},

the intersection F7 of the faces F; with 7 in [ is a face of Py. We also set Fj = Pe.
We call the Fy, for all I C {1,...,n}, the standard parabolic faces. Let V; be the
set of roots in Fj: V; = Fr N ®. For all nonempty I, the sets V; are readily seen
to be filters, or dual order ideals, in the poset ®* with the usual order: o < f3
if and only if 8 — « is a sum of positive roots. Each filter of ®* has a natural
algebraic interpretation. Let g be a complex simple Lie algebra having root system
® with respect to a Cartan subalgebra h. For all o € &, let g, be the root space
corresponding to «, and let b be the standard Borel subalgebra of g correspond-
ing to ®: b = P, o+ 9o ® h. For any filter V of &+, P .\ go is an ideal of b.
Conversely, each ideal of b included in € .4+ ga is obtained in such a way. We
say that V' is an abelian dual order ideal if the corresponding b-ideal is abelian.
Moreover, we say that V' is principal if the corresponding ideal is: this amounts to
say that V has a minimum. A useful technique for dealing with the abelian or with
the ad-nilpotent ideals of a Borel subalgebra is to see them as special subsets of the
affine root system associated to ® (see [6]). The idea, for the abelian ideals, is due
to D. Peterson, and was first described in [15]. We analyze the sets V; in this way.
We denote by ® the affine root system associated to ® and by I1 an extension of
IT to a simple system of o: I =TU {ap}. For each T" C II, we denote by ®(T")
the standard parabolic subsystem of ® generated by I', and by W(I") the standard
parabolic subgroup of the Weyl group generated by the reflections with respect to
the roots in I". Similarly, for I' C ﬁ, we denote by &D(F) the standard parabolic
subsystem of ® generated by I'. For each I C {1,...,n}, we set II; = {o; | i € I}.
Our first results are the following (see Lemma 3.1, Proposition 3.2, and Corollary
3.8).

Theorem. Let [ C {1,...,n}, [T = {z € Po | (x,0s) = my, Vi € I}, and
Vi=FN®. Then Fr is a face of Py, and Vi is a principal abelian dual order ideal
of ®*. Moreover,

(1) if I # 0, V7 is in bijection with the positive roots in @(ﬁ \ II;) \ 1T\ I1;),
and through this bijection, the vertices of Fr correspond to the positive long

roots in this set;
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(2) the number of vertices of Fr is [W(IT\ II;) : W{(IT \ TI;) N 6+)].

In particular, the face F; depends only on the irreducible component of « in the
Dynkin diagram of ﬁ\H 7. Hence it is clear that different sets of indices may yield the
same face. For each I C {1,...,n}, theset of all J C {1,...,n} such that F; = F}
is an interval in the Boolean algebra of the subsets of {1,...,n}. In particular, it
has a maximum and a minimum, that we describe explicitely. The dimension and
the stabilizer of F; can be directly computed from the maximum and the minimum,
respectively. Moreover, the minimum provides information about the barycenter of
F;. We sum up these results in the following statement (see Propositions 3.3, 3.5,
3.7, and 4.4).

Theorem. Let I C {1,...,n}. There exist two subsets OI and I of {1,...,n} such
that {J C{1,....,n} | Fy=F}={JC{l,...,n} |0 CJ C I}. Moreover,

(1) the dimension of Fy is |II| — |1,

(2) the stabilizer of Fr in W is W(II \ Ily;),

(3) the barycenter of Fy lies in the cone generated by {w; | i € 01},

W) {T|1C{1,....n}}={IC{1,...,n} | OUI\II)) is irreducible}.

In particular, the set of the standard parabolic faces is in bijection with the ir-
reducible standard parabolic subsystems of the affine root system that contain the

affine root «.

One can easily check that the sets 91 have at most three roots. Thus each stan-
dard parabolic face F7, of any dimension, can always be obtained as an intersection
of one, two, or three faces of type F;, i € {1,...,n}. We call these the coordinate
faces. By item (3) of the above theorem, the barycenter of any Fj is a positive
linear combination of at most three fundamental coweights.

Associating to each Fj its minimal root, we obtain an injective map from the set
of standard parabolic faces into the set of positive roots. We characterize the image
of this map (Proposition 3.9).

The analysis of the standard parabolic and coordinate faces is made in Sections
3 and 4.

In Section 5 we deal with general faces and prove that each face belongs to the
W-orbit of a standard parabolic face. Thus, each face of P corresponds to an
abelian ideal of a Borel subalgebra of g.

Part of the results of this section hold in the context of weight polytopes and
follows by Vinberg’s results of [18] (see also [14] for a generalization). A weight
polytope P(A) is the convex hull of the W-orbit of the weight A of the Lie algebra
g. Since it is easy to prove that Pg is the convex hull of the long roots, we have that
Ps = P(0), hence Vinberg’s results specialize to the root polytope. More precisely,
the fact that the orbits of the faces are in bijection with the irreducible subsystems



4 PAOLA CELLINI AND MARIO MARIETTI

of the affine root system that contain the affine root can be directly deduced from
Vinberg’s results. Since we obtain this fact as an easy consequence of the results
of the previous sections and of a further result that does not hold in the general
context of weight polytopes (Theorem 5.2), we take our proofs independent from
Vinberg’s results. We state the main results of Section 5 in the next theorem and
corollary. The theorem sums up Proposition 5.1, Theorem 5.5, and Corollary 5.7;

the corollary corresponds to Corollary 5.6.

Theorem. The faces F; form a complete set of representatives of the W -orbits.
Moreover, the f-polynomial of Pe is
S W WL\ )] £,

1eT

where T ={I C {1,...,n} | ®(II\I1;) is irreducible}.

In particular, the orbits of the facets correspond to the simple roots of ® that do
not disconnect the extended Dynkin graph. Thus we obtain the following explicit

representation of Py as an intersection of a minimal set of half-spaces.

Corollary. Let Iz = {a ell| o (ﬁ \ {a}) is irreducible} and let LW®) be a set
of representatives of the left cosets of W modulo the subgroup W{II\ {a}). Then

Po = {x | (z,wRa) < Mg, for all « € Nz and w € E(W"“)}.

Moreover, the above one is the minimal set of linear inequalities that defines Py as
an intersection of half-spaces.

Finally, in Section 6, we find the minimal faces that contain the short roots, and
prove that they form a single W-orbit. Moreover, we study the 1-skeleton of Pg
and find the special property that either all edges are long roots, or all edges are
the double of short roots.

2. PRELIMINARIES

In this section, we fix the notation and recall the basic results that we most
frequently use in the paper. For basic facts about root systems, Weyl groups, Lie
algebras, and convex polytopes, we refer the reader, respectively, to [3], [2] and [12],
[11], and [10].

Given n,m € Z, withn < m, welet [n,m] = {n,n+1,...,m} and, for n € N\{0},
we let [n] = [1,n]. For every set I, we denote its cardinality by |I|. We write :=
when the term at its left is defined by the expression at its right. We denote by
Spang X the real vector space generated by X.

Let ® be a finite irreducible (reduced) crystallographic root system in the real
vector space Spang® endowed with the positive definite bilinear form (-,-). We fix

our further notation on the root system and its Weyl group in the following list:
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n the rank of @,

D, the set of long roots (®, = ® in simply laced cases),
Iy =I'Ndy, forall" C &,

D, the set of short roots,

Iy =I'N®,, forall I' C P,

a-(p) = (6 + Za) NP, the a-string through g,
II={ay,...,on} the set of simple roots,

Q={&1,..., 00} the set of fundamental coweights (the dual basis of IT),
ot the set of positive roots w.r.t. II,

o the affine root system associated with ®,

Qo the affine simple root of &D,

il = {ao} UII,

o+ the set of positive roots of d w.rt. ﬁ,

(), &) the root subsystem generated by I' in @, in ®, resp.

(for'C P, ' C @, resp.),
= ()N O+, OT) N D, resp.

¢i(a) the i-th coordinate of a w.r.t. II: a = >"" ¢;(ov)ay,
supp(«) = {a; € I1 | ¢i(a) # 0}, the support of a,

ht() =" ,ci(a), the height of the root a,

0 the highest root in P,

0, the highest short root in @,

%4 the Weyl group of P,

Sa the reflection with respect to «,

l the length function of W w.r.t. II,

D, (w) ={i € [n] | {(ws,,) < {(w)}, the right descent set of w,
wo the longest element of W w.r.t. 1I,

W{(T) the subgroup of W generated by {s, |« € T'} (I' C ®),
44 the Weyl group of .

By the root poset of ® (w.r.t. the basis IT) we intend the partially ordered set
whose underlying set is ®*, with the standard order, o < 8 if and only if 3 —«a is a
nonnegative linear combination of roots in ®*. The root poset could be equivalently
defined as the transitive closure of the relation o <1 if and only if § — « is a simple
root. The root poset hence is ranked by the height function and has the highest
root 6 as maximum. A dual order ideal is, as usual, a subset I of ®* such that, if
a €l and B> a, then g € 1.

For the reader convenience, we collect in the following propositions the standard
results on root systems that are frequently used in the paper, often without explicit

mention.
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Proposition 2.1. Let ® be any root system. If a, 5 € ®, o # —0, (o, ) < 0, then
a+ B € d. Moreover,

(1) iof L is a subset of I1 which is connected in the Dynkin diagram of ®, then
a 1S a positive root,
a€cl D

(2) the support of a root is connected in the Dynkin diagram of ®.

Proposition 2.2 ([3], Ch. VI, §1). Let ® be any root system, and let o and (3 be
non-proportional roots of ®. Then the set {j € Z | B+ ja € ®} is an interval
[—q,p| containing 0. The a-string through 3, a-(f), has exactly —% + 1 roots,

where v =  — qa is the origin of the string.

Proposition 2.3 ([3], Ch. VI, §1, Proposition 2.4). Let ® be any root system and
let @' be the intersection of ® with a subspace of Spang®. Then

(1) @ is a root system in the subspace it spans;
(2) given any basis II' of @', there exists a basis of ® containing 1.

The following result might be less known than the previous ones and we give a

proof of it.

Proposition 2.4. Let ® be an irreducible root system such that the i-th coordinate
m; of 0 w.r.t. 11 is 1. Then {—=0} UIL\ {«;} is a basis of ®. Moreover, if w; is the
longest element in W {II\ {a;}), then w; is an involution, and

w;(TT\ {a;}) = —(IT\ {a}), w;(a;) = 0.

Proof. The first statement follows from the next ones, since then {—6} UII\ {«;}
would be the opposite of w;(II), which is a basis. The fact that w; is an involution
that maps 1T\ {«;} into —(IT \ {«;}) is well known. Moreover w; permutes the
positive roots on @\ P (I1\{; }). Hence, ht(w;(0)) = > m;ht(w;(c;)) = ht(w;(ou))—
> iz mylht(wi(ey))| = ht(wi(a;)) — (ht(0) — 1), and ht(w;(6)) > 0. This implies
that ht(w;(c;)) = ht(0) and ht(w;(0)) = 1, whence w;(a;) = 6, and w;(0) = . O

For the general theory of affine root systems, we refer the reader to [13]. We
briefly describe the (untwisted) affine root system ® associated with &.
We extend Spang® to a n+ 1 dimensional real vector space Spang® & Ro and set

S=0+7%Z5:={a+ki|aecd, kel}

Then & is an affine root system in Spang ® R endowed with the positive semidef-
inite symmetric bilinear form that extends the scalar product of Spany® and has
Ré as its kernel.

If we take g = —6 + 6, then II := {ag} UTI is a root basis for ®. The set of
positive roots of ® with respect to 11 is d+ := &+ U (O + Z*0), where Z7 is the set

of positive integers.
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Let g be a complex simple Lie algebra, and h a Cartan subalgebra of g such that
® is the root system of g with respect to . For each o € ®, let g, be the root space
of a.. For every choice of a basis II of ®, we have the corresponding standard Borel
subalgebra b(II) := b @ > o+ 8a- We let b := b(II) if no confusion arises. Being
h-stable, any ideal i of b is compatible with the root space decomposition. Since,
given o, € ®F, [gq, §o] 18 equal to goro if @+ o' € @ and is trivial otherwise,
if i = ) cr8a is an ideal of b, then I' € & satisfies (I' + ®*) N ® C T, or,
equivalently, I' is a dual order ideal in the root poset. If we further require that i be
abelian, than " must satisfy also the abelian condition: (I'+T")N® = (). Indeed, all
abelian ideals of b are of this kind since they must be ad-nilpotent (i.e., included in
Y aca+ 8a)- By a principal abelian ideal of b, we mean an abelian ideal i of the form
i=73_cr8a, where I'; as a subposet of the root poset, has a minimum 7 (hence I
is an interval since the highest root # is the maximum). A principal abelian ideal
is generated by any non-zero vector of the root space g,,.

3. STANDARD PARABOLIC FACES

In this section, we consider a set of distinguished faces of the root polytope Ps,
and analyze their rich combinatorial structure.

A proper face of Pg is, by definition, the intersection of Pg with some affine
hyperplane that does not split Ps. Moreover, any intersection of faces is a face.
Recall that, in our notation, the highest root 6 has m; as i-th coordinate w.r.t. II,
i.e., (w;,0) = m;. Hence, each hyperplane (&;, —) = m; contains a face, of some

dimension, of Pg.

Definition 3.1. For each I C [n] and i € [n], we set
F] = {ZEGP@’((;J“CE):??% VZEI} and E: F{z}

Thus, the F; are proper faces of Pg, all containing . We call them the coordinate
faces. Moreover, Fy = Pg, and, for all I # (), F is a proper nonempty face, since
Fr = NierF;. We call the face Fy, for I # ), the standard parabolic faces of Py. We
also set

Vi=F,No, and Vi=FnNo.
It is clear that F7 is the convex hull of V7.

For any I C [n], we set
H[Z:{ai€H|iEI}.

Moreover, we denote by (/I\Do(ﬁ\ﬂ 1) the irreducible component of ¢ in @(ﬁ \ 1)),
and set

OF(IT\II;) = Bo(II\ TI;) N ®F,  (I1\ IT;)o := Do (IT \ IT;) N L.
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The following result provides a first connection of the root polytope with the

extended root system.

Lemma 3.1. Let I C [n], I # 0, and consider the subset
—Vi+d:={-a+d|aeVi}
of the affine root system ®. Then
—Vi+ 0= 0N\ 1)\ & = o (IT\ T1) \ ®.

Proof. Tt is clear that the coordinate cq is constantly 1 on —®* +§. Since 5 € V; if
and only if (5,w;) = (0,w;) for all ¢ € I, and gy = —0+ 6, we obtain that —V; 44 is
contained in the standard parabolic subsystem @(ﬁ \ IT;) of ®. Indeed, since each
root in —V; + § has «q in its support, —V; + 9 is contained in the set of the positive
roots of the irreducible component of ®(II \ II;) that contains ay.

Conversely, it is clear that each positive root in ®o(II \ II;) that has aq in its
support belongs to —V; + 4. O

Proposition 3.2. Let I C [n], I # (. Then:

(1) as a subposet of @, Vi has mazimum and minimum, and both of them are
long roots;
(2) Vi is an abelian dual order ideal, hence the subspace iy, == ) cy. 8o 1S @

principal abelian ideal of b.

Proof. (1) It is clear that € is the maximum of V7.

Let 7; be the highest root of the irreducible component ®o(Il \ II;), and set
Ny := —n; + 0. By Lemma 3.1, we directly obtain that 7; is the minimum of V7.

(2) The fact that V; is an abelian dual order ideal follows by noting that the
functional (w;, —) cannot take values > m; on the roots. In fact, given a € V; and
g e dt 5> a, then m; = (&, ) < (@4, 5) <my, forall i € I: hence 8 € V; and V;
is a dual order ideal. The abelianity follows by the fact that, for o,/ € V7, oo + o/
cannot be a root since (&;, @ + ') = 2m;. Since V7 has a minimum, the abelian

ideal of b corresponding to V7 is principal. U

Remark 3.1. For any subset 3 of IT, the root subsystem ®({ao}UY), through the
natural projection of SpanRgI\D onto Spany ®, maps onto the root subsystem ¢ ({0}UX)
of ®. If ¥ is a proper subset of I1, this is a bijection and a root system isomorphism.
In particular, {—6} UX is a root basis for ®({6} UX). It is clear that, with respect
to this basis, the coordinate relative to —@ is at most 1, for all roots in ®({6} U X).
Therefore, if —n is the highest root, by Proposition 2.4, {n} UX is a root basis, too.
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The set of positive roots with respect to this latter basis is ({6} U X) N ®T, i.e.,
Pt ({#} UY), according to our notation.

It is clear, from Lemma 3.1, that the map I — F}, that associates to the subset [
of [n] the corresponding standard parabolic face, is not injective, in general. In fact,
this is an injective map only when ® is of type A; or A;. We determine explicitly,
for each parabolic face F', the set of all I such that ' = F7}.

For any I C [n], we set

T:={k|op & (II\II;)o}
and
0l :={j|a; €ll;, and 38 € (II\ T0;)g s. t. B Lo}

We call T the closure and O the border of I.
By definition

(T\TI)o = T\ Ty,

The closure I and the border 81 depend only on (II \ II;)e, hence I = 0I and
oI = 0I.

If we denote by I' the extended Dynkin diagram of ®, and by I'(X), the subdi-
agram of I induced by I, for any ¥ C ﬁ, then Il is the set of all simple roots
exterior to the connected subdiagram T'((II \ II;)o), while 1 is the set of simple
roots that are exterior and adjacent to I'((TI\ IT;)o). In this sense, 81 is indeed the
border of 1.

Remark 3.2. The map I — [ has actually the properties of a topological closure
operator on the power set of [n]. Indeed, it is clear from the definition that I C I,
and that I = T if and only if D(IT\ II;) is connected. Hence we get T=Tand 0 =0
moreover, I UJ = I U J, for all I,J C [n], since the Dynkin diagram of any finite
system is a tree.

We illustrate the definition of I and I in the following example.
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Example 3.1. Let I = {5,7} in ® of type By. Then we see that 0 = {5} and
I={5...,9:

I 1={5,7}
O—O0—O0—O0—1—0—1—O0—O0—1T-0==0

SO—e
=
—
|
~
=

oI={5} T1={5,6,7,8,9}

The following proposition follows directly from Lemma 3.1 and from the above
definitions.

Proposition 3.3. Fiz I C [n]| and let J C [n]. Then F; = Fy if and only if
orcJcl.

In particular, the standard parabolic faces of Pe are in bijection with the connected
subdiagrams of the extended Dynkin diagram of ® that contain the affine node. This

bijection is an isomorphism of posets with respect to the inclusions.

Remark 3.3. Let I C [n], I # 0.

(1) Consider V; and ®+(IT \ II;) \ @ as partial order subsets of the corresponding
root posets with respect to the bases Il and Il \ II7, respectively. The map from
Vi to &+(IT\ I17) \ @ sending f to —f + ¢ (Lemma 3.1) is an anti-isomorphism of
posets.

(2) Let n; be the minimal root in V; (Proposition 3.2). Then —n; + 0 is the highest
root of I \ II7, hence has positive coefficient in all roots in I \ II7 and, as observed
in the the proof of Lemma 3.1, the coefficient ¢y is 1. It follows that I can be
characterized in term of 7;:

I={ien]|c)=m}

(recall that, in our notation, 6 = > m;q;).
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In the following Proposition we characterize the non empty closed subsets of [n].
For any n € T, we set

I(n) = {i e n] [ c(n) =mi},

Proposition 3.4. Let I C [n], I # (. Then I = I if and only there exists n € ®F
such that I = I(n).

Proof. As seen in the above remark, if I = I, then I = I(n;). Conversely, let
n € . Then n € Fiqy, but n & Fy for all J D I(n), hence I(n) is the maximum

of {I C[n]| F; = Fiu)}. By Proposition 3.3, it follows that I(n) = I(n). O

Remark 3.4. For all w in the affine Weyl group W of ®, let N(w) := {o € &+ |
w(a) € —§>+}. It is is well known that N(w) uniquely determines w and that,
for all v,w € W, N(vw) = (N(v)av(NE(w))) N &+, where, for all § C o+, §*
stands for SU—S, and A denotes the symmetric difference. From this last relation,
we easily obtain that, given a standard parabolic face F7y,

—Vi 46 = &I\ ) \ &F(IT\ TTy) = N (wyriyr),
where wy; is the longest element in /W(l/_\[ \ II;) and w7 is the longest element in
WA T7).
It is a general fact thit, if V' is an abelian dual order ideal of ®*, then there
exists an element wy in W such that —V +§ = N(wy). In fact, the correspondence

V <> wy is a bijection between the abelian dual order ideals of ® and the set of
all w in W such that N(w) C —®* + § (Peterson, see [15]).

By Proposition 3.3, the set of the J giving the face Fj is an interval in the poset
of the subsets of [n] with minimum &I and maximum 7. We thus obtain, for every
root system of rank n, a decomposition of the Boolean algebra of rank n as a disjoint
union of intervals whose number is the number of standard parabolic faces +1.

Next we show that the maximum I yields the dimension and the number of roots
in the standard parabolic face F;. We let Ep, := Spang{a — o' | a, &’ € F;} be the
vector subspace underlying the smallest affine subspace containing F7.

Proposition 3.5. For all nonempty I C [n],
Er, = Spang, ((T\ )0\ {a0}) = Spang (IT \ TT;). 1)
Hence, for all I C |n],
dim Fy = rk $o(II\ II;) — 1 = n — [1]. (2)

Moreover,

- e my)

il = 5 ([B | = [ean ) = 5 (|8 ) ) ®
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Proof. By Lemma 3.1, Ef, is cointained in the subspace generated by the differences
of the roots in @o(II\II;)\®. Set 3 := D ey, @ Since Oy (II\I1;) is irreducible,
[ is a root and there exists a chain 8y = ag, B1,...,8s = B in $(ﬁ \ II;) \ @, such
that {80, 8 — Bi_1 | i =1,...,s} = (IL\ II;)o. This proves (1).

Equation (2) is obvious for I = (), and follows by Equation (1) for I # (), since
dim F; = dim Ep,.

Equation (3) follows directly from Lemma 3.1 and from the definition of I. O

We recall that, for every nonempty I C [n], (V7), and (V;)s denote, respectively,
the long and the short roots in the standard parabolic face F7.

Lemma 3.6. The parabolic subgroup W (Il \ II7) acts transitively on (Vi)e, and on
(Vi)s.

Proof. Clearly, 0 € (V;),. We prove that any v € (V;), can be transformed into 6
by some w in W(II \ II7). By contradiction, let v be a counterexample of maximal
height. Then there exists some « € II such that (v, @) < 0 since # is the unique long
root in the closure of the fundamental Weyl chamber, and thus s, () = v+ ca with
¢ > 0. By definition of V;, we have that o € IT \ II; and v + ca € V7. Indeed, by
Proposition 3.3, a € IT\II;. By the maximality of ht(y), there exists w € W{II\II;)
such that 0 = w(y + ca) = ws,(7): a contradiction, since ws, € W(IT \ I3).

Now assume (V7)s # 0. Then the highest short root 6, belongs to it, since V; is
a dual order ideal. Since 6 is the unique dominant short root, we can prove that
any other short root 5 in V7 can be transformed into 65 by some w in W({II \ II7),
with the same argument used for the long roots. U

In the next Proposition we see that while the maximum I yields the dimension
and the number of roots in the standard parabolic face F; (Proposition 3.5), the
minimum 0/ yields the stabilizer of F7.

Proposition 3.7. For each I C [n], let Stabw Fr = {w € W | w(Fy) = F;}. Then
Stawa[ = W(H \ Ha[> = W<H \ HT> X W<HT\ Ha[>.

Moreover, W (Il; \ y;) fizes the face F; pointwise, while the action of each w in
W(IIL\ II;) on Fy is nontrivial, unless w = e, the identity of W.

Proof. 1t is clear that Staby Fr = StabyV; = {w € W | w(V;) = V;}, therefore it
is immediate that W(II \ II;) C Stabw F;. This should happen for all J such that
Fj = Fy, in particular for 01, therefore W (Il \ Ily;) C Staby F7.

Now, assume by contradiction that Staby Fy \ W{II \ ;) # 0 and let w be an
element of minimal length in Staby F; \ W(II \ Ilg;). Then D,(w) C 01, therefore
there exists ¢ € OI such that w(q;) € —®*. Let n = minV; and «; = « for short.
Then, by the proof of Proposition 3.2 and by definition of 91, (1, «) > 0. It follows,
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by Proposition 2.1, that n — a € ® U {0}: on the other hand, n # « since n € F;
while a ¢ F, because w(a) ¢ F; and w stabilizes F7. By assumption, w(n) € V7, in
particular, w(n) € ®*, therefore w(n—«) = w(n) —w(«) is a root which is a sum of
positive roots, one of which is in F;. Hence w(n — «) € Fy, which is a contradiction
since n — a ¢ F.

Since the diagram of IT \ Ily; is the disjoint union of the diagrams of I \ II; and
17 \ Iy, W(IT\ Ils;) is the direct product W({II \ II7) x W(II; \ IIs;). By Lemma
3.1, all elements in V} are orthogonal to all roots in 17\ I1s;, therefore W (Il; \ I15;)
fixes F; pointwise. Finally, each w € W(II \ II7) is nontrivial on Fj, unless w = e,
since W(II '\ II3) acts faithfully on Spang(I1 \ II;) = Ef,. O

Remark 3.5. It is easy to see that the root polytope Ps is indeed the convex hull
of the long roots. In fact, if ® is not simply laced, since ® is irreducible, any short
root is contained in a rank 2 non-simply laced subsystem. And it is immediate to
check that in such a subsystem a short root can be obtained as a convex linear
combination of two long roots.

In particular we have that:
Pp, = Pas, Pp,=7Pp, forn>4 Pgp, =Pp,, and Pg, ="Pa,.

We explicitly notice that Pg, is the cross-polytope for all n > 2 (octahedron for
n = 3), and that Pu, and Pp, = Pp,, for n > 4, are distinct n-dimensional
generalizations of the cuboctahedron P4, = Pp, (see [§]).

Thus, the vertices of Py are long roots, and are clearly all the long roots, since
W acts on Py and is transitive on the long roots.

In particular, the set of vertices in the standard parabolic face F7 is the subset
of long roots of V;. By Lemma 3.6, this set is the orbit of # under the action of
W {(II\II7). Since € is dominant, its stabilizer in W (II\Il;) is the parabolic subgroup
generated by the simple reflections through the roots in (IT \ IT7) N 6+. Therefore,
we obtain the following corollary.

Corollary 3.8. The number of vertices of the standard parabolic face Fy is [W(I'\
I7) : W{(II\ IIz) N 64)].

Clearly, (IT \ TI7) N 6+ is the subset of the roots in II \ IT7 that are not adjacent
to ap in the extended Dynkin diagram.

The following proposition, based on Lemma 3.6, is a characterization of the roots
of type min V7, for some nonempty I C [n].

Proposition 3.9. Let n € ®*. Then n = minVy, if and only n is long and
(n,a;) <0 foralli e [n]\ I(n).

In particular, the set of the standard parabolic faces of Pe is in bijection with the
subset {n € ®; | (n,a;) <0, foralli € [n]\I(n)} of .
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Proof. First, we assume that 7 = ;.. Then n € ®, by Proposition 3.2. By Lemma
3.1 and the proof of Proposition 3.2, —n+d is the highest root of ® ({a} U (IT'\ I1)),
in particular —n+ ¢ is dominant for this root system, which implies that (1, ;) <0
for all ¢ € IT\ Tl (.

Next, we assume (n,q;) < 0 for all @ € [n] \ I(n) and that n € ®,. The first
condition implies that w(n) > 7 for all w € W({IL \ I;(,): this is easily seen by

induction on the length of w. Indeed, let w = s, ...Ssq,, be areduced expression.

Then w(n) = sq,, - - - Sa;,_, (n+cay,), with ¢ > 0. By induction, sq, ... 8qa;, (1) =1
and, by the properties of reduced expressions, sa, o Say (ay,) > 0. The claim
follows. Hence, 7 is a minimal element in its orbit under the action of W ({II\ II;).
Since 7 is long, by Lemma 3.6, this orbit is equal to (Vi) )¢, and by Proposition 3.2

min ‘/I(”Z) = mm(VI(n))@ It follows that n= min ‘/}(77) O

4. COORDINATE FACES

Recall that we call coordinate faces the standard parabolic faces of type Fj, i € [n].
It is clear, from the definition, that the standard parabolic facets of Pe must be
of this type, but not all coordinate faces are facets. Indeed, two coordinate faces
can be one included in the other: the resulting partial order structure on the set of
coordinate faces (or, equivalently by Proposition 4.1, on [n]) has a simple uniform
description in terms of the Dynkin diagram (see Remark 4.1).

By the results in the previous section, we know that, for all I C [n], the standard
parabolic face Fj coincides with Fy;: 01 is a small subset of [n], being the set of
roots adjacent and exterior to some irreducible subdiagram of the extended Dynkin
diagram. In fact, it is easy to check that I has at most 3 elements (more precisely,
exactly 3 elements only in a special case occurring in type D and at most 2 elements
otherwise). This means that every standard parabolic face F; can be obtained as
the intersection of 3 or (almost always) fewer coordinate faces. We dedicate this

section to a deeper analysis of the coordinate faces.
Proposition 4.1. All coordinate faces are distinct.

Proof. The proof follows by Lemma 3.1 since, for all k,h € [n], the connected
components of ag in the Dynkin diagrams of T\ {a4} and IT\ {ay,} cannot coincide

if k £ h. O

Proposition 4.1 follows also by the following argument. Let 7; be the minimal
root in the face Fj;, whose existence is established by Proposition 3.2. Then the
only simple root that can have positive scalar product with 7; is a;. Indeed, if «;,
J # %, were a simple root having positive scalar product with n;, then 7; — o;; would
be a root in F; by Proposition 2.1, which is impossible since 7; is the minimum.

On the other hand, 7; is a positive root and hence cannot have non-positive scalar
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product with all simple roots. Thus 7, # n if b # k, and the faces F} and F},
cannot coincide.

Another property of the coordinate face Fj, implying Proposition 4.1, is that the
barycenter of V; is parallel to the i-th fundamental coweight w;. This follows by the
following general lemma, which states that every a-string is centered on a vector
orthogonal to a.

Lemma 4.2. Let o and  be non-proportional roots in ®, and let a-(8) be the
a-string through 3. Set p = 27@_(6) v. Then

(:uv a) = 0.
Proof. We may suppose that g is the origin of its a-string. Then, by Proposition 2.2,
a-(B) = {B +jalj=0,1,..., —2(( - } The middle vector 5— a is orthogonal
to a. U

Proposition 4.3. The barycenter of the roots in the i-th coordinate face F; is
parallel to the i-th fundamental coweight:

mZ|V|
D =1
wZJ(’u’L

aceV;

Proof. By the definition of V;, if « € V; and a £ a; € ® for a certain j # 1,
then o £ a; € V;. Hence V; is a union of o -string, for all j # ¢. By Lemma
4.2, (P pey, ) = 0, for all j # i. Hence ) .\ a is a multiple of w;. Since

(o, ;) = my for all a« € V;, we get the assertion. O

Notice that, in the proof of Proposition 4.3, we use the fact that the set of roots
Vi in the coordinate face F; is union of aj-string, for all j # i. Consequently, the
set of roots V; in the standard parabolic face F is a union of a;-string, for all
J & 1. We obtain the following result on the barycenter of the roots in a standard

parabolic face.

Proposition 4.4. Let I C [n]. The barycenter of the set of roots in the standard
parabolic face Fr is in the cone generated by the coweights w;, 1 € OI.

Proof. By Proposition 3.3, we may clearly assume that I = 9. Since V; is union
of aj-string, for all j ¢ I, the barycenter ZaEV[ a of Fr is orthogonal to o, for all
j ¢ I, by Lemma 4.2. Hence it is in the span of the coweights w;, ¢ € I. Moreover,
by Proposition 2.1, («, ;) > 0 for all « € V; and @ € I, since o 4+ «; cannot be a
root. Hence the barycenter has nonnegative scalar product with all oy, ¢ € I, and

we have the assertion. O

The following result provides several conditions equivalent to the fact that the

coordinate face F; is a facet of the root polytope Pe.
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Theorem 4.5. Let i € [n]. The following are equivalent.

(1) The coordinate face F; is a facet of Po.

(2) The standard parabolic subsystem ®(II \ {a;}) is irreducible.

(3) The minimal root n; of V; satisfies (n;,&;) # my, for all j # 1.

(4) {i} = {i}.

(5) For all j # 1, there exists o € V; such that (o, ;) # m;.

(6) The set V; contains an «j-string which is non-trivial (i.e. of cardinality
> 1), forall j # 1.

(7) F; is maximal among the coordinate faces {F; | j =1,...,n}.

Proof. (4) is equivalent to (1) by Proposition 3.5, to (2) by definition, and to (3)
by Remark 3.3.

We prove 3 = 5 = 6 = 1 and then 1 = 7 = 6.

The assertion 3 = 5 is trivial. Fix j # ¢ and suppose there exists a € V; such
that (o, ;) # m;. Take a chain o = vy <1y <--- <y = 6 in the root poset. Since
(a,w;) # m; and the root poset is ranked, there exists r such that v,41 = 7, + «;.
Hence the o -string through +, is non-trivial and we have 5 = 6. Clearly 6 = 1
since the difference of two consecutive roots in an o;-string is «;.

It is trivial that 1 = 7. Let us prove 7 = 6 by contradiction. So assume that
there exists j # ¢ such that all a;-strings in V; are trivial. For every a € V;, the
difference of two consecutive roots in any chain in the root poset from « to 6 cannot
be a;. This means that («,w;) = m; for all &« € V;. Hence V; D V;. Since all the

coordinate faces Fj, are distinct by Proposition 4.1, F; is not maximal. O

Note that, if m; = 1, then «; coincides with the minimal root n; of V;, and hence
F; is a facet. So, for example, in type A, all coordinate faces F; are facets. On the
other hand, in B, (n > 3), C,, (n > 2), and D,, (n > 4) there are, respectively, only
2, 1, and 3 coordinate facets: F} and F,, in B, F), in C,, and F}, F,_; and F), in
D,.

Remark 4.1. By the results in the previous section, the partial order on the set
of the coordinate faces can be characterized as follows. Let i,5 € [n]. Then the

following are equivalent:
(1) Fi € Fj,
(2) {it 2 {4},
(3) in the affine Dynkin diagram of ®, every minimal path from «; to ay contains

;.

The Hasse diagrams of the posets of the coordinate faces under inclusion are
depicted in Tables 1 and 2 for all types. The numerations of the simple roots follow
those in [3].
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5. UNIFORM DESCRIPTION OF Pg

Clearly, the Weyl group W acts on the set of the faces of Pp. We say that a
face F'is a parabolic face if it is transformed into a standard parabolic face by an

element in W.

TABLE 1. Hasse diagrams of the coordinate faces set for the classical

Weyl groups

O O O O O
A, o b I Fn1 Fy
I ;
Fn_1
F1 Q
I .
B, Fa
I )
Frn1
I .
Cn Fy
F, Frn_1
Fn_2
Fn-3
Fi O

I .
Fy
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TABLE 2. Hasse diagrams of the coordinate faces set for the excep-
tional Weyl groups

" Is
F3 Fs
Fy
E6 Iy
O Fy
I Fg
[
Fy
F3
E7 O K
I Py
L.
Fy
Fs
Fe
[
Eg O Fy
Fy
F3
I
F4 Fy
Fy
G2 I Fy
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Proposition 5.1. Two distinct standard parabolic faces cannot be transformed into

one another by elements in the Weyl group W'.

Proof. The barycenter of every standard parabolic face is in the closure of the fun-
damental Weyl chamber, by Proposition 4.4. Since the closure of the fundamental
chamber is a fundamental domain for the action of W, the barycenters of two stan-
dard parabolic faces in the same W-orbit must coincide. Since distinct faces have

distinct barycenters, we get the assertion. U

Given an arbitrary face F' of Pg, we let Vi := ® N F be the set of the roots in F
(so, for all I C [n], Vi, = V}), and Ep := Spang{a — o’ | a,a’ € F'} be the vector
subspace underlying the smallest affine subspace containing F'.

The first main result of this section, Theorem 5.2, is that for any face F', Vg
cannot be partitioned into two nonempty mutually orthogonal sets. We remark
that this is false if we consider the orbit of 6 instead of the set of all roots, as we

can see in Cy.

Theorem 5.2. Let F be a face of Py. The set Vi of the roots in F' is not the union
of two non-trivial orthogonal subsets.

Proof. By contradiction, suppose Vir = V1 UV, where V; and V5 are non-empty sets
such that every root in V; is orthogonal to every root in V5. We first prove that,
under this assumption, the following holds:

(1) there is no a € ® that is simultaneously not orthogonal to Vi and Vs.

Assume, by contradiction, that there exist « € ®, g; € V;, i = 1,2, such that
(o, ;) # 0,4 =1,2. We may assume («, 5;) < 0, hence o+ ; € . Let f be a
linear functional such that F' = {x € Py | f(z) = ms}. We may assume ms > 0.
By the symmetry of Py, f takes values between —my and my on ®. If f(a) = 0,
then o + B € F, and since a + 31 L (2, we obtain that a + 5, € V. It follows
that o + 1 L f1, hence sp, (o) = sp, (@ + 1 — 1) = a+ 1 — s, (61) = a + 204.
But f(a+281) = 2my: a contradiction. Thus, f(a) # 0. Since a and o + 3 are
roots, we have that —m; < f(a) < 0. This implies that f(8 — a) > my, for all
B € Vi, hence that 5 — « cannot be a root for all g € Vp. Therefore, («, 52) < 0,
and hence a+ 31 + 32 is a root. This forces f(a) = —my, hence —a € Vp = V3 U Va:
a contradiction, since —« is not orthogonal to Vi nor to V5. Thus (1) is proven.

Now, let ®p := & N SpangVp, 1 := & N SpangVi, and ®y := & N SpangVs.
We prove that & = ®&; U &;. Suppose a € &g \ (P U &y). Being Spang Ve =
Spang Vi + Spang Vs, SpangV; is the orthogonal complement of Spang Vs in Spang Vi,
and vice-versa. Hence, there exists §; € V; such that (a, 8;) # 0, for ¢ = 1,2: this
is can not happen, by (1), hence ®p = &1 U Ps.

Finally, we are going to prove that we can find o € ® which is simultaneously
not orthogonal to V; and V5: this will conclude the proof, since contradicts (1). By
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the previous step, and Proposition 2.3, we can find three subsets ﬁ,ﬁl,ﬁ2 C P,
which are respectively bases of ®, ®; and ®,, and such that ﬁl, ﬁ2 - II. Consider
any pair of roots v; € Il;, « = 1,2. Since ® is irreducible, there is a simple path
L connecting v; and 7, on the Dynkin graph of II. Since II; and I, are mutually
orthogonal, L contains at least one root other than its extremal points v, and ~,.
Let avi= 3" c1\1y,40) 7 then o € @, and (o, ;) <0, for i = 1,2. Since, fori = 1,2,
vi € SpangV;, o cannot be orthogonal to all the roots in Vj, nor to all the roots in
V. O

This result implies, as a direct corollary, that the intersection of the linear span
of any face with the root system & is an irreducible parabolic subsystem (Corollary
5.3). A second direct consequence (Corollary 5.4) is that, for any face F', the vector
space Fr is generated by roots, hence that Fr can be transformed by some w in
W, into N;e;w;it, for some I C [n]. This last fact holds for the polytope of the orbit
of any weight ([18]).

Corollary 5.3. Let F' be any face of Ps. Then SpangVy N @ is an irreducible

parabolic subsystem of ®.

Corollary 5.4. Let F' be any face of Py. Then the subspace Er is spanned by roots
n .

Proof. Let I'p be the graph having Vi as vertex set and where {3, 5’} C Vg is an
edge if and only if (5,8") # 0. If (8,5') # 0, 5 # /', then (3, f') > 0 since the sum
of two roots in a face cannot be a root, and hence 5 — ' is a root. By Theorem 5.2,

'z is connected; this implies that Fr is spanned by roots: Spang(PNEp) = Ep. O

By Corollary 5.4, together with Lemma 3.1, we obtain a direct proof that all
faces are parabolic, that is, that any face of Pg is the transformed, by some element
of W, of a standard parabolic face F;. As like as Corollary 5.4, this result can be
obtained (through our results in the previous sections) as a special case of Vinberg’s
ones on the polytope of the orbit of a weight. However, we prefer to give here a
self-contained and well detailed proof.

Remark 5.1. Recall that we denote by wy the longest element of W. It is well
known that wy(II) = —II. In particular, for all g € ®, ht(8) = ht(—wo(S)) and
hence wy(0) = —0. It follows that, if wo(cy;) = —ay, then m; = my. Moreover,
since wo(IT\ {ai;}) = =11\ {wo () }, the W-invariance of the scalar product implies
that, if wo(oy) = —ay, then wy(w;) = —wy.

Theorem 5.5. All faces of Pe are parabolic.

Proof. Let F be a face of dimension dim F' = n — p, with 1 < p < n. We prove the
claim by induction on p. If p = 1, then by Corollary 5.4 and Proposition 2.3, we get
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that ® N Er is a parabolic root susbsystem of ® of rank n — 1. It follows that there
exist w € W and i € [n] such that w(Er) = &i-. Therefore, there exists a € R such
that, for all 5 € w(F), (8,w;) = a. This forces a = £m;. If a = m; we obtain that
w(F) = F;. Otherwise, by Remark 5.1, wow(F') = Fy, where ay = —wp(oy).

Now, we assume n > p > 1 and let &f = M, for short. Let F be any face
such that £ C F and dimF = n — p 4+ 1. By induction, we may assume that F'
is standard parabolic, say F = Fy, with [ C [n], T = I, and hence that Ez = &,
by Proposition 3.5. It follows that Er N ® is contained in ®(II \ II;), and is a
parabolic subsystem of it, of codimension 1. Therefore, there exist w € W({II'\ II;)
and i € [n]\ I such that w(Er) = @;" N Ez. Since, by Proposition 3.7, w(Fy) = Fy,
this implies that w(F) = F;y N {z | (z,®;) = a}, for some a € R.

Now, let n = min V; and l; = ¢;(n). Since § € F}, we obtain that either a = m;
or & = l;. In the first case we are done, since then w(F) = w(Fugy). Then, we
assume that ¢ = [;. In this case, n € w(F), and w(F) C n+ oﬁfu{i}. If v is the
longest element in W(IT \ II;), then, by Proposition 2.4 and Remark 3.3, applied
to the root system ®(—(II\ II;) U {#}), with the root basis —(II \ II;) U {0}, we
obtain that v(n) = 0, and U(JJ}U{Z.}) = JJ}U{].}, for some j in [n] \ 1. It follows that
vw(F) = vw(Fpygjy), hence F is parabolic. O

In particular, the orbits of the facets of Pg are in bijection with the simple roots
that do not disconnect the extended Dynkin diagram, when removed. In Table
3, we list explicitly, type by type, the simple roots corresponding to the standard
parabolic facets. In the pictures, the black node corresponds to the affine root, the
crossed node and its label denotes the simple root «; to be removed and its index 1.

We can now give a half-space representation of Py and a more explicit expression
for the f-polynomial of Peg.

Corollary 5.6. The polytope Py is the intersection of the half-spaces {x | (z, ww;) <
m;,Yw € W, Vi € [n]}. A minimal half-space representation is obtained considering
only the i € [n] such that ®(I1\ {cy}) is irreducible.

Since the stabilizer of w; is the parabolic subgroup W({II \ {a;}), in Corollary
5.6 we may let w run over any complete set of left coset representatives of W
modulo W({IT'\ {«a;}). For example, we may consider the set of the minimal coset
representatives {w € W | D,(w) C {i}}.

Corollary 5.7. For T' C1I, let F:=Tu {ap}, and set
Z:={L CII| ®T) is irreducible}.

The f-polynomial of Pe is
S W W)

I'eZ
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TABLE 3. Subdiagrams corresponding to the standard parabolic facets

Ang/%’xo

i (1<i<n)
Bn % ******* —O0—0=>0 >—% fffffff —o0—0—=x%(
C, 00— -------- —o0—o0=X

o | B, e

r=n—1or r=n

Fy | oo oo X

G2 Re==0—08

where W{(I'*) is the subgroup of the Weyl group generated by the reflections with
respect to the roots in T* := T U (I't N1I).

Proof. 1t follows by Proposition 3.5 , Proposition 3.7, and Theorem 5.5. U

We end this section with the following elegant statement that can be obtained as
an immediate consequence of Theorems 5.5 and Proposition 3.3 and is the A = 6

case of Proposition 3.2 of [18].

Theorem 5.8. The orbits of the faces of Pe under the action of W are in bijection
with the connected subdiagrams of the extended Dynkin diagram that contain the
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affine node. FEquivalently, the orbits of the faces are in bijection with the standard
parabolic irreducible root subsystems of ® that are not included in P.

6. FACES OF LOW DIMENSION

We know that the short roots are convex linear combinations of the long ones
(Remark 3.5). Here we first see that if a short root lies on some face F', then it is a
convex combination of two long roots in F'. Moreover, we prove that if some short
root lies on some face, then the faces of lowest dimension containing the short roots
form a single orbit of W, and we determine the standard parabolic face in it. Then,
we give a very peculiar property of the 1-skeleton of Pg, whose edges are made up
of roots.

Lemma 6.1. Let F' be a face of Py. Then F contains at least one long root.
Moreover, if F' contains some short root, then the ratio between the squared lengths
of the long and the short roots is 2, and each short root in F is the halfsum of two

long roots in F.

Proof. We may assume F' standard parabolic, say F' = Fy, with I C [n]. The first
assertion is clear, since # belongs to any standard parabolic face. If F' contains also

some short root, then, by Theorem 5.2, there exists two non-orthogonal roots of

different lengths, say 8 and f’, in F', with % =1 > 1. Then sg(8) =5 —rf is
a root and, since 3, 3" € Vi, ¢;(sp(B)) = m; —rm; for all ¢ € I. This implies that

r=2,¢(sp(B)) = —my, and —sg(8) = 28" — B € F. Therefore 8/ = 3(8— sz (8)),
a convex combination of the long roots 8 and —sg (), both lying in F7. O

The following proposition tells how far the short roots are from being vertices.
Recall that 6, denotes the highest short root of ® and I(6,) = {i € [n] | ¢;(0s) = m;}.

Proposition 6.2. Let ® be not simply laced. Then the minimal dimension of the
faces of Py containing a short root is n — |I(0s)|. Moreover, the faces of dimension

n — |1(0s)| containing a short root form a single W -orbit.

Proof. Any standard parabolic face F' containing a short root contains 6,, since Vg
is a dual order ideal in the root poset and 6, is greater than any other short root. By
Theorem 5.5, it is enough to find the dimension of the minimal standard parabolic
face of Py containing 6. This is clearly Fy,), and its dimension is n — |I(6;)]
by Propositions 3.4 and 3.5. The last statement follows since the action of W is
transitive on the set of short roots and the intersection of two distinct faces of

dimension n — |I(fy)| does not contain any short root. O

Suppose that ® be not simply laced. By Lemma 6.1, we already know that, if
the ratio between the squared lengths of the long and the short roots is 3, then the
short roots lie in the inner part of Pg, and hence I(6s) must be empty. On the
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other hand, if the ratio between the squared lengths of the long and the short roots
is 2, by a case-by-case argument we see that I # (), and hence the short roots are
always on the border of Pg. In particular, for types B, and Fj, the minimal faces
containing short roots are the facets, while, for type C,, the short roots lie on the
edges.

We end this section with a direct description of the 1-skeleton of Pg, whose edges

are, in fact, made up of roots.

Corollary 6.3. Let F' be a face of Py of dimension 1. Then the roots in F' form a
string with 2 or 3 roots: if v and ' are the vertices of F, then either

(1) v and ~" are not perpendicular, there are no other roots in F, and v —~' is
a root, or

(2) v and ~'" are perpendicular, there is only a third root ~" in F' (v" short), and
v =" =~"—4"is a root (so that v — = is twice a root).

Proof. Let v9,71,...,7 be the roots in F'. Since F' has dimension 1, we may assume
that v; = v+ k5, k; € R, for alli € [r], with 1 = k) < ky < .-+ < k, and Rf = EF.
Recall that two roots in a face cannot have negative scalar product. Using Theorem
5.2, we easily show that (v;,vi+1) > 0, forall ¢ € [0,7—1]. Then g € ® and ; — ;1
is both a root and a positive multiple of 3, for all i € [r|, by Proposition 2.1. Then
{v0,71,- -, } is the S-string through ~y. It is well known that the strings can have
only 1,23, or 4 roots. In this case, it clearly does not have 1 root and it cannot
have 4 roots since in a string of 4 roots the product of the first with the forth one is
negative. Hence we have done, cause the string with 3 roots are necessarily of the
type in the statement (see [3], Ch. VI, §1, n. 4). O

Any face F' of Py is a facet of the root polytope Ponspan, & Spang F'. Since the
root system ® N Spang F' is irreducible by Theorem 5.2, all possible types of faces
of dimension k already occur in (k + 1)-dimensional polytopes of the type studied
in this work. In particular, Corollary 6.3 can also be proved by an immediate
case-by-case verification of the 2-dimensional root polytopes.

Note that the standard parabolic edges of Ps are made up of those roots ay
which are adjacent to «q in the affine Dynkin diagram of ® (Proposition 3.5 and
Corollary 6.3). Then, by Theorem 5.5, the 1-skeleton of Pg is made up of the long
or the short roots, depending on the length of the simple roots adjacent to ag. In
particular, in type C', the short roots occur, and in all the other cases the long ones.
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