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common point of view that a collecting semantics is a very precise semantics from which
other abstractions may be derived. We elaborate on both the concepts of precision and
derivability, and introduce a notion of adequacy which tell us when a collecting semantics
is a good choice for a given family of abstractions. We instantiate this approach to the

ﬁiysﬁ‘;ﬁs{merpretmon case of first-order functional programs by considering three common collecting semantics
Static analysis and some abstract properties of functions. We study their relative precision and give a
Collecting semantics constructive characterization of the classes of abstractions which are adequate for the
Galois connection collecting semantics.

© 2020 The Authors. Published by Elsevier B.V. This is an open access article under the
CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Abstract interpretation, introduced by Cousot and Cousot [14,15], is a framework for approximating the behavior of sys-
tems. It has been used both for developing static analysis, verification methods and for studying relations among semantics
at different levels of abstraction. The main point of abstract interpretation is to replace the formal semantics of a system
with an abstract semantics computed over a domain of abstract objects, which describe the properties of the system we are
interested in.

Given a system e, we assume that its semantics [e] is an element of a set C of concrete properties, called the concrete
domain. In most cases we only need to know some abstract properties of the semantics of a system. Examples of abstract
properties are: the program terminates for all the input values or the program output is a value in the interval [0, 42]. Given a
set A of abstract properties (abstract domain) we are interested in, each concrete property in C may enjoy several abstract
properties in A. The relationship between concrete and abstract properties may be formalized in many different ways, but
one of the most common approaches consists in fixing an approximation ordering <, on the set of abstract properties A,
such that a; <4 a; when ay is a stronger property than ap, and defining an abstraction function a4 : C — A which maps
every concrete property to the strongest (smallest) abstract property it enjoys. This is what is presented in Cousot and
Cousot [16] under the “existence of a best abstract approximation assumption”.

An abstract interpretation problem consists in answering whether the semantics [[e] of a system e enjoys a given property
a. In theory, this can be verified by computing the strongest abstract property enjoyed by the system e, which is a4 ([e]),
and checking that it enjoys the property a we are interested in, that is aa([e]) <a a. In practice, since [e] is not generally
computable, the standard approach to solve this problem is to design an approximate abstract semantics [e]]A € A such that
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aa(fe]) <a [e]* and show that [e]4 <4 a. In most cases, [e]* is not designed starting from [e], but from a so-called
collecting semantics.

According to Cousot and Cousot [16], the term collecting semantics may be used to mean either “an instrumented
version of the standard semantics in order to gather information about programs executions” or “a version of the standard
semantics reduced to essentials in order to ignore irrelevant details about program execution”. In this paper, we consider
only the second meaning of the term, i.e., we view a collecting semantics as an abstraction of the standard semantics.

One might ask which are the properties that an abstract interpretation enjoys which entitle the abstraction to be called
a collecting semantics. It is common to find in the literature the statement that the collecting semantics is a very precise
abstraction from which all the other analyses may be derived. Here we want to elaborate and formalize this statement. In
particular, we discuss what is the right concept of precision of abstractions to be used in this context, and what is behind
the statement that an analysis may be derived from another.

In the context of first-order functional programs, we consider collecting semantics commonly used in static analysis of
programs which first appeared in Cousot and Cousot [17]. We introduce three collecting semantics CSq, CS; and CS3 and
discuss the relative precision among them, showing that CS, is a suitable collecting semantics for all properties, while
CSy and CS3 are only suitable for some properties of functions. We define a category of abstract interpretations and their
morphisms based on the notion of Galois connection, discuss the role of initial objects and constructively characterize a class
of abstractions for which the collecting semantics are initial, i.e., are well suited as collecting semantics. Moreover, we show
how common abstractions of functional properties, such as strictness, totality, convergence, divergence and monotonicity,
relate to the collecting semantics.

1.1. Plan of the paper

In Section 2 we explore the concept of precision of abstraction, show some examples of abstraction for properties of
functions and discuss how they can be compared starting from the above notion of precision. Section 3 introduces the two
collecting semantics CS; and CS;. We compare the precision of the collecting semantics and formally state their relation-
ships. In Section 4 we define the categorical framework of abstract interpretations and discuss the role of initial objects.
Section 5 extends this characterization to an additional collecting semantics CS3 and shows how it relates to the seman-
tics in Section 3. In Section 6 we discuss what happens when using different formalizations of abstract interpretation and
suggest some future work. All the proofs are in the appendix.

The article is an extended and revised version of [3]. The most prominent change is a complete overhaul of the mo-
tivations of this work and the reasons which led to our choice for the precision ordering. However, there are many
other changes: we have included more examples of abstractions (totality, convergence, divergence, involution, idempotence,
monotonicity, boundness), studied a new collecting semantics (CS3) and significantly expanded the intuitive explanations.
Moreover, both the appendix with the proofs and the section on related work are new.

2. Precision, derivability and collecting semantics

In the following, we fix a set C of concrete properties. The standard semantics [e] of a system e is an element of C. The
concrete domain C may be endowed with additional structure which allows to derive the semantics of a system through
structural induction on the description of the system and least fixpoint computations. However, the way [e] is defined is
going to play only a marginal role in our discussion.

Definition 1 (Abstract Interpretation). An abstract interpretation for a set C is a pair (A,as) where the set A is partially
ordered by <4 and oy isamap C— A. If ce C,a€ A and a4(c) <4 a we say that a is a correct approximation of c. With
an abuse of notation, we will sometimes identify an abstract interpretation (A, a4) with its abstract domain A.

Often C is endowed with a partial ordering (called computational ordering) which is used in fixpoint computations.
Computational ordering and approximation ordering may be unrelated, hence we do not require the map o4 in an abstract
interpretation to be monotone.

2.1. Abstractions and Galois connections

It is worth noting that the abstraction map in our definition of abstraction is not required to be part of a Galois connec-
tion. Many abstractions are more naturally formalized in term of abstraction functions only. As a very elementary example,
consider the classical “rule of sign” for checking the correctness of the sign of the product xy of two integer numbers,
which exploits the fact that the sign of the multiplication xy can be recovered from the sign of x and the sign of y. If we
formalize this rule as an abstract interpretation, we may choose Z as the concrete domain, SIGN = {pos, neg, zero} as the
abstract domain, and «s : Z — SIGN as:
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pos ifx>0;
as(x)={neg ifx<0;
zero ifx=0.

Note that for SIGN we use the flat ordering: a is a correct abstraction of x iff a is exactly as(x).

In this case a5 is not part of a Galois connection. Actually, as is not even monotone if we use the standard ordering
for Z. We may turn the rule of sign into a Galois connection if, for example, we take C = PP(Z) as the concrete domain,
A ="P(SIGN) as the abstract domain and « : C — A defined as the pointwise extension of «s, i.e., a(X) = {as(x) | x € X},
where both A and C are ordered by subset inclusion. In this case y(X) = {x € Z | as(x) € X} is the right adjoint of c.

All the abstractions we show in this paper can be turned into Galois connections only if we change the concrete domain.
This actually means selecting a collecting semantics among several possible choices, and it is the main topic of the paper.
Only rarely the standard semantics of a programming language directly forms a Galois connection with their common
abstractions. A notable example is the Tp like semantics for goal-independent semantic of logic programming [11].

2.2. Examples of abstractions

We take as applicative setting the abstract interpretation of functional programs. For easiness of presentation, we con-
sider a simple case where the concrete domain C is the set D; — D, of unary functions from a base domain D, to
itself, and assume that D, has a distinguished value | which represents non-terminating computations. Depending on the
concrete domain, L may also encode run-time errors. All the results presented are independent from its concrete meaning.
Some of the results which follow depend on the fact that D, has at least an element different from _L. The case when
D, ={l} is a singleton is trivial and will not be considered.

Example 2 (A simple program). Consider a simple setting where the D = N is the set of natural numbers. Then, the program
let rec prog n = if (n = 2) then prog(n) else n

has the following semantics:

1 ifn=2orn=_1;
n otherwise.

[prog] = An. {

An example of a simple and useful abstraction is strictness. We say that a function f:D; — D, is strict if f(L)= L.
Strictness analysis is used to prove that a function f either diverges or needs its arguments. The next definition formalizes
strictness analysis as an abstract interpretation.

Definition 3 (Strictness). The strictness abstract interpretation [24] is STR = ({str < T}, asr) Where

str if f(L)=_1,
T otherwise.

aser(f) = {

Another common abstraction for D; — D, is constancy. Constancy captures the fact that a function f: D, — D, either
diverges or ignores its arguments, i.e., f(x) = f(L) for any xe D,.

Definition 4 (Constancy). The constancy abstract interpretation [27] is CONST = ({const < T}, const) Where

const ifvxeDy, f(x)= f(L),
T otherwise.

Ceonst(f) = {

Consider the program prog defined in Example 2. Since prog uses its argument and does not always diverge, we have
asy([prog]) = str and aconse ([prog]) =T.

Other examples of simple and useful abstractions are totality, convergence, divergence [17], involution and idempotence
[21]. We say that a function f:D; — D, is convergent if, for any x € D, f(x) # L, and it is divergent if, for any xe D,
f(x) = L. We say that a function f is idempotent if f o f = f, where o is the standard function composition operator.
Moreover f is an involution if f o f =id.

Definition 5 (Totality). The totality abstract interpretation is ToT = ({tot < T}, ot¢or) Where

tot ifVxeD, f(x)# L
T  otherwise.

ot (f) =
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Definition 6 (Convergence). The convergence abstract interpretation is CONv = ({conv < T}, @cony) Where

conv ifVxeD,, f(x)# L
T otherwise.

Qeonv(f) =

Definition 7 (Divergence). The divergence abstract interpretation is Div = ({div < T}, atgiy) Where

div ifVvxeD,y, f(x)=1
T  otherwise.

agiv(f) =

Definition 8 (Involution). The involution abstract interpretation is INv = ({inv < T}, ajny) Where

inv ifvxeDy, f(f(x)=x
T  otherwise.

Uiy (f) =

Definition 9 (Idempotence). The idempotence abstract interpretation is IDE = ({ide < T}, jge) Where

ide ifvxeDy, f(f(x)=fX)
T  otherwise.

Qige(f) =

If we consider the program prog defined in Example 2, we have that og.([prog]) = ide since prog describes an idempo-
tent function. However, aor([prog]) = cconv([prog]) = cai ([prog]) = ciny([prog]) = T since [prog](2) = L, [prog](1) =1
and [prog]([prog](2)) = L #2.

Finally, consider the monotonicity and boundness properties. Assume D is partially ordered by =. We say that a func-
tion f: D, — D, is monotone if Vx,y € D, xC y implies f(x) T f(y). Moreover f:D; — D, is bounded if there exists
de D, such that Vxe Dy, f(x) Cd.

Definition 10 (Monotonicity). The monotonicity abstract interpretation is MON = ({mon < T}, &men) Where

mon ifVx,y e D1, xC yimplies f(x) E f(y)
T otherwise.

Amon(f) = {

Definition 11 (Boundness). The boundness abstract interpretation is Bou = ({bou < T}, otpy) Where

bou ifidde D, ,VxeDy, f(x)Cd
T  otherwise.

Apou(f) = [

Let us consider the program prog defined in Example 2, where C is the standard order relation “less than or equal to”
extended in such a way that L T 0. We have that amen([prog]) = T since [prog](1) =1 L = [prog](2). Moreover, it is
easy to check that apoy([prog]) =T.

2.3. Comparing abstract interpretations

In order to compare different abstract interpretations, we need to define a notion of relative precision! among them.
Of course, one might say that there is already a standard notion of relative precision, which is the existence of a Galois
connection among the abstract domains. We agree that Galois connections are quite convenient for comparing abstractions,
but we do not think that this choice should go unquestioned, and we want to provide more elaborate arguments in favor
of this approach. This is because in our setting abstract interpretations are defined through the use of abstraction functions
only, and there should be a good reason for introducing Galois connections.

As a first, naif approach, we may say that, given two abstract interpretations (A, «4) and (B, «g) for a concrete domain
C, we have that (A, @4) is more precise than (B, o) when all the properties computed by «g may be recovered from the
properties computed by a4, that is when g factors through o4, i.e., there is a map « : A — B such that ap =« o x4.

However, this definition of precision is too weak for many purposes. Most of the time, we are not able to compute
the abstraction of the concrete semantics o ([e]) but only an over-approximation of the real value through an abstract
semantics [e]# >4 aa([e]). In this case, knowing [e]* does not say anything about a([e]), since we have not required o
to be monotone.

1 We use the term relative precision to indicate that we deal with precision among abstract domains, since in some work precision refers to completeness
properties of an abstract domain, see for instance [15,23,6].
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Example 12. We say that a function f : D, — D, is defined constant if there is d € D such that Vx € D, f(x) =d. Consider
the abstract interpretation (A, @) such that A = {defcon <4 defconstr <4 T} and

defcon if f is defined constant
oA (f) = {defconstr if f is strict
T otherwise

Note that, although o4 (f) = defconstr exactly when f is strict, the value defconstr does not represent the property of being
strict but the property of being strict or defined constant.

We may define o : A — STR such that o = {defcon — T, defconstr — str, T — T}, and we have « o os = ag. However,
a is not monotone: if we have a program e and we know that [e]* = defconstr > a4 ([e]), we cannot conclude that str >
ase([e]), i.e., that [e] is strict.

If we also require monotonicity of « in the definition of precision, things go better. In this case, if we know that
[e]* =4 aa([e]), then we also know a([e]4) >5 ag([e]), hence an approximate result for the abstract interpretation A
gives an approximate result for the abstract interpretation B.

Definition 13 (Relative o-precision). Given abstract interpretations (A, «4) and (B, ag) over the domain C, we say that A is
more «-precise than B when there is a monotone map « : A — B such that ¢ o4 = op.

It turns out that the trivial abstraction (C,id) with the flat ordering on C is the most «-precise abstraction. Actually,
if (A, @a) is an abstraction, in order to show that C is more «-precise than A it is enough to choose « = a4, which is
monotone since the ordering of C is flat.

2.4. Relative precision and verification

Relative a-precision is still not satisfactory in all the contexts. If abstract interpretation were used for analysis only, it
might be a good choice. However, abstract interpretation is also used for verification. In this case, we do not really want to
compute a4 ([e]). On the contrary, we fix a property a € A and want to decide whether a4 ([e]) <a a.

Definition 14 (Abstract interpretation problem). Let C be a concrete domain and e be a system whose concrete semantics is
[e] € C. Given an abstract interpretation (A, c«) for C and an abstract property a € A, an abstract interpretation problem
consists in deciding whether

a(fe]) <aa .
According to this new perspective, if we have abstract interpretations A and B, we might say that A is more precise
than B when each abstract interpretation problem over the domain B may be transformed into an equivalent abstract

interpretation problem over the domain A. In this way, if we hypothetically have an oracle for verifying properties over A,
we can use it to verify properties over B. We may formalize this point of view as follows.

Definition 15 (Relative y -precision). Given two abstract interpretations (A, @4) and (B, ap) over the domain C, we say that
A is more y-precise than B when there is y : B— A such that, for each c € C and b € B,

ap(c) <pb <= aa(c) =ay D) .
We show with a couple of examples that the two variants of relative precision are different from one another.

Example 16. Consider the abstract interpretation A =D, U{T} with d <4 T for each d € D,. The idea is that T stands for
the trivial property enjoyed by every function, while d € D, is the property of being constantly equal to d. In other words:

d ifvxeD,, f(x)=d,
T otherwise

OlA(f)=:

There is a monotone map « : A — CONST given by

if T
(@) = const 1 a#T,
T ifa=T
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and aconst = ¢ o 4. Therefore, A is more «-precise than const. However, there is no direct way to decide whether a map f is
constant by having a verifier for the abstract interpretation problems in A. Actually to check whether aconst (f) <a const, we
would need to solve a possibly infinite number of problems o4 (f) <d for each d € D, . Therefore, A is not more y -precise
than CONST.

Example 17. Consider the domain (A, o4) given by

T . .
/ ‘ \ str if f is strict
aa(f) = {defcon if f is defined constant
str defcon other other  otherwise

and (B, ) which is defined in exactly the same way but without the T element. Note that a4 never returns T. Then, A is
more y-precise than B: we just define y : B— A as the injection of A in B. However, there is no monotone map « : A — B
such that op =« o 4 since there is no way to map T consistently.

Although in the general case the two concepts of precision are different, there are several ways in which they may
collapse. This happens, for example, when a4 is surjective.

Proposition 18. If o4 is surjective, and A is more y -precise than B, then A is more o-precise than B and there is a Galois connection
(a,y): A= Bsuchthat @ oo = ag.

Note that while the trivial abstraction (C,id) is the most «-precise abstract interpretation, the same is not true when
considering y -precision.

Example 19. The trivial abstraction is not more y-precise than STR. This would amount to the existence of a function
Y : STR — C such that o, (f) = str iff f =y (str). In other word, this would be possible only if there were a unique strict
function, which is obviously not true.

In the general case, the fact that (A, a4) is more a-precise and y-precise than (B, op) does not imply that (¢, y) is a
Galois connection, as shown by the following example.

Example 20. Let A = ({str, other, T}, <a) with str <4 other <4 T. Given a function f: D, — D,, we define:

strif f is strict,
T otherwise.

as(f) =

Let B = ({str, T}, <p) with str <g T and ap(f) = aa(f) for each f:D;, - D,. Let « : A — B be the map {str —
str, other — str, T — T} while y : B— A is the identity map.

We have that (A, a4) is more a-precise than (B, «g), since o is monotone and « is the identity on the image of a4.
Moreover, (A, a4) is more y-precise than (B, ap). Actually, <p and <4 do coincide on B, hence, for all b € B we have that

ap(f) <pb <= ap(f) <ab < aa(f) <ay®) .

However « and y do not form a Galois connection, since « (other) < str but other §§ y (str).

2.5. Derivability among semantics

In the intuitive definition of collecting semantics, one of the requirements is that the other abstractions may be derived
from it. What does it mean that an abstraction (B, @) may be derived from (A, a4)? It seems unavoidable that each
sensible definition of “may be derived from A” means that A is more «-precise than B. In the hypothetical case that we are
able to compute everything without losing information, we want that going through the collecting semantics instead of the
standard semantics does not lose information.

However, derivable also means that if we have an (approximate) constructive definition of an abstract semantics [e]* >4
aa([e]), this may be used as a guide for a constructive definition of an abstract semantics [e]® >p ag([e]).

A common case is when [e] = F@(L¢) for some map F, : C — C and the abstract semantics in A is built by simulating
in the abstract domain the progression of the concrete iterates. It means that there is a map Fae: A — A such that
qu,e(OlA(J-c)) >a aA(F};(J_c)) and there is an abstract join L4 : ¢ (A) — A which is a correct approximation of the least
upperbound of C, ie., if a; >4 aa(c;) for each i < w, then Laa; >4 aa(L];ci). The abstract semantics on A is defined as
[e]* = La{F}y ,(@a(Lo) i < w}.
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In this situation, if A is both more «-precise and y-precise than B, we may define an abstract semantics [e]® as
L[B{Fg,e(aB(J_c)) |i <w)} where Fpe=a o Faeoy and Lig(X) = a(La{y(x) | x € X}). It is possible to prove that [e]® >3
ap(Je])-

The cornerstone of the correctness proof is the following proposition. We show the proof here since we think it is
important to follow the remaining part of this section.

Proposition 21. Let (A, aa) and (B, ag) be abstractions such that A is both more a-precise and y -precise than B.If Fpe: A — A
preserves correctness of abstractions, i.e., forany a € A,c € C,a >4 aa(c) implies Fp ¢(a) >4 aa(Fe(c)), then Fpe =0t 0o Fae oy
also preserves correctness of abstractions.

Proof. Given b € B and c € C, assume b >p ap(c). Since A is more y-precise than B, we have

y(b)=aaa(c) .

By correctness of Fg e, it holds that

Fae(y (b)) za aa(Fe(c))

and by composing with the monotone map «, we have
Fpe(b) >p ap(Fe(c)) . O

Although this result is similar to known results on correctness of abstract operators, it is essential in this proof that we
track the behavior of the concrete iterates. Therefore, we have three semantics involved: the concrete one and two abstract
ones. This is because the two definitions of relative precision are essentially blind on how A and B are related on elements
which are not an abstraction of concrete values. If we want to work more freely without having to continuously refer to
the concrete semantics, we may require that o and y form a Galois connection. This is actually not very far from what we
already have, as shown in Proposition 18.

Definition 22 (Relative precision). Given (A, a4) and (B, ap) two abstract interpretations over the domain C, we say that A
is more precise than B when there is a Galois connection (¢, y): A= B such that ap = a o o4.

This is essentially the same definition of precision given in [14], with the additional requirement that o should respect
the abstraction maps o4 and og which have been given beforehand. Note that we use the term “relative” precision since in
some papers the term precision is used to mean «-completeness, which is a different concept [23].

Clearly, relative precision is stronger than both a-precision and y -precision. When we have a Galois connection, correct-
ness of the abstract semantics A w.r.t. the abstract semantics B may be rephrased without involving concrete semantics, as
in the next well known result.

Proposition 23. Given F4 : A — A monotone, if A is more precise than B through the Galois connection (&, ), then Fp = o Faoy
is correct, i.e., if b > g at(a), then Fg(b) >p a(Fa(a)).

In the following, we use the definition of relative precision based on Galois connections. Please note that if we only have
an abstraction (A, @4) and a Galois connection (o, ) : A = B, then we may define an abstraction over B as (B, o o «y)
such that A is more precise than B. However, we are taking a different point of view where abstractions are defined directly
from the concrete semantics, so that condition ap =« o a4 should be included explicitly.

2.6. Collecting semantics

The conclusion from the previous sections is that if we want to compare different abstract interpretations, the notion of
relative precision based on Galois connection conjugates in a simple way different aspects relative to precision (- and y-
precision) with aspects relative to derivability between abstract semantics. The latter is particularly important when one of
the two semantics we are considering is a collecting semantics, since its main purpose is guiding the design of an abstract
semantics.

When we want to design an abstract semantics, we can either take the concrete semantics as the reference, and use a
relatively poor mathematical framework, or use the collecting semantics as the reference, and derive the abstract semantics
using the Galois connection framework.

Given a family of abstractions F, a question which arises is which is the “best” collecting semantics for the abstractions
in F. Obviously, we require the collecting semantics to be more precise than all the abstractions in F. However, we might
require something more. In the general case, if A is more precise than B, there are several Galois connections (¢, y): A<= B
such that o o g = ap. If (S, as) is a collecting semantics for a family F, it would be better to have a unique Galois
connection from S to each abstraction in F.



8 G. Amato et al. / Theoretical Computer Science 823 (2020) 1-25

Definition 24 (Adequate collecting semantics). Given a domain C and a family F of abstractions, an abstraction (S, «s) is a
collecting semantics adequate for F when, for each abstraction (A, a4) € F, there is a unique Galois connection (&, y) :
S = A such that € o s = 4.

In the rest of the paper, we analyze some common collecting semantics and abstractions for the case of first-order
functional languages, we study their relative precision, and we characterize the class of abstractions for which the collecting
semantics are adequate.

3. Collecting semantics for functional programs
3.1. Collecting semantics

We define two abstract interpretations CS; and CS; which are commonly used as collecting semantics for the concrete
domain D - D, .

Definition 25 (Collecting Semantics CS1). We define the abstract interpretation CS; on D; — D, as:
U
CS1=(P(DL) = P(D1), acs1)
where P(D,) 5 P(D.) is the set of complete join-morphisms® ordered pointwise,

acs, (f) =1X e P(D1).f(X)
and f(X) is the image of f through X.

Note that, differently from the definition in Cousot and Cousot [17], CS; is restricted to maps P(D,) 5 P(D.) which
are complete join-morphisms, otherwise there would be multiple abstract objects which approximate exactly the same set
of concrete functions. This will be important when proving the adequacy of the CS; semantics. A different solution could
be to change CSq to D; — P(D).

Example 26. The restriction to join-morphisms is required since the approximation of any function f:D; — D, in a

function ¢ : P(D.) =l P(D.) is actually completely characterized from the behavior of ¢ on singletons. For instance, given
d € D, consider the following functions ¢¢ and ¢1:

g ifX=0, g irx=4,

do = 1X. (1] otherwise o1 =1X. (L) if|X|=1,
' D, otherwise.

Both ¢¢ and ¢ approximates only a single function, namely the function which diverges for any input, but ¢g, which is a
complete join-morphisms, seems to be a cleaner choice.

Definition 27 (Collecting Semantics CSy). We define the abstract interpretation CS; on Dy — D, as:
CS; =(P(DL — Dy),ocs,y)

where P(D; — D)) is ordered by standard subset inclusion and
acs, (f)={f} .

3.2. Strictness and collecting semantics

Consider the relation between acs, and oy First of all, note that it is possible to recover o ([e]) from ocs, ([e]), since
it holds that oy = 15 0 cs; Where a5y : CS1 — STR is defined as:

strif¢({L}) € {L}
T otherwise

a1str(@P) =

2 A function ¢ is a complete join morphism when ¢ (Uic; X;) = Uic1¢(X;) for any index set I.
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for each ¢ : P(D,) Y P(D.). Therefore CS; is more «-precise than strictness. Moreover, consider the problem o ([e]) <
str. It is immediate to show that this is equivalent to acs, ([e])({L}) € {L}. In turn, this is equivalent to ccs, ([e]) < ¢ by
defining

@ ifX=4¢,
dsr =AX. { {1} ifX={l},
D, otherwise.
This happens because the functions correctly approximated by ¢ are exactly all the strict functions. The problem
asy([e]) < T is always true, and it is equivalent to acs, ([e]) < Tcs, where Tcs,(X) =D, for any non empty X. There-
fore, each strictness problem may be reduced to a problem on the collecting semantics CSq. If we define yys; : STR - CSq
as:
] iftX=0¢
Vistr(str) =AX € P(D1).{ {1} ifX={1}
D, otherwise

if X =90,

]
T)=AX D).
Visr(T) €P(DL) {D otherwise

we have that CS; is more y-precise than STR and (a1, Y1str) 1S @ Galois connection.
Note that the same holds for the collecting semantics CS;. Actually, CS, is more «-precise than STR by taking

o (F) = str ifvVf e'F, f(h=1
T otherwise.

Moreover o([e]) < str is equivalent to acs, ([e]) € Fsi where Fsr = {f | otser (f) = str}. This make CS, more y -precise than
STR by defining y : CS; — STR such that y (str) = F¢ and y(T) =D, — D;.

Analogously to the strictness property, it is easy to show that also the convergence, divergence and totality properties
may be reduced to a problem on the collecting semantics CS; by defining

s oy |0 iTX=0 s |0 TX=0
T D otherwise, =22 111} otherwise,
? if X =40,

bt =AX.{D, ifleX,
D  otherwise.

The analogous result for CS;, is immediate.
3.3. Constancy and collecting semantics

Not all the abstract interpretation problems may be reduced to problems in a given collecting semantics. Consider
the problem cconst([e]) < const. It may be easily reduced to a problem in CS, by acs,([e]) € Feonst Where Feonst = {f |
eonst (f) = const}, however it cannot be reduced to a problem in CS;. We must be careful to understand what this means.
It is still possible to recover oconst(f) from s, (f): actually, Ceonst = Q1const © Ctcs; Where oqconst : CS1 — CONST is defined as

const ifVxeDi.o({x}) Ndp({L}) #0,
T otherwise.

U1const(P) = [

Therefore, CS; is more «-precise than CoNsT. However, there is no element in CS; which corresponds to the set of all the
constant functions. Actually, if f is an unknown constant function, we have that f(x) might be potentially equal to any
value x € D, . Therefore, the only abstract object ¢ € P(D_) -l P(D.) which is a correct approximation for all the constant
functions is the greatest element

X, ] ifX= @
D, otherwise.

Unfortunately, this is a correct approximation for all the functions, not only the constant ones. More in general, CS; cannot
express any constraint relating the results of a function for different inputs (it is a so-called non-relational domain).

Hence, there is N0 ¢consr such that arconst (f) < const is equivalent to ocs, (f) < @const, 1., CS1 is not more y-precise than
Const. Therefore, the collecting semantics CSq is not well suited to analyze the constancy property.
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3.4. Involution, idempotence, monotonicity and collecting semantics

Analogously to the constancy property, if we consider the involution property and the problem «;ny ([e]) < inv, we have
that it may be reduced to a problem in CS;, by acs, ([e]) € Finy where Fipy = {f | otiny(f) = inv}. However, as for the previous
case, it cannot be reduced to a problem in CSy, even if oy = &¢1jpy © Xcs; Where otyipy : CS1 — INV is defined as

inv ifYxeDy.d(d({x}) 2 {x],
T  otherwise.

A1iny (@) =

In fact, since there is no element in CS; which corresponds to the set of all the involutions, there is no ¢j,, such that
ainy(f) <inv is equivalent to acs, (f) < ¢inv. The same holds for IDE, MoN and Bou.

Therefore, the collecting semantics CS; is not well suited to analyze the involution, idempotence, monotonicity and
boundness properties.

3.5. Relationships among collecting semantics

We now explore how the two collecting semantics relate to each other. We notice that both ocs, and s, factor through
the other. Actually, acs, = @12 o arcs, where a1 : CS1 — CS3 is given by

o12(@) ={f: DL —> D1 |Vxe Dy, f(x) €p({x))} ,

for each ¢ € P(D1) = P(D.), while acs, = arz1 o arcs, with arzg : €Sy — CSy given by

axn(F)=rX e P(DL). | JIf(X)| f eF)

for each F € P(D. — D). This contrasts with the standard consideration that CS, is more precise than CS; and not vice
versa. However, the different precision between the two is apparent when we note that, for each ¢ € CS;, we have

acs, ([e]) < ¢ <= acs, ([e]) S a12(p) .

However, the converse is not true: given F € CSp, in the general case there is no ¢ € CS; such that

acs, ([e]) € F < acs, ([e]) < ¢F . (1)

Therefore CS, is more y-precise than CS; but not vice versa.

Example 28 (CS; is not more y -precise than CS; ). Let F = {Ax..L, Ax.a} for a given a € D. Then acs, ([e])) € F iff e is a program
which always diverges or always terminates with result a. If we choose ¢r = a1 (F), which one might think as a sensible
choice in (1), we have ¢r(X) = {L,a} for any non empty X. Therefore, if e is a program which always diverges or always
terminates with result a, we have acs, ([e]) < ¢r. However, the same holds for any program which returns both outputs L
and a for different inputs. Therefore, the left and right hand-sides in (1) are not equivalent. In general, for any ¢r we may
choose, the condition acs, ([e]) < ¢r is not able to select functions which always return the same value.

The following proposition summarizes the previous arguments.

Proposition 29. The following holds:

e there is no Galois connection (ot12, y12) : CS1 = CSy such that acs, = a12 o acs,
e o1 has a right adjoint, which is oy
e g has a right adjoint which is y1s : STR — CSq defined as:

% ifX=0

Visr(str) =AX e P(D1). { {1} ifX={L}
D, otherwise
7 ifX =9,

T)=AX e P(D,).
Vistr(T) (D) D, otherwise

e there is no Galois connection {0t1const. Yiconst) : CS1 = CONST such that Qconst = X1const © ACS; -
e there is no Galois connection (0t1iny, Y1inv) : CS1 = INV such that otjny = &t1inv © acs,. The same holds for IDE, MoN and Bou.
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4. Adequacy of collecting semantics

In this section we elaborate on the concepts of adequacy for a family of abstractions. We define a category whose objects
are abstract interpretations and whose morphisms are transformations from more precise to less precise abstractions (see,
e.g., Asperti and Longo [8] for standard definitions in category theory).

Definition 30 (Category of abstract interpretations). We call AI(C) the category whose objects are abstract interpretations for
C and whose morphisms are Galois connection (&, ) : A= B such that «p =« o 4.

Collecting semantics are a starting point when designing new abstract interpretations. If an abstract interpretation
(A,ap) is designed starting from the collecting semantics (S, «s), it means that (S, as) should be more precise than
(A, aa), hence there should be a map from (S,as) to (A,aa) in our category AI(C). Moreover, it would be preferable
to have a unique way of deriving (A, o4) as a Galois connection from (S, as), according to the concept of adequacy intro-
duced in the previous sections. In the categorical settings, this leads to the notion of initiality: if (S, ) is initial for a given
full subcategory ID of AI(C), it means that (S, «s) is adequate for the family of abstractions in ID.

Given a collecting semantics (S, as), we are interested in characterizing the maximal full subcategory ID of AI(C)
such that (S, as) is initial for ID. Such subcategories immediately induce a taxonomy on program analysis which precisely
characterizes the program properties suitable for a given collecting semantics. In the rest of the section, we show that for
the two collecting semantics CS; and CS,, such a full subcategory can be constructively described.

4.1. The collecting semantics CSy

We first show that CS; is initial for all the abstract interpretations which have enough joins, and that this is the largest
class of abstract interpretations which enjoys this property.

Definition 31 (Having enough joins). We say that the abstract interpretation (A, a4) has enough joins when \/, X exists for
each X which is a subset of the image of 4.

Obviously, if A is a complete join-semilattice, than (A, @4) has enough joins.

Example 32. Let (D, C) be a poset such that 1 Cd for each d € D). We say that a function f:D; — D, has a maximum
value d € D if there exists y € D, such that for each x € D, f(x) C f(y) =d. Consider the abstract interpretation MAx=
(D1, otmax) such that

fy) iff(y)eDandVxeDy, f(x) E f(y)
1 otherwise

Amax(f) = {

Note that amex(f) =d € D when d is the maximum value of f. We have that Max has enough joins if and only if D is
a complete join-semilattice. Therefore, if D, = N U {L} with the standard ordering on natural numbers, then D, has not
enough joins.

Theorem 33. The full subcategory of all the abstract interpretations which have enough joins is the largest class of abstractions for
which the collecting semantics CS; is initial.

4.2. The collecting semantics CSy

We now show that the collecting semantics CS; is initial for a large class of abstract interpretations, which can be
constructively characterized.

Definition 34 (Mix of functions). We say that a function g:D; — D, is a mix of the set of functions F C D, — D, iff for
each x € D, there exists f € F such that g(x) = f(x).

Definition 35 (Mixable interpretations). Let (A, ®a) be an abstract interpretation such that A has enough joins. We call (A, a4)
mixable if, for any set of functions F C D, — D, whenever g is a mix of functions in F, we have a4 (g) < \/feF aa(f).

An interpretation is mixable when deciding whether «(f) < a may be done by looking at the values of f for a single
element of the domain at a time. This observation is formalized by the following lemma.

Lemma 36. Let (A, o 4) be a mixable interpretation. Then a4 (f) <a <= Vxe D, 3f'st. f/X) = fxX) Aaa(f') <a.
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In the previous lemma, the interesting direction is <=, since for the other direction it is enough to take f’= f.
Example 37. We apply the above intuitive characterization to the previously defined abstractions.

e The strictness abstract interpretation in Definition 3 is mixable, since we only need to check the single value of f(1)
in order to decide whether a function is strict.

e The constancy, involution, idempotence, monotonicity and boundness abstract interpretations in Definitions 4, 8, 9, 10
and 11 are not mixable, since we need to compare the values computed by f for different arguments.

e The totality, convergence and divergence abstract interpretations in Definitions 5, 6 and 7 are mixable, since we just
need to check the value of f for (many) single arguments, without the need of comparing them.

We now show that all the mixable interpretations may be designed starting from the collecting semantics CS.

Theorem 38. The full subcategory of all the mixable abstract interpretations is the largest class of abstractions for which the collecting
semantics CS; is initial.

5. The downward closed semantics CS3

Another commonly used collecting semantics for functional programs is the downward closed collecting semantics de-
fined in Cousot and Cousot [17].
Given a poset (X, <x) and Y C X, we denote by | Y the downward closure of Y, i.e. the set

lY={xeX|AyeY,x=<xy}.

Y is downward closed if | Y =Y and we denote by PV¥(X) the set of downward closed subsets of X. Note that (P (X)), €)
is a complete lattice with ¢ as the bottom element and union as the join.
In our setting the poset X is P(D_ ) with subset ordering. Therefore, given ® C P(D_ ), we have

10={Y|3IXeB,Y X} .

Definition 39 (Collecting semantics CS3). We introduce the abstract interpretation
03 = (PPDL) = PHP(DL)), o5, )

where P(P(DL)) Y PY(P(D))) is ordered by <, the pointwise extension of <, and
o, () =10 e P(P(DL). H{f(X) | X € ©} .

Example 40. Let f : D, — D, given as

1 ifx=1,
feo= [a otherwise
for some a € D. Then
7] ife=0,
{@} if ® = {0},
{9, {L}) ife=1{0,{1}}ve={{Ll}},
a@3(f)(®): {@, {a}} ifIXe®, XND#PAVXe®, L ¢X,
{@,{L}, {a}} fO={{L}JJUEAIX L,
XND#ABAVXeE, L¢X,
{#,{L},{a},{L,a}} ifIXe®, XD{L}.

The abstraction s, is not directly suitable as a collecting semantics, since it contains many objects which are abstraction
of exactly the same set of functions in D; — D, .

Example 41. Let ¢ = o/, ( f) the element of CS3 from Example 40 and let &' be the following element of CSs:

H{{L,a,b}} ifIXe®, X D{L}

P'(0) = )
d(O) otherwise
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where a and b are two distinct elements of D. Note that if f is a function in D; — D, and @’ is a correct abstraction
of f, then f(x) #b for each x € D, . This is because, according to ®’, we have f({x}) is either {_L} or {a}. Therefore, the
element b in the first clause of @’ is useless: ®’ is a correct approximation of f iff ® is a correct approximation of f.

Definition 42 (Collecting semantics CS3 ). We introduce the abstract interpretation

CS; = ({¢€§3 | d’:U{Olcsg(f) |Olcs3(f)§q>}},06csg)

where ocs; = o, -
Note that ® in Example 41 is in CS3 but @’ is not.

Example 43. The constancy abstraction reduces to CSs. In fact, in order to check whether a function f is constant, it is
enough to verify for each X € D, that f(X) is a singleton, i.e., it is an element of |{{d}|d € D,}. More precisely, the
abstract interpretation problem a/const(f) < const may be reduced to acs, (f )YE P const Where

] ife=0,
Qconst(@)) = {Q} ife= {®}7
{#tu{{d} |de D.} otherwise.

Example 44. The boundness abstraction reduces to CSs. In fact, in order to check whether a function f is bounded, it is
enough to verify for each X € D, that f(X) is bounded. More precisely, the abstract interpretation problem ., (f) < const
may be reduced to acs, (f YE Ppoy Where

Ppou(®) ={XeP(D)|3IY €0,|X|<|Y|,qdeD,,Vxe X, xCd}

The condition on cardinalities is needed to ensure that ®y,, is an element of CS3. Actually, for any function g, the cardinality
of g(X) cannot be greater than the cardinality of X.

Let us compare the semantics CS3 w.r.t. CS; and CS;. First of all, CS, is more «-precise than CSs. Actually, we may define
a monotone map a3 : CS; — CS3 as

a3(F) =20 e PPMDL)I{fX)| feFAXe®} .
Theorem 45. CS, is more precise than CSs.
On the other side, CS3 is more «-precise than CS;. Let us define a monotone map w37 : CS3 — CSy as:
@31(®) =X e P(DL). | Jo(X)) .
Theorem 46. CS3 is more precise than CSy.

Analogously to the previous abstraction, acs, = @33 o acs; where a3p : CS3 — CS; is given by
@3(®)={f:D1L—> D1 |VxeD,, {f®)} e P{{xiD} ,
while acs; = 13 o arcs; where a13 : CS1 — CS3 is given by

a13(¢) =20 e P(P(DL){X|3IY € ©, X S o(Y), [X| = |Y]} .

However, neither of them has a right adjoint. Actually, the next proposition shows that CSy is strictly less precise than CSs,
which in turn is strictly less precise than CS;.

Proposition 47. The following holds:

e there is no Galois connection (013, y13) : CS1 = CS3 such that acs, = a13 o acs; ;
e there is no Galois connection {(c32, y32) : CS3 = CS; such that acs, = 32 o acs;.
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5.1. Adequacy for CS3

We now try to characterize the set of abstractions which may be derived from the CS; semantics through a Galois
connection. This characterization will turn out to be a generalization of the concept of mixable interpretations we have
already introduced for CS;.

Definition 48 (Set-Mix of functions). We say that a function g: D, — D, is a set-mix of the set of functions FC D, — D,
iff for each X C D, there exists f € F such that g(X) C f(X).

Definition 49 (Set-Mixable interpretations). Let (A, ®4) be an abstract interpretation such that A has enough joins. We call
(A, ap) set-mixable if, for any set of functions F CD; — D, whenever g is a set-mix of F, then a4(g) < \/feF aa(f).

In other words, an interpretation A is set-mixable when deciding whether a4 (f) <a may be done by looking at the
values of f for a single subset X of the elements of the domain at a time. The function f enjoys a given property if, for any
X, f(X) is an element of a downward closed set of accepted values. This observation is formalized by the following lemma.

Lemma 50. Let (A, aa) be a set-mixable interpretation. Then aa(f) <a <= VX C D, exists a map f's.t. f(X) C f'(X) A
aa(f) <a.

Example 51. It is immediate to see that the constancy abstraction is set-mixable, by exploiting the characterization in
Example 43. With respect to the previous intuitive characterization, note that, in order to decide whether f is constant, it
is enough to check that, for each set X, the image f(X) is a subset of a singleton.

Theorem 52. The full subcategory of all the set-mixable abstract interpretations is the largest class of abstractions for which the
collecting semantics CSs is initial.

Using the characterization of set-mixable abstract interpretations, we may show that CSs is adequate for the boundness
abstraction.

Proposition 53. The boundness abstraction is set-mixable.

Example 54 (Permutation abstraction). An example of an abstraction that cannot be derived from CS3 through Galois connec-
tions is the domain of permutations, PERM = ({perm < T}, aperm) where

perm if f is bijective,

(04 =
perm () T otherwise.

Actually, in order to check whether f is a permutation, we could check that f(X) has the same cardinality of X for any
X and that f(D1) =D, . However, this is not possible in set-mixable interpretations, since when examining f(X) we may
only check whether it is a subset of a given family of good results, not that it is exactly equal to one of these results.

More formally, consider the constant map f(x) =dg for some dyp € D, . Given X C D, not empty, we have f(X) = {do}.
Consider a permutation fx such that there exists x € X with fx(x) =do. Then f(X) = {do} € fx(X) with aperm(fx) < perm.
Hence, if aperm were set-mixable, it would be operm (f) = perm.

Analogously the domains of involution, idempotent and monotone functions cannot be derived from CSs.

Example 55 (Involution functions). Consider the constant map f(x) = do for some dy € D, . Given X C D, not empty, let
d1 € X and consider the involution fx such that

d() ifx= d]
fx=axeD,;.{dy ifx=dp
x  otherwise.

Note that, when dg =d, fx is the identity function. We have that f(X) ={dp} C fx(X) with ajny(fx) < inv. Hence, if iy
were set-mixable, it would be ajn, (f) = inv.

Example 56 (Idempotent functions). Let do,dy € D with dy # d; and consider the non-idempotent function

di ifx=dy

=AxeD,].
f + do otherwise.
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Given X € D, not empty, we have

{d1} if X = {do}
f(X) =1 {do} ifdo ¢ X
{do,d1} otherwise.

Let us consider the idempotent functions

Ay € DJ_.d] ifX= {d()}
Ay €D, .do ifdg ¢ X
fx= do ify=do
AyeD]. . otherwise.
di; otherwise,

Therefore for each X € D, not empty, f(X) C fx(X) with ajg(fx) < ide. Hence, if ojge were set-mixable, it would be
Aige (f) = ide.

Example 57 (Monotone functions). Consider the non-monotone function

di ifxCdy

=AXeD,].
f + [do otherwise

where dg,d € D, dop #dy and dg Edy. Given X €D, not empty, we have

{d1} ifvxe X,xEdp
f(X) = {{do} ifvxe X,xZ do
{do,d1} otherwise.

Let us consider the monotone functions

Ay €D, .dq ifVxe X,xCdyp
f Ay eD,.dy ifvxe X,xZdo
X = .
do ifyCd
AyeD,. o Y= ,0 otherwise.
d; otherwise,

Therefore for each X € D, not empty, f(X) C fx(X) with omen(fx) < mon. Hence, if omen Were set-mixable, it would be
Amon (f) = mon.

6. Related work

Since the very beginning of the abstract interpretation theory, there have been work on categorical approaches to abstract
interpretation, both to show that abstract interpretation can be rephrased in category theory and to exploit category theory
results in the abstract interpretation framework (see, for instance, Abramsky [1], Backhouse and Backhouse [9], Panan-
gaden P. [25], Venet [26]). In this paper, we use category theory in a much more limited way.

6.1. Other formalizations of abstract interpretation

The abstract interpretation framework presented in this paper is the same which appears in Cousot and Cousot [16]
under the “existence of a best abstract approximation assumption”: it is based on an abstraction function and a partial
ordering of abstract properties. However, not all the abstract interpretations may be formalized in this way: sometimes it
is necessary to resort to a weaker framework where the relation between the concrete domain C and the abstract domain
A is given by an approximation relation >4 € A x C. When a4 ¢ we say that a is a correct abstraction of c. Generally >4
is upward closed, i.e., if a4 ¢ and a <4 d, then a’' >4 ¢ (what Cousot and Cousot [16] call “abstract soundness of upper
approximations assumption”).

A classical example of this situation arises when using numerical abstract domains ([13,4,2,7]) for instance in polyhedral
analysis of imperative programs [20]. In this case, we may think that the concrete domain C is the set of execution traces
for a program, while the abstract domain P is the set of maps from program points to finite sets of linear inequations on
the program variables. We say that an abstract object 7t is a correct approximation of the trace t (i.e.,, m >p t) if and only
if, for each program point p, every time t passes through p the corresponding assignment of values to variables in t is a
point in the polyhedron 7 (p). We cannot formalize this abstract interpretation with an abstraction function, since if t is
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infinite, the convex hull of all the assignments for a given program point p might not have a least polyhedral approximation.
Another example of this phenomenon is the domain of parallelotopes [5].

The fact that the abstraction (P,>p) cannot be formalized with an abstraction function is reflected by the fact that the
relation between (P,>p) and the standard collecting semantics is not a Galois connection. The collecting semantics in this
case is (S,>s) where S is the set of maps from program points to the powerset of assignments of values to variables, and
7 >st when for each program point p, every time t passes through p, the corresponding assignment is an element of 7 (p).
Although (S, >s) is generally considered the reference collecting semantics for (P, >p), the relation between the two is given
by a monotonic map y : P — S with the property that if 7 >p t then y () s t. However, for the same reason given above,
y has no left adjoint.

We can easily adapt our presentation to this more general definition of abstract interpretation, where the morphism in
the category of abstract interpretations now are the concretization functions, that respect the approximation relations.

Note that, in some settings, a standard semantics is already a collecting semantics, in the sense that many common
abstraction may be formulated directly as Galois connections of the standard semantics. This is often the case for (constraint)
logic programs. The semantics of computed answers [10] is already a collecting semantics: many properties such as sharing,
groundness, freeness used in static analysis of logic programs may be formulated as Galois connections from the s-semantics.

6.2. Future work

As for future work, our aim is twofold. From one side, we would like to refine the theoretical framework to reach a
clean formal definition of what a collecting semantics is. In this paper we have been focused on the problem of examining
when a collecting semantics is adequate for a given abstraction, but we lack a precise a priori definition of what a collecting
semantics is. To this question, the paper only gives partial answers: if we have a family of abstractions, we might define
a collecting semantics as an initial object in the appropriate subcategory, but if the family is too small, the initial object
might be something so abstract that it should not be called a collecting semantics. Actually, it seems reasonable to require
that a collecting semantics should be more «-precise than the standard semantics: this means it essentially contains all
the information which is present in the standard semantics, although in a form which is easier to deal with in further
abstractions.

A different line of research is applying the framework to different settings, for example to the operational semantics
of imperative languages. In this case, the standard semantics of a program might be its execution traces (assuming the
language is deterministic) while a common collecting semantics is the map associating to each program point the set of
all states when the execution reaches that point. Although this is a common collecting semantics, it is not well suited for
analyzing the input-output behavior of programs, so different collecting semantics might be proposed for this application.
Particularly relevant to this line of research is the work of [18] on temporal abstract interpretation and the work of [12] on
abstract interpretation of transition systems.

7. Conclusion

Any static analysis formalized in the abstract interpretation framework is defined starting from a collecting semantics,
on which the meaning of the system is defined, and then providing a set of abstract objects which encode the properties
we are interested in. The collecting semantics is then a fundamental choice in the design of any abstract interpretation. As
pointed out in Cousot and Cousot [19]:

If the collecting semantics is too abstract, it has a limited expressive power which also limits the scope of the static
analysis/verification methods that can be formally derived by abstract interpretation of this collecting semantics. [omissis]
On the other hand, if the collecting semantics is too precise, then further abstractions are more complex to express.

While we can find in the literature many results on the concrete domain (the semantic framework) and the abstract prop-
erties (the abstract domain and its operations), only a few papers have been devoted to systematically study how to choose
the collecting semantics. For instance, both Cousot and Cousot [16] and Cousot and Cousot [17] present many collecting
semantics, without a general method for choosing the right one.

Mostly authors simply use one of the already defined collecting semantics or, sometime, they invent a new one for a
specific abstraction. Some authors have studied how to compute the optimal collecting semantics for a given abstract in-
terpretation (e.g., Giacobazzi [22] limited to the analysis of logic programming). Such an approach forces inventing new
collecting semantics (and thus describing new concrete semantics) every time we change the abstract property to be ana-
lyzed.

On the contrary, we study three most commonly used collecting semantics for functional programs, we precisely charac-
terize the set of abstract interpretations which can be defined on them and derive a taxonomy on program analysis. More
generally, the definition of the sets of mixable and set-mixable abstract interpretations provides a constructive method,
applicable to all the abstract interpretations of functional programs, to decide which collecting semantics should be the
starting point for the definition of the analysis.
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Our formal definition of the category of abstract interpretations also allows us to formally state the relationships between
the common collecting semantics and some standard abstract interpretation, and to spread a new light on the significance
and choice of the collecting semantics.

As far as we know, this is the first work where the set of abstract interpretations reducible to a given collecting semantics
is precisely characterized, leading to the notions of mixable and set-mixable abstract interpretation, which precisely capture
these sets of functions.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Appendix. Proofs

Proof (Proposition 18). First of all, we can define a monotone map « : A — B such that ap = & o 4. Given a € A, consider
any c € C such that a4(c) =a and take a(a) = ag(c). In order to prove that « is well-defined, we show that if a4(c1) <a
aa(cz) then ag(cr) <p ap(c2).

By Definition 15, by wop(c2) <p ap(cy) we get aa(cy) <a Y (ap(c2)). If aa(c1) <a oa(cz) then we have wa(cq) <a
¥ (ap(c2)) and again by Definition 15 we get arg(c1) <p ag(c2). This proves that « is well-defined and monotone. Moreover,
op = o oay by definition.

At this point, Definition 15 may be rewritten as

a(xa(0) <pb <= aa(c) <ay®) .

Since a4 is surjective, this means

a@) <pb < a<ay(b)

for each a € A and b € B, which is the definition of Galois connection. O

Proof (Proposition 29). e The proof is by contradiction. Assume that there exists (12, ¥12) : CS1 = CS; such that ocs, =
a2 00cs,. For i €{0,1}, let fj e D; — D, be the function Ax € D, .d;, where d; € D and dg #d; and let

d() if x= do

d; otherwise.

fzkxeDl.{

Then, by definition of CSy,

@ ifX=9

¢i =ocs, (fi) =AX € P(DL). [ d;} otherwise

and

] ifX=0¢

{do} if X = {do}
{d1} ifdo ¢ X # 0
{do,d1} otherwise.

¢ =acs, (f) =rX e P(Dy).

By definition of CSq,

] ifX=0¢
Vo1 =rXeP(Dl).
b0V é1 (P1) {do,d1} otherwise
and ¢ < ¢p V ¢1. Moreover, since {(«12, y12) is a Galois connection, it immediately follows that o1, is a join-morphism,
therefore:

a12(¢o Vv ¢1)

a12(Po) V o12(¢1)

aqz(acs, (fo)) V aiz(acs, (f1))
= acs, (fo) V acs, (f1)

= {folU{f1)

= {fo, f1}.

Now, we have a contradiction, since ¢ < ¢g V ¢1, while
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a12(9) = ara(acs, (f)) = acs, (f)
{fY & (fo, f1}
and then the thesis.
We prove that a1 (F) < ¢ iff F C a12(¢p). Note that

a1(F)<¢ < VXCD,. J{fX)|feFIS¢X)
& VXCD.VfeF.f(X)Cp(X) .

Since ¢ is a complete join-morphism, the last property holds for all X € D, iff it holds for all singletons {x} with
x€ D,. Then ay1(F) < ¢ is equivalent to

a12(do V é1)

VxeDIVfeF.f(x) ep({x}) .
namely
VfeFVxeD,. f(x)ep({x)) .
Hence we get: Vf € F. f € 12(¢) and therefore F C a13(¢).

Since P(D.) 5 P(D.) is a complete lattice, it is enough to prove that ajsr is a complete join-morphism. Let S C
P(D1) ey P(D.). By definition \/ S =1X € P(D,). U¢Es ¢(X) and therefore

str if¢p({L}) € {L}foreach¢ €S,
S —
Hstr (\/ ) T otherwise.

By definition of ayr,

str if a1sr(¢p) = str foreach ¢ € S,
Astr (\/ S) = .
T otherwise

and therefore o151 (\/ S) = \/¢€5 a1str(¢). The proof that yi is the right adjoint of oy is straightforward and hence
it is omitted.
The proof is by contradiction. Assume that there exists (C1const, Y1const) : CS1 = CONST such that otconst = Q1const © cs; -

For i € {0, 1}, let fi e D, — D, be the function Ax € D, .d;, where d; € D and dgy #d; and let
do ifx=_1
=AXeD,.
f + {d1 otherwise.

Then, by definition of CSq,

0 ifX=0

¢i =ocs, (fi) =AX € P(DL). {{di} otherwise

and
] ifX=¢
{do} if X={l}
{d1} ifLeX#£D
{do,d1} otherwise.

¢ =ocs, (f)=rX€P(DL).

By definition of CSq,

7 ifX=0¢
Vo1 =r2XeP(Dl).
oV €PDL) {dp,d1} otherwise

Now, we have a contradiction, since ¢ < ¢ V ¢1, while

®1const () =1const (cs, (f))
=0const(f) =T £ const
=0const (fo) V const (f1)
=01 const (s, (f0)) V A1const (s, (1))
=01const (P0) V A1const($1)

=1const (o V H1)
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from which the thesis.
First, we consider the involution property. The proof is by contradiction. Assume that there exists ((1iny, Y1inv) : CS1 =

INV such that ajpy = otyiny © €cs, . Let f1 € D; — D, be the function Ax € D .x and
do ifx= d]
fo=2xeD,.{dy ifx=dg
x  otherwise
where for i =0, 1, d; € D, and dg #dq and let

do ifx=d;

=AM€eD,.
! + {x otherwise.

Then, by definition of CSq,

$1 =acs, (f1) =2XeP(D1).X
(X\ {do}) U{d1} ifdoe Xandd; ¢ X
$2 =acs, (f2) =AX € P(D1). | (X \ {d1}) U{do} ifds e Xanddp ¢ X
X otherwise

and

¢ =ocs, (f) =AX e P(DL).

(X\{d1DU{do} ifdieX
X otherwise

By definition of CSq,
XU{dq} ifdopeX
1V =2XeP(Dyr). 1 XUldy} ifdieX
X otherwise

Now, we have a contradiction, since ¢ < ¢1 V ¢, while

1inv(@) =Q1inv(@cs, (f))
=ainy(f) =T £ inv
=iny(f1) V ttiny(f1)
=1iny(0tes, (f1)) V oy (cs, (f2))
=01inv (91) V 1iny(¢2)
=01inv (P1 V ¢2)

from which the thesis.
Now, we consider the idempotence property. The proof is by contradiction. Assume that there exists (¢qige, V1ide) : CS1 =
IDE such that ajge = aqige 0 s, . For i € {0, 1}, let f; € D; — D, be the idempotent function Ax € D, .d;, where d; € D

and dp #dq and let

d() ifx= d]

=AX€eD,.
! + {d1 otherwise.

Then, by definition of CSq, for i € {0, 1},

0 ifX=0

¢i =cacs, (fi) =AX € P(DL). {{di} otherwise

and

] ifX=0¢

{do} if X = {d1}
{d1} ifdi ¢ X#0
{do,d1} otherwise.

¢ =acs, (f) =rX e P(Dy).
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By definition of CSq,

? ifX=9

Vo1 =rXeP(Dl).
do Vv €PDL) {do,d1} otherwise

Now, we have a contradiction, since ¢ < ¢g V ¢1, while

A1ide (P) =1ige (s, (f))
=dige(f) =T £ ide
=ide (fo) V ige(f1)
=t1ide (s (f0)) V Cride (s, (f1))
=01ide ($0) V U1ide(P1)
=01ide (0 V 1)

from which the thesis.

Now, let us consider the monotonicity property. The proof is by contradiction. Assume that there exists (®1mon> Y1mon) :
CS1 = MoN such that onon = 0¢1mon © Qcs,. For i € {0, 1}, let f; e D; — D, be the function Ax € D, .d;, where d; € D,
doCdq, d1 Zdp and let f be the non-monotone function

do ifX:d]
d; otherwise.

f:kxeDl.{

Now, the proof is analogous to the previous case and hence it is omitted.

Finally, let us consider the boundness property. The proof is by contradiction. Assume that there exists (@1pous V1bou) :
CS1 = Bou such that apoy = 0f1pey © Ocs;. Let g be a non-bounded function and for each d € D, let us consider the
constant function f; = Ax € D, .g(d). Moreover let F = {fy |d € D,}. By construction for each d € D, there exists
faq € F such that g(d) = f4(d) and apey(fg) = bou. Then, by definition of CSq,

@ ifX=¢
¢ =0acs, (g) €P(DyL) {{g(d) |de X} otherwise

and

@ ifX=9

¢d = ocs, (fa) =AX € P(DL). [{g(d)} otherwise

By definition of CSq,

\/ ¢a=\/ da=21XeP(Dy).

{@ if X = ¢
deF deD

{gd)|deD,} otherwise
Now, we have a contradiction, since ¢ <\/ . ¢4, While

A 1pou(P) =1pou(cs, (8))
=opou(f) =T i bou
= \/ Upou(fa)

fa€F

= \/ Ol1bou(0lc51 (fd))

fa€F

= \/ 1pou(Pq)

fa€F

=01 pou( \/ a)

fa€F

from which the thesis. O
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Proof (Theorem 33). Assume (A, o4) is an abstract interpretation which has enough joins. We first show that there exists
a Galois connection (e, y) from CS; to (A, aa) and prove that o o orcs, = aa. We define

a(F)=\/, {ea(f) locs, (/) S F}

First of all, note that a(F) = \/4{aa(f) | f € F}. We begin by showing that o o arcs, = a4. We have that:

aocs,(f) = \/ a1 eacs, (N} = \/ Jaat 1 F etf)) = \/, laD} = aa() .

We now prove that o has a right adjoint. It is enough to show that « is a complete join-morphism.

o (UF) =V, [aA(f) |fe Uﬂ] =V, Utea)1fer
1 1 1
=V, V, lealh1feFy=\/, aF) .
i i
We need to prove that given any (o', ') : CS = (A, a) such that o’ o ccs, = ota, then we have that « =« and y =y'.

Since y’ and y are right adjoints to o and o’ respectively, it is enough to prove that « = «’. Given F € P(D; — D)), since
o’ is a complete join-morphism, we have that

o(Fy=a (Junirer)=\/, @dfpifer=
V @ @s,(M 1 feFy=\/ {ea(f)| f € Fy=a(F).

Finally, assume that there exists a Galois connection (¢, y) from CS; to (A, @a) with o o ocs, = s. We want to prove
that (A, @) has enough joins. Let F €D, — D/, since a left adjoint preserves all joins in its domain, we have:

a(F)y=Vi{a({fhH | f € F} = Vi{a(acs,(f) | f e F}=\{aa(f) | feF} .

Then \/{aa(f) | f € F} exists, i.e., (A, @a) has enough joins, which concludes the proof. O

Proof (Lemma 36). The direction = is obvious, it is enough to take f’ = f. For the other direction, for each x € D, let us
call fy a function such that fy(x) = f(x) and aa(fx) <a. Then, f(x) = fx(x) is obtained by mixing the maps fx’s, and since
(A, ap) is mixable, then a4 (f) <a. O

Proof (Theorem 38). Assume (A, a4) is a mixable interpretation. We define a Galois connection (&, ) from CS; to (A, @a)
and prove that o o acs, = a:

a(¢)=\/{aa(H) | acs, (f) < ¢}
y(@=21XePDL). | JIFX) laa(f) <a} .

First of all, we show that o o crcs; = aa. We have
a(acs, (/) = \/{aa(f) lacs, (f) <acs, ()} -

Note that acs, (f') < acs, (f) if and only if f = f’. Therefore cot(cecs, (f)) = aa(f).

We now prove that {(«, ) is a Galois connection. It is obvious that o and y are monotone. Note that
¢<y@ <=YXSDL.oX) S JUFX) |aa(f) <a}
= VXD VyepX)af(aa(f) =anye f(X) .

Since ¢ is a complete join-morphism, the last property holds for all X € D, iff it holds for all singletons {x} with x€ D, .
Then ¢ < y(a) is equivalent to

vxe D Vy e p({xhIf (@a(f) =any=fEx) .

Note that quantifying over all x€ D, and y € ¢({x}) is the same as quantifying over all xe D, and f:D; — D, correctly
abstracted by ¢. Hence we get:
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VxeDiVy ep({x)If(aa(f) <any=fx)

= Vfl(acs, (f) <¢p—>VxeDiIf(@a(f) <an f'(x)=f)
[since (A, 4) is mixable]

= Vf'(acs, (f) <¢— aa(f) <a)

= \laa(f) lacs, (f) < ¢} <a

o) <a.

We need to prove that if (&', ') : CS1 = (A, @a) is such that &’ o acs, = g, then @ =’ and y =y’. Since y’ and y

are right adjoints to o and «’ respectively, it is enough to prove o = «’. Given ¢ € P(D.) 4 P(D.), since ¢ is a complete
join-morphisms, we have:

¢ =\/tacs, (f) | acs, (/) < ¢} .

Since o’ has a right adjoint, it is a complete join-morphism, hence

o' () = \/ (e (acs, () L aes, () < p} = \/{@a(f) | acs, (f) < ¢} = ().

Finally, we show that, given any abstract interpretation (A, aa), if there is a Galois connection («, y) : CS; = A such that
o oacs, =0, then (A, aa) is mixable.

First of all, we prove that A has enough joins. Let F C D, — D, since a left adjoint preserves all joins in its domain,
we have:

aMaces, (/) | f € FH = V{a(aes, () | f € F} = V) | f € F}.

Then \/{aa(f) | f € F} exists, i.e., (A, @4) has enough joins.

Now, given a function g, assume g is a mix of the functions in F. We need to prove that aa(g) < \/feF aa(f). Since
Vx € D 3f € F sit. g(x) = f(x), it follows that for any x € D, there exists f € F such that acs, (8)({x}) = acs, (f)({x}),
and thus acs, (g)({x}) € UfeF acs, (f)({x}), from which acs, (g) < \/feF acs, (f). Since o is a join-morphism, we have that

a(ocs, (8) <V pepacs, () = Vyepalacs, (f), Le. aa(@) < Vyicpaa(f). O

Proof (Theorem 45). First of all, it is immediate to see that a3 (ccs, (f)) = acs,; (f). We now prove that o3 is a complete
join morphism. Given a family {F;} € P(D, — D, ), we have

a3 (UiF) (®) ={f(X) | f e UiFi A X € B}
=lU{fX)| feFiAnXeB)
=Uil{fX) | feFinXeB}

= U; (a23(F)(©))
=Uja3(F))(®) . O

Proof (Theorem 46). First of all, it is immediate to see that a3 (ccs, (f)) = acs, (f). Actually
a3q(acs, (f)(X) =Uacs; (XD =UL{f(Y) Y € {X}}
=U{f (X} = f(X) = acs, (HX) -
We now prove that a31 is a complete join-morphism. Given a family {®;} C P(P(DL)) 5 PHP(D.)), we have

31 (Ui ) (X) =U (Ui @) X)) = U Ui(@i({X}) =
Ui (U(@;({X}))) = Ui(a31(P3) (X)) = (\/ a31(®))(X) . O

Proof (Proposition 47). e The proof of the first point is by contradiction. In the following, for i € {0, 1}, let f;, f e D, —

D, and let ¢; = acs, (fi), ¢ = acs, (f) € P(D1) =l P(D.) as defined in the first point of the proof of Proposition 29.
We have that ¢ < ¢ V ¢1. Assume that there exists (x13, y13) : CS1 = CS3 such that acs, = 13 o acs;.
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Since «13 is a join-morphism,

a13(do vV ¢1)({{do. d1}h) = (c13(do) v a13(¢1)) ({{do, d1}})

(a13(acs, (fo)) Uais(acs, (f1)))({{do. d1}})
acs; (fo)({{do. d1}}) U acs, (f1)({{do. d1}})
Hido}} U | {{d1}}

= {0, {do}, {d1}} .

On the other hand,

a13(¢)({{do, d1}}) =03 (acs, () ({{do, d1}})
=acs, (f)({{do, d1}})
= {{do, d1}} = {9, {do}, {d1}, {do, d1}}
Z{@, {do}, {d1}}
=a13(¢o vV ¢1)({{do, d1}}) .

Therefore 13 is not monotone and then the thesis.

e The proof of the second point is again by contradiction. Let dy and d; be two elements in D, and assume that there
exists a3z, ¥32) : CS3 = CS; such that acs, = @32 o acs,;. Let f be the identity on Dy, f' = f[dog — di,d1 — do] and
g=fldo+ dy,d1 — dq]. Let X Z D, and we have several cases:

- if dg ¢ X and dq ¢ X, then g(X) = f(X) = f/(X);

if do € X but dq ¢ X, then g(X) = f'(X);

if dy € X but dp ¢ X, then g(X) = f(X);

- if do,dq € X, then g(X) C f(X) = f'(X).

Therefore, for each X €D, we have either g(X) C f(X) or g(X) € f'(X), hence {g(X)} C {f(X), f/(X)}, i.e. | {g(X)} <

WO, f/XO} = LX)} U L{f'(X)}. This means acs, () S acs, (f) Uacs, (f).

Since a3y is additive, we get

32 (0, (8)) = aes, () = (g} and sz (aes; (f) Uaes, (F) = {f, f'}.
By monotonicity it should be {g} C {f, f’}, which is a contradiction. O

Proof (Lemma 50). The direction == is obvious, it is enough to take F’ = {f}. For the other direction, for each X C D, let
us call fx a function such that f(X) C fx(X) and aa(fx) <a. Then, f(X) is obtained by mixing the maps fx’s, and since
(A, ap) is set-mixable, then aa(f) <a. O

Proof (Theorem 52). Assume (A, o4) is a set-mixable interpretation. We define a Galois connection (¢, y) from CS3 to
(A, o) and prove that o o arcs; = oa:

a(®) = \/ loa(f) | acs, (f) € @}

A
v (@ =10 e P(P(DL)). U HFX) X e} .
aa(f)<aa

First of all, we show that o o arcs; = 4. We have

a(ocs, (f) = \/ {aa(f) lacs,(f) Cacs; (H} -

A
Note that acs, (f') € acs, (f) if and only if f = f’. Therefore a(acs, (f)) = a(f).
We now prove that («, y) is a Galois connection. It is obvious that « and y are monotone. Note that
*ly@ «=VOCPD).®@ < | H(XIXeo)
aa(f)=aa
< VO CP(D1).VY € P(O)
Af (@a(f) =aan3Ze{f(X) | XeOIAY CZ) .

Since & is a complete join-morphism, the last property holds for all ® € P(D,) iff it holds for all the singletons {X} with
X e P(D,). Then ® C y(a) is equivalent to
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VX e P(DL)VY e @({XHIf (@a(f) =aanY C f(X)) .

Note that quantifying over all X € P(D,) and Y € ®({X}) is the same as quantifying over all X € P(D,) and f':D; — D,
correctly abstracted by ®. Hence we get:

VX e P(D)VY € ®({XDH If(@a(f) <anyY < f(X))
= Vf(acs,(f)ED — VX e P(DLAf(@a(f) <aan f'(X) S f(X)
[since (A, a) is set-mixable]
= Vf(acs; (f) <P — aa(f) <a)
= \laa(f) | acs, (f)H) S D} <a
A

< u(P) <apa.

We need to prove that if (a’, ') : CS3 = (A, @a) is such that &’ o acs, = o4, then @« =’ and y = y’. Since Y’ and y

are right adjoints to « and o’ respectively, it is enough to prove @ = «’. Given ® € P(P(DL)) g PY(P(D.)), by definition
of CS3 we have that

@ = Ufacs, (f) | acs, () S D} .

Since o’ has a right adjoint, it is a complete join-morphism, hence

o' (@) = \/{e' (arcs, () | aees, () € @Y = \/{a(f) | acs, () € D) = ().
A A

The proof of maximality is analogous to that one of Theorem 38 and hence it is omitted. O

Proof (Proposition 53). The proof is by contradiction. Assume that the boundness abstraction is not set-mixable. Then, by
definition of Bou, there exist g: D, — D, and a set of functions F C D; — D/, such that for each X C D, there exists
f € F such that g(X) € f(X) and T = apoy(g) £ \/feF oy (f) = bou. Since apey(g) = T, we have that g is not bounded and
therefore for each d € D, there exists vg € D, g(vq) £d. Let S={vq|d € D, }. By hypothesis there exists f € F such that
g(S) C f(S). Therefore for each vy € S there exists wy € S such that g(v4) = f(wg). By construction for each d € D; we
have that f(wg) £ d. Therefore f is not bounded, apo,(f) = T and this contradicts the assumption \/feF Upou(f) =bou. O
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