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Abstract: Conditional aggregation operators are introduced, and coherent upper conditional pre-
visions are constructed by sub-additive, positively homogenous, and shift-invariant conditional
aggregation operators. Composed operators defined by positively homogenous conditional aggre-
gation operators are proven to be conditional aggregation operators and they are involved in the
construction of coherent upper conditional previsions. The given results show that the composed
conditional aggregation operator obtained as the supremum of the class of the Choquet integrals
with respect to Hausdorff outer measures defined by bi-Lipschitz equivalent metrics is a coherent
upper conditional prevision.
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1. Introduction

New mathematical tools to define coherent conditional previsions are needed, because
conditional expectation defined in the axiomatic approach [1] by the Radon–Nikodym
derivative does not satisfy a necessary condition for coherence required in the subjective
approach [2–6]. A new model of coherent upper conditional prevision based on Hausdorff
outer measures was proposed in [7–11]. In [12,13], construction methods of coherent lower
previsions based on collection integrals were proposed; in particular, a new type of integral,
named the super-additive integral, was introduced. In [14], coherent upper previsions
were constructed by aggregation functions [15–18] which are shift-invariant, positively
homogeneous, and sub-additive [19–22]. In this paper, the construction of coherent upper
conditional previsions with conditional aggregation operators is investigated. Given a
partition, which represents information we have about a random phenomenon, the notion
of a conditional aggregation operator is given such that a necessary condition for coherence
holds. The condition assures that aggregating a random variable conditioned to the
partition of singletons is equivalent to knowing the random variable itself. Examples of
conditional aggregation operators are given: in particular, they are defined by means of
the Choquet integral [23–25] and the Sugeno integral [26] with respect to a monotone set
function which assesses positive measure to the conditioning event. In particular, in a
metric space the monotone set function is chosen equal to the s-dimensional Hausdorff
outer measure hs if the conditioning event has a positive and finite Hausdorff measure in its
Hausdorff dimension s. If s is less than the Hausdorff dimension t of Ω this choice allows
for the aggregation of the values of a random variable defined on a set B with ht(B) = 0
but with 0 < hs(B) < +∞ and the result of the aggregation is not zero. This finding can be
useful in fusion if we want aggregate values coming from different sources represented by
sets with different Hausdorff dimensions and we want to consider the contribution of each
source. This approach is new in the literature, where different rules to update a monotone
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set function m given information represented by a set B are defined as equal to zero when
m(B) = 0 [27].

Examples of conditional aggregation operators which cannot be used to construct a
coherent upper conditional prevision are also given. Composed conditional aggregation
operators are defined by means of conditional aggregation operators and the positive
homogeneity is sufficient to assure that a composed aggregation operator is a conditional
aggregation operator. Moreover, it is shown that there is not a one-to one correspondence
between the class of coherent upper conditional previsions defined on the class of all
random variables and the class of all coherent upper probabilities defined on the class of
all indicator functions. This occurs because the class of all aggregation operators that can
be used to construct coherent upper probabilities is greater than the class of all aggregation
operators involved in the construction of coherent upper previsions. This implies that
there are conditional aggregation operators that can define a coherent upper conditional
probability, but they cannot define coherent upper conditional previsions on the class of
all random variables as it occurs for the strongest conditional aggregation operator and
shown in Example 4. Finally, the disintegration property for coherent upper conditional
previsions, investigated in [10,28], is given in terms of conditional aggregation operators
end examples are given.

2. Coherent Upper Conditional Previsions Defined by Sub-Additive Conditional
Aggregation Operators

Let Ω be a non-empty set, let F be a sigma-field contained in A = 2Ω, and let m be a
monotone set function on F such that m(Ω) = 1. Let B be a partition of Ω which represents
partial information about a random phenomenon or experiment in the sense that we do not
know the result of the experiment, but we know if the result belongs to B for each B ∈ B.
If B is the partition of singletons, information about the random experiment is complete
because we know the exact result of the experiment. So, an intuitive and basic property
that is required to be satisfied by a conditional operator to represent partial knowledge is
the ability to manage precise information; in that case, the conditional operator represents
complete knowledge and, in particular, knowing a conditional operator when information
about a random variable is represented by the partition of singletons is equivalent to
knowing the random variable. For linear conditional previsions, defined in the subjective
approach proposed by de Finetti, this property is assured by the notion of coherence. A
random variable X is a function from Ω to R. In the subjective approach, no measurability
condition is required for a random variable because probability can be defined on the
power sets A = 2Ω, as it is not required to be countably additive. Obviously, the restriction
of probability to particular domains can be countably additive. A partial order ≤ can
be introduced between random variables by X ≤ Y if and only if X(ω) ≤ Y(ω) for all
ω ∈ Ω. By 0 we denote the random variable which is equal to 0 for all ω ∈ Ω and by
1 we denote the random variable equal to 1 for all ω ∈ Ω. Denote by L1 the class of all
indicator functions, let L(Ω) be the linear space of all bounded random variables, and let
L+(Ω) the class of all positive random variables on Ω. The indicator vector 1E of an event
E, represented by a set E ⊆ Ω is such that 1E(ω) = 1 if ω ∈ E and 1E(ω) = 0 if ω ∈ Ec. For
each B ∈ B let X|B be the restriction of the random variable X to B and let L(B) the class
of all random variables X|B. Denote by inf(X|B) and sup(X|B), respectively, the infimum
and the supremum of the random variable X on B. A coherent upper conditional prevision
P(X|B) is a random variable defined on Ω such that to each ω ∈ Ω associates P(X|B) if ω
belongs to B. A necessary condition of coherence of a linear prevision [6] is that if a random
variable X is constant on the atoms of the partition, then P(X|B) = X. In the axiomatic
approach, given a probability space (Ω,F , P), partial information is represented by a sub
σ-field G of F and conditional expectation E(X|G) is a random variable defined by the
Radon–Nicodym derivative. A defining property of the Radon–Nikodym derivative, that
is, to be measurable with respect to the σ-field of the conditioning events, contradicts the
quoted necessary condition for the coherence as proven in [7,29]. In this section, the notion
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of a conditional aggregation operator is introduced to construct new models of coherent
conditional previsions by means of conditional aggregation operators.

For each B ∈ B a coherent upper conditional prevision given B is a mapping P : L(B)→ R
such that conditions

(CUCP1) P(X) ≤ sup(X|B);
(CUCP2) P(αX|B) = αP(X|B) for all α ∈ [0, ∞[;
(CUCP3) P((X + Y)|B) ≤ P(X) + P(Y)

hold. Note that condition (CUCP2) is positive homogeneity of P(·|B) and condition
(CUCP3) represents the sub-additivity of P(·|B). A coherent lower conditional prevision
is any mapping P : L(B) → R such that P(X|B) = −P(−X|B) for all X ∈ L(B), where
P(·|B) is some coherent upper conditional prevision. Coherent upper conditional proba-
bilities are obtained when only indicator functions are considered in the domain and the
unconditional coherent prevision is obtained when the conditioning event is Ω.

By conditions (CUCP1)–(CUCP3) and by the definition of coherent lower conditional
prevision with respect to B we have that

1 ≤ P(1B|B) ≤ P(1B|B) ≤ 1

so that P(1B|B) = 1 and P(1B|B) = 1.
Moreover, from the monotony of a coherent conditional prevision we have that for

any set E containing B

1 ≤ P(1B|B) ≤ P(1E|B) ≤ 1

Given a partition B the random variable P(X|B) is a random variable defined on Ω
equal to P(X|B) if ω ∈ B.

A necessary condition for coherence of a linear coherent conditional prevision is
that [6]

P(X|B) = X

for every random variable is B-measurable, i.e., constant on the atoms of the partition B.

2.1. Conditional Aggregation Operators

In this subsection, the notion of conditional aggregation operator is introduced to
construct new models of coherent conditional previsions by means of conditional aggrega-
tion operators.

Definition 1. Let B be a partition of Ω. For any set B ∈ B a conditional aggregation operator
given B is any mapping A(·|B) : L+(B)→ [0, ∞[ such that

(1) A(·|B) is non-decreasing, i.e., 0 ≤ X|B ≤ Y|B implies A(X|B) ≤ A(Y|B)
(2a) A(1Bc |B) = 0,
(2b) A(1B|B) = 1

If B = Ω, then Definition 1 is the classical definition of aggregation operator [17,19].
Let B be a finite set with cardinality equal to n and let X|B = (x1, . . . , xn). We can

observe that the Gödel implication IG

IG(X|B)
{

xn i f min(X|B) > xn
1 i f X|B = 0

cannot define a conditional aggregation operator given the set B because it does not satisfy
both conditions (2a) and (2b). Moreover, condition (2a) does not imply condition (2b)
as it occurs for the collapsed output operator Cc(x1, . . . , xn|B) = c if we choose c = 0
and condition (2b) does not imply condition (2a), as it occurs for the conditional operator
Cω(X|B) = X(ω)1B(ω) for a fixed ω ∈ Ω So, a conditional aggregation in Definition 1 is
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a conditional aggregation operator according to Definition 3.1 in [30] but the converse is
not true.

By condition (1) of Definition 1 we have that if X|B = Y|B, then A(X|B) = A(Y|B)
and in particular by condition (2b) we obtain A(1Ω|B)=A(1B|B) = 1.

The following operators are conditional aggregation operators according to Definition 1.

• The weakest conditional aggregation operator Aw(X|B) defined by

Aw(X|B)
{

0 i f X|B 6= 1
1 i f X|B = 1

• The strongest conditional aggregation operator As(·|B), defined by

As(X|B)
{

1 i f X|B 6= 0
0 i f X|B = 0

• Asup(X|B) = supω∈BX
• Ain f (X|B) = in fω∈BX
• ACh(X|B) = 1

m(B)Ch(X|B, m) if m(B) 6= 0
where Ch(X|B, m) denotes the Choquet integral defined by

Ch(X|B, m) =
∫ +∞

0 m{ω ∈ B : X(ω > x}dm

• ASu(X|B) = 1
m(B)Su(X|B, m) if m(B) 6= 0

where Su(X|B, m) denotes the Sugeno integral defined by

Su(X|B, m) = supx≥0{x ∧m{ω ∈ B : X(ω) > x}}

The following examples show that for a given monotone set function m the aggregation
operator defined by the Choquet integral Ch(X|B, m) and the Sugeno integral Su(X|B, m)
may be not a conditional aggregation operators according to Definition 1 because it may
not satisfy condition (2b) of Definition 1.

Example 1. Let Ω = [0, 1] and B = {B1, B2} where B1 = [0, 1/2] and B2 = [1/2, 1] and let m
be the Lebesgue measure on the Borel sigma-field of Ω. Then, the Choquet integral Ch(X|B, m)
(which in this case coincides with the Lebesgue integral) does not define a conditional aggregation
operator because

Ch(1Bi |Bi) =
∫

Bi
dm = 1/2 for i = 1, 2

and

Su(1Bi |Bi) =
1
2 for i = 1, 2

Example 2. Let Ω = [0, 1] and B = {{ω} : ω ∈ [1/2, 1]} and let m be the Lebesgue measure on
the Borel sigma-field of Ω and X(ω) = 1{ω}; then, the Choquet integral Ch(X|B, m) (which in this
case coincides with the Lebesgue integral) does not define a conditional aggregation operator because:

Ch(1{ω}|{ω}) =
∫
{ω} Xdm = 0 6= 1

and

Su(1{ω}|{ω}) =
∫
{ω} Xdm = 0 6= 1

so that property (2b) of Definition 1 is not satisfied.
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2.2. Conditional Aggregation Operators Defined by Hausdorff Outer Measures

If we want define conditional aggregation operator as ratio of aggregation operators
of two random variables, we need to know if the aggregation operator of the condition
event B is zero or not, that is, we have to consider the support, i.e. the smallest closed
set containing all points not mapped to zero, of the monotone set function used to define
the aggregation operator. The support of a measure exists if and only if the topological
space is second countable, i.e., any open set can be written as union of open sets of some
countable class of open sets. A model of a conditional aggregation operator is defined in a
metric space by Hausdorff outer measures because if the metric space is separable, i.e., if
it contains a countable dense subset, it is second countable and the support exists; if it is
non-separable, the Hausdorff outer measure of each set is infinity. In any case, the null sets
can be determined.

When data obtained by different sources are aggregated, it is important that the
contribution coming from each source is considered so that information is not lost in the
aggregation process.

Definition 2. Given a partition B and a random variable X ∈ L+(B) let A(X|B) be the random
variable defined on Ω such that A(X|B)(ω) = A(X|B) if ω ∈ B.

Example 2 shows that in general A(X|B) 6= X.

Example 3. Let Ω = [0, T] be a time lapse and let X(ω) the amount of money a person earns at
the time ω. If

X(ω) =

{
0 i f ω 6= ω

10.000 i f ω = ω

then to have information about the function X we have to require that the conditional aggregation
operator A(X|B) = X if X is constant on the atoms of the partition.

We recall Hausdorff outer measures [31,32] define conditional aggregation opera-
tors by the Choquet integral and the Sugeno integral in a metric space when the set has
Lebesgue measure equal to 0, m(B) = 0 but B has a positive and finite Hausdorff outer
measure and Hausdorff dimension as occurs for some fractal sets, i.e., sets with non-integer
Hausdorff dimension.

Let (Ω, d) be a metric space. The diameter of a non-empty set U of Ω is defined as

|U| = sup
{

d(x, y) : x, y ∈ U
}

and if a subset A of Ω is such that A⊂ ⋃i Ui and 0< |Ui| < δ

for each i, the class
{

Ui

}
is called a δ-cover of A.

Let s be a non-negative number. For δ > 0, we define hs,δ(A) = inf ∑∞
i=1 |Ui|

s
, where

the infimum over all δ-covers
{

Ui

}
.

The Hausdorff s-dimensional outer measure of A [31,32] denoted by hs(A), is defined as

hs(A) = limδ→0hs,δ(A).

This limit exists, but may be infinite, because hs,δ(A) increases as δ decreases. The
Hausdorff dimension of a set A, dimH(A), is defined as the unique value, such that

hs(A) = ∞ if 0 ≤ s < dimH(A),
hs(A) = 0 if dimH(A) < s < ∞.

In the following example, the conditioning event B is represented by the Cantor set,
which is a set with a Lebesgue measure equal to zero. The Hausdorff dimension of the
Cantor set is s = log2

log3 , and the Hausdorff measure of order s = log2
log3 is 1.
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Example 4. Let (Ω, d) be a metric space and let B be a partition of Ω. For each B ∈ B, let
s = dimH(B) be the Hausdorff dimension of the set B and let hs be the s-dimensional Hausdorff
outer measure. If 0 < hs(B) < +∞, then the conditional aggregation operators can be defined by

ACh(X|B) = 1
hs(B)Ch(X|B, hs) and ASu(X|B) = 1

hs(B)Su(X|B, hs).

In particular,

• if Ω is a finite set, any subset B is finite, and its Hausdorff dimension is 0, i.e., dimH(B) = 0,
and the 0-dimensional Hausdorff measure h0 is the counting measure, then

ACh(X|B) = 1
hs(B)Ch(X|B, hs) = ASu(X|B) = 1

hs(B)Su(X|B, hs) = 1
h0(B) ∑ω∈B X(ω).

• If Ω = [0, 1]2, let m be the Lebesgue measure on Ω and let B be the Sierpinski triangle
(Figure 1), a conditional aggregation operator cannot be define with respect to m, according
to Definition 1, because m(B) = 0, but it can be defined with respect to the s-dimensional
Hausdorff measure where s = log3

log2 is the Hausdorff dimension of the Sierpinski triangle.

Figure 1. The Sierpinski triangle.

Conditions (CUCP1)–(CUCP3) assure coherence of the conditional upper previsions
when the domain is a linear space of bounded random variables. In the sequel, we recall the
properties of a conditional aggregation operator that allow for the construction a coherent
upper conditional prevision by means of conditional aggregation operators.

We say that a conditional aggregation function A is sub-additive if and only if

A((X + Y)|B) ≤ A(X|B) + A(Y|B),

holds for all X|B, Y|B ∈ L+(B). We say that a conditional aggregation function A(·|B) is
positively homogeneous if and only if

A(αX|B) = αA(X|B)

for all X|B ∈ L+(B) and all α ≥ 0.
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In particular, a conditional aggregation function A(·|B) is idempotent if and only if

A(α1|B) = α

for all α ≥ 0.
Lastly, we say that a conditional aggregation function A(·|B) is shift-invariant if and

only if
A((X + α1)|B) = A(X|B) + αA(1|B)

for all X|B ∈ L+(B) and all α ≥ − inf X|B.
A conditional aggregation function A(·|B) is linear if and only if it is shift-invariant

and positively homogeneous.

Proposition 1. A positively homogeneous conditional aggregation operator A(·|B) satisfies the
following conditions:

(a) A(·|B) is idempotent;
(b) infω∈Ω X|B ≤ A(X|B) ≤ supω∈Ω X|B.

Proof. (a) Because A(·|B) is positively homogeneous we have, by condition (2b) of Defini-
tion 1, that

A(α1|B) = αA(1|B) = α

for all α ≥ 0.
(b)

inf
ω∈Ω

X|B) = A( inf
ω∈Ω

1|B) ≤ A(X|B) ≤ A(sup
ω∈Ω

1|B) ≤ sup
ω∈Ω

X|B).

Proposition 2. Let A : L+(B) → [0, ∞[ be a sub-additive, positively homogeneous, and shift-
invariant aggregation function such that A(1B) 6= 0. Then, the mapping ) : L(B)→ R given by

P(X|B) = A(X|B− inf(X|B)1B|B)
A(1B)

+ inf X|B

for all X|B ∈ L(B) defines a coherent upper conditional prevision.

Proof. By Proposition 3 of [14] we have that conditions (CUCP1)–(CUCP3) are satisfied.

Coherent upper conditional probabilities can be obtained by Proposition 2 when only
indicator functions are considered

P(1E|B) =
A(1E|B− inf(1E|B)1B|B)

A(1B)
+ inf 1E|B

Because 1E|B = 1E∩B|B, then the coherent upper conditional probability of an event E
given B satisfies the following equality

P(E|B) = P(1E∩B) =
A(1E∩B)

A(1B)
.

For a coherent upper conditional probability, the following equalities hold:

P(Bc|B) = P(1Bc∩B) = P(1�) =
A(0|B)
A(1B)

= 0

The following example shows that there are conditional aggregation operators which
cannot define coherent upper conditional previsions, but they can define a coherent upper
conditional probability.
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Example 5. We can observe that the strongest conditional aggregation operator As(·|B) is a sub-
additive but not positively homogeneous and shift-invariant aggregation operator on the class of
all non-negative bounded random variables; so, it cannot be used to construct a coherent upper
conditional prevision on the class of all random variables. Nevertheless, let B = {{ω}ω ∈ Ω} then
As(X|{ω}) = 1 if X(ω)|{ω} 6= 0 and As(X|{ω} = 0 if X(ω)|{ω}) = 0 and As(1B|B) = 1
for all B ∈ B.

3. Composed Conditional Aggregation Operators

In this section, we investigate if composed aggregation operators are conditional
aggregation operators. In that case, coherent upper conditional previsions are constructed
by the composition of conditional aggregation operators according to Definition 1.

Theorem 1. Let Ω = [0, 1] and let B be a partition of Ω; for B ∈ B let A(·|B) be a positively
homogeneous conditional aggregation and let D be a class of conditional aggregation operators.
Then, the composed conditional operator defined by

C(X|B) = AD(X|B) = A(D(X|B) : D ∈ D)|B)

is a conditional aggregation operator.

Proof. By condition (a) of Proposition 1 we have that any positively homogeneous con-
ditional aggregation A(X|B) is idempotent, so the composed operator C(X|B) is an ag-
gregation operator. Moreover, because D

′ ∈ D are conditional aggregation operators we
have that

C(IBc |B) = A(D
′
(IBc |B) : D

′ ∈ D|B) = AD(0|B) = 0

and
C(IB|B) = A(D

′
(IB|B) : D

′ ∈ D|B)|B) = AD(1|B) = 1

so that conditions (2a) and (2b) of Definition 1 are satisfied and C(X|B) is a conditional
aggregation operator.

Remark 1. According to Definition 1, a positive homogeneous conditional aggregation operator
is idempotent, and it always defines a composed aggregation operator. If a conditional aggregation
operator satisfies only one if the two conditions (2) of Definition 1, then the composed operator may
be not a conditional aggregation operator.

Example 6. Let X be a function such that sup(X|B) < +∞ for every B ∈ B, let A(X|B) =

Asup(X|B), and let D
′ ∈ D conditional aggregation operators defined by D′(X|B) = 1

m′(B)Su(X|B, m′)
where each m′ is a monotone set function such that m′(B) 6= 0. Then, the composed aggregation operator

C(X|B) = Asup(
1

m′(B)
Su(X|B, m′)(X|B) : m′ ∈ D)

is a composed conditional aggregation operator.
Because the Sugeno integral is not positively homogenous, the composed operator

C′(X|B) = Su(
1

m′(B)
(Asup)(X|B))w

is not a composed conditional aggregation operator.

Theorem 2. Let Ω = [0, 1], let B ∈ B, and let D be a class such that A(·|B), D
′
(X|B) : D

′ ∈ D)
are conditional aggregation operators which are sub-additive, positively homogeneous, and shift-
invariant; then, the composed conditional operator defined on L(B) by

C(X|B) = A(D
′
(X|B) : D

′ ∈ D)|B)
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is a sub-additive, positively homogeneous, and shift-invariant conditional aggregation operator.

Proof. For every X, Y ∈ L(B) we have

C(X + Y) = A(D
′
(X + Y|B) : D

′ ∈ D)|B) ≤ A(D
′
(X|B) + D

′
(Y|B) : D

′ ∈ D)|B) ≤
≤ A(D

′
(X|B) : D

′ ∈ D)|B) + A(D
′
(Y|B) : D

′ ∈ D)|B) = C(X|B) + C(Y|B);

∀α ≥ 0 and ∀X,∈ L(B)
C(αX|B) = A(D

′
(αX|B) : D

′ ∈ D)|B) = A(αD
′
(X|B) : D

′ ∈ D)|B) = αA(D
′
(X|B) :

D
′ ∈ D)|B);
∀X,∈ L(B)
C(X + α1|B) = A(D

′
(X + α1|B) : D

′ ∈ D)|B) = A(D
′
(X|B) + α(1|B : D

′ ∈ D|B) =
A(D

′
(X|B) : D

′ ∈ D|B) + α1|B = C(X|B) + α1|B. �

By Theorem 2, the conditional aggregation operator defined in Example 5 is not
sub-additive, positively homogeneous, and shift-invariant.

Given a metric space (Ω, d), let (Ω, d′) be a metric space such that d′ is a bounded
metric bi-Lipschitz equivalent to the metric d. Then, events which have a zero Hausdorff
measure in a metric space also have a Hausdorff measure equal to zero in a metric space
with a bi-Lipschitz equivalent metric.

Two different notions of equivalence can be considered for metrics: bi-Lipschitz
equivalence [33] and topological equivalence.

Definition 3. Let (Ω, d) be a metric space. A metric d′ on Ω is bi-Lipschitz equivalent to the
metric d if there exist two positive real constants α, β such that

αd′(x, y) ≤ d(x.y) ≤ βd′(x, y)

Definition 4. Let (Ω, d) be a metric space and let d′ be a metric on Ω; d and d′ are topological
equivalent if they induce the same topology.

Proposition 3. Let (Ω, d) be a metric space and let d′ be a metric on Ω bi-Lipschitz equivalent to
d. Then, d and d′ are topological equivalent.

The following example shows that the converse is not true.

Example 7. Let (<n, d) be the Euclidean metric space and let d′ be a metric on <n defined
∀x, y ∈ <n by

d′(x, y) = d(x,y)
1+d(x,y) ;

d′ is topological equivalent to the Euclidean metric d, as any open set in (<n, d′) is an open set in
(<n, d) and vice-versa because the topology τ induced by a metric d contains the empty set and the
sets which are countable or finite unions of the Dr(x) = {ω ∈ Omega : d(ω, x) < r}. The metric
d′ is not bi-Lipschitz equivalent to d because there does not exist two positive real constants α, β
such that αd′(x, y) ≤ d(x.y) ≤ βd′(x, y) as d is unbounded on <n while d′(x, y) < 1∀x, y ∈ <n.

In the following example, bi-Lipschitz equivalent distances are given.

Example 8. Let Ω = [0, 1]n and let dp : Ω×Ω→ R defined by

dp(x, y)
{ (

∑n
i=1|xi − yi|p)

) 1
p i f 1 ≤ p < +∞

max{|xi − yi|; 1 ≤ i ≤ n} i f p = +∞

The distances dp are bi-Lipschitz because ∀p ∈ [1,+∞] we have

d∞(x, y) ≤ d(x, y) ≤ n
1
p d∞
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Theorem 3. Let (Ω, d) be a metric space, let d and d′ be two metrics on Ω bi-Lipschitz equivalent
and let hs and hs

1 be the s-dimensional Hausdorff measures defined, respectively, in the metric space
(Ω, d) and (Ω, d′); then, there exists two positive real constants α, β such that

αhs
1(E) ≤ hs(E) ≤ βhs

1(E)

Proof. The result follows by the definition of Hausdorff outer measures and by the fact
that the metrics are bi-Lipschitz equivalent (see Lemma 1.8 of [31]).

Theorem 4. Let (Ω, d) be a metric space and let d′ be a metric on Ω bi-Lipschitz equivalent to d.
Then, the Hausdorff dimension of any set A ∈ ℘(Ω) is invariant in the two metric spaces (Ω, d)
and (Ω, d′).

The Hausdorff dimension of any set A ∈ ℘(Ω) is not invariant with respect to two
topological equivalent metrics which are not bi-Lipschitz equivalent.

Example 9. Given a metric space (Ω, d) and a partition B of Ω, let B ∈ B be a set with positive
and finite Hausdorff outer measure hs in its dimension s, let D be the class of all metrics on Ω which
are bi-Lipschitz equivalent to d. Denote by hs

d′ the s-dimensional Hausdorff outer measures defined
in (Ω, d′) with d′ ∈ D. Consider the following conditional aggregation operators

DCh
d′ (X|B) = 1

hs
d′ (B)Ch(X|B, hs

d′) and Asup(X|B)

which are sub-additive, positively homogeneous, and shift-invariant. Let C(X|B) be the composed
aggregation operator

C(X|B) = Asup(DCh
d′ (X|B))

where the supremum is over d′ ∈ D; then C(X|B) is sub-additive, positively homogeneous, shift-
invariant, and by Theorem 2 we can construct a coherent upper conditional prevision P(X|B) by
C(X|B). The restriction to the to the class of all indicator functions of Borel sets of P(X|B) is a
coherent conditional absolutely continuous with respect to all s-dimensional Hausdorff measures
defined in metric spaces with metrics which are bi-Lipschitz equivalent.

The following example shows that if all D
′
(·|B) with D

′ ∈ D do not satisfy condition
(2b) of Definition 1 then the composed aggregation operator C(·|B) is not a conditional
aggregation operator because it does not satisfy condition (2b) of Definition 1.

Example 10. Let Ω = [0, 1] and B = {{ω}ω ∈ Ω} and let m be the Lebesgue measure on the
Borel sigma-field of Ω, the Choquet integral Ch(X|B, m) (which in this case coincides with the
Lebesgue integral) is a conditional operator, but it does not define a conditional aggregation operator
because it does not satisfy condition (2b) of Definition 1. Let D = {Ch(X|B, m) : B ∈ B} and let
A be a positively homogeneous conditional aggregation operator; then the composed operator is not
a conditional aggregation operator because condition (2b) of Definition 1 is not satisfied

C(1B|B) = A(Ch(1B|B, m)B ∈ B|B) = AD(0|B) = 0.

4. The Disintegration Property

Up to now, we have recalled the properties which assure that a conditional aggregation
operator with respect to a conditioning event B ∈ B can be used to construct coherent
upper conditional previsions. Now, the notion of a conditional aggregation operator with
respect to a partition B is introduced. This allows for the investigation of the coherence of
the coherent upper conditional prevision with the unconditional upper prevision.

By Theorem 2 we have the following example of conditional aggregation operator
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Example 11. Let B be a partition of Ω and for each B ∈ B let A(X|B) be a positively homogenous
conditional aggregation operator on L(Ω). Then, the composed conditional operator

C(A(X|B)|Ω) = A(A(X|B) : B ∈ B|Ω)

is a conditional aggregation operator.

Proposition 4. If for every B ∈ B A(X|B) is a sub-additive, positively homogeneous, and shift-
invariant aggregation operator, then the operator A(A(X|B)|Ω) is an aggregation operator and it
can define a coherent upper prevision.

Proof. The result is a consequence of Theorem 2 when B = Ω.

Condition (2b) of Definition 1 assures that aggregating the random variable A(X|B)
by a positively homogeneous conditional aggregation A(X|B) when the conditioning event
B belongs to the partition of singletons is equivalent to knowing the random variable.

Proposition 5. Let B = {{ω}ω ∈ Ω} and let A(X|B) be a positively homogeneous conditional
aggregation property. Then, for every X ∈ L(Ω) we have A(X|B) = X.

Proof. Denote X|B = X(ω) = x. Then, by Proposition 1 and condition (2b) of Definition 1
we have A(X|{ω}) = A(x1B|B) = xA(1B|B) = X(ω) so that A(X|B) = X.

Remark 2. Proposition 5 assures the intuitive result that aggregating a random variable X on the
partition of singletons is equivalent to knowing the random variable itself. This property may be not
satisfied if the conditional aggregation operator does not satisfy condition (2b) of Definition 1.

Definition 5. A coherent upper conditional prevision P(X|B) satisfies the disintegration property
with respect to the partition B if and only if for all X ∈ L(Ω)

P(X|Ω) = P(P(X|B))

If A(X|B) is a sub-additive, positively homogeneous, and shift-invariant aggrega-
tion operator, it can be used to construct a coherent upper conditional prevision and the
disintegration property can be written in terms of conditional aggregation operators.

A(X|Ω− inf(X|Ω)1|Ω)

A(1)
+ inf X|Ω =

1
A(1)

A
((

A(X|B)− (inf A(X|B))1B|B
A(1B)

+ inf X|B : B ∈ B
)
|Ω
)

Example 12. If Ω = {ω1, . . . , ωn} is a finite set, B a partition of Ω, and the conditional aggrega-
tion operator A(X|B) is the weighted average, the disintegration property is equivalent to

A(X|Ω− inf(X|Ω)1|Ω)

A(1)
+ inf X|Ω = ∑

ω∈Ω
X(ωi)pi =

k

∑
j=1

∑
ω∈Bj

X(ωi)pi =

=
1

A(1)
A
((

A(X|B)− (inf A(X|B))1B|B
A(1B)

+ inf X|B : B ∈ B
)
|Ω
)

Example 13. Let Ω = [0, 1], let B be a Borel measurable partition of Ω, and let the conditional
aggregation operator A(X|B) = Ch(X, hs), that is, it is the Choquet integral with respect to the
s-dimensional Hausdorff outer measure hs where s is the Hausdorff dimension of Ω. In [10,28], it is
proven that the disintegration property holds and it is equivalent to

A(X|Ω− inf(X|Ω)1|Ω)

A(1)
+ inf X|Ω = Ch(X, hs) = Ch

((
1

hs(B)
Ch(X|B) : B ∈ B

)
|Ω
)
=



Mathematics 2022, 10, 4728 12 of 13

=
1

A(1)
A
((

A(X|B)− (inf A(X|B))1B|B
A(1B)

+ inf X|B : B ∈ B
)
|Ω
)

5. Conclusions

The notion of a conditional aggregation operator is important and useful when we
want to aggregate data from different sources. In this paper, different sources are repre-
sented by atoms of a partition. In this framework, aggregating a function on the partition of
singletons is equivalent to knowing the function. The definition of conditional aggregation
operator given in this paper guarantees this intuitive property. A positively homogeneous
conditional aggregation operator is proven to be always idempotent so that a composed
operator is always a composed conditional aggregation operator. The findings proposed in
this paper give sufficient conditions for a coherent upper conditional prevision to be defined
by composed conditional aggregation operators. In particular, it is proven that a coherent
conditional prevision can be obtained by the composed conditional aggregation operator
which is the supremum of the class of coherent upper conditional previsions defined by the
Choquet integrals with respect to the s-dimensional Hausdorff measures defined in metric
spaces with metrics which are bi-Lipschitz. Conditional aggregation operators defined
by Hausdorff outer measures can be applied in the continuous case, for instance when Ω
is an interval of <n and not in the finite case. In fact, if Ω is a finite set, all of its subsets
have Hausdorff dimensions equal to zero and the Choquet integral with respect to the
0-Hausdorff measure, which is the counting measure, is the weight average. A possible
application of conditional aggregation operators based on Hausdorff outer measures is
in management of big data that can be classified according their Hausdorff dimension or
fractal dimension. A future work involves the consideration other conditional aggregation
operators defined in a metric space by different dimensional measures, investigation of
their properties, and consideration of these models for representing human brain activity
and human decision making.
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