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Highlights:

Enhanced the GM(1,N) model using Markov chains for residual correction.

Improved forecasting for renewable and non-renewable energy production.

Validated model performance using Italian energy data from 2004-2023.

Addressed dynamic interactions between variables in energy systems.

* Supports strategic planning for Italy’s sustainable energy transition.

Abstract: The multivariate Grey model (GM(1,N)) is a widely utilized forecasting tool within Grey
models, capable of incorporating multiple variables. However, this model may present limitations in
accuracy due to the structural differences between the Grey differential equations employed for parameter
estimation and the whitening equation used for prediction. To overcome these issues, we propose
an improvement to the GM(1,N) model by adjusting the residuals with a multivariate Markov chain.
Thus, we develop the GMCM (1,N) model, which integrates the Mixture Transition Distribution (MTD)
approach to model the interdependencies among residuals in multiple series. The use of the MTD model
allows us to reduce the errors in parameter estimation in the Markov multivariate model. The proposed
method improves the accuracy of representing dynamic interactions among variables and significantly
increases the overall accuracy of the prediction. Finally, we apply the GMCM (1,N) model to the energy
sector, a domain where multivariate Grey-Markov approaches are still scarcely explored. We test the
performance of the model using historical data for both renewable and non-renewable energy production
for Italy. Furthermore, accurate energy production forecasts could support strategic energy planning and
policy development, highlighting the practical relevance and potential applications of the improved model

within the Italian energy sector.
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1. Introduction

Accurate forecasting of energy production is crucial for strategic energy planning and policy development.
Ensuring precise predictions helps optimize resource allocation, improve energy security, and support the
country’s transition to a more sustainable energy mix.

Various methodological approaches are used to effectively predict energy variables. Econometric
models, such as vector autoregression (VAR) [1-4], autoregressive integrated moving average
(ARIMA) [5,6], and cointegration models [7,8], are widely used due to their strong statistical foundations
and the ability to capture temporal dependencies in the data. These approaches leverage historical data
to identify patterns and relationships among different economic variables, providing valuable insights
for short- and long-term forecasting. In addition to econometric methods, machine learning techniques
such as Artificial Neural Networks (ANN) [9,10], Support Vector Machines (SVM) [11,12], and Random
Forests [13,14] have gained popularity for their ability to handle large datasets and model complex
nonlinear relationships.

Grey Systems Theory (GST), developed by Julong Deng [15], offers a systematic framework for
managing uncertainty and limited data in complex systems. Particularly valuable in applied sciences
and engineering, GST enables researchers to model and predict system behavior using incomplete
or fragmented datasets. By extracting meaningful insights from minimal information, GST extends
predictive capabilities beyond traditional modeling techniques, addressing challenges such as data scarcity
and unreliability that are prevalent in many scientific contexts [16]. In particular, GST is applied in
numerous fields, such as optimal resource management for energy and environmental emissions [17-19],
sustainability policies in companies [20], social sciences [21], engineering disciplines [22], traffic and
transportation [23], and the efficiency of supply chain management [24].

Within the framework of GST, the Grey model, often denoted as GM(M,N), involves M-order
partial differential equations with N variables, providing a structured approach to abstract the underlying
mechanisms of a given system. Grey modeling operates on the premise that the complexities of a process
can be simplified and represented by a suitable differential equation that captures the key dynamics.
Parameter estimation within this framework is typically performed by analyzing relevant historical data.
In particular, this modeling approach stands out due to its ability to generate forecasts using as few as four
data points [25]. Among the commonly used Grey models, first-order GM(1, 1) is particularly prominent
in the literature [18,26], as well as its multivariate counterpart GM(1,N), which can incorporate the
interconnections between multiple variables for more accurate forecasting [27-29].

However, since its inception, GST has seen substantial methodological evolution. Advances in GST
have encouraged the development of novel techniques that improve the ability to work with incomplete,
ambiguous, or inadequate datasets [30]. For example, Tien [31,32] proposed a convolution-based model to
address known limitations in the solution structure of GM (1, N), offering improved accuracy by integrating
a Grey control parameter and modeling the system response through convolution integrals. In addition,
in some real-world applications, data are often influenced by a range of unpredictable factors, resulting
in data sequences that are volatile and exhibit high variability. Although the GM(1,1) and GM(1,N)

models are effective in forecasting small datasets, they struggle when applied to data with significant
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fluctuations [33]. To enhance their predictive accuracy in such cases, the Grey Markov chain model
(GMCM(1,1)) was introduced [34-36]. This model corrects the residual errors produced by GM(1,1)
by incorporating Markov chains. The GMCM(1,1) model combines single-variable first-order Grey
forecasting with Markov chain adjustments to effectively capture the randomness and fluctuations present
in the data [37-39]. This last approach has been successfully applied to small datasets characterized by
randomness and volatility [40-42]. The fundamental concept behind GMCM (1, 1) is to categorize the
residuals of GM(1, 1) into discrete states, then use Markov transition probability matrices to understand
the statistical behavior of these residuals, ultimately refining the original forecast to achieve greater
accuracy. Nevertheless, apart from [43], who propose a univariate Markov correction to a GM(1,N)
model, to our knowledge, an extension of the Grey Markov chain model to a full multivariate setting, thus
including a multivariate Markov correction, is lacking in the literature.

Therefore, we propose a modification of the univariate Grey Markov chain model GMCM(1,1)
to model multiple time series, thus introducing the GMCM(1,N) model. By extending the existing
framework, our approach aims to capture a broader range of dynamics and improve the model’s adaptability
to complex multivariate datasets. This modification is designed to address existing limitations by
enhancing the generalization capacity of the Grey Markov Chain model, ultimately leading to more
accurate and robust predictions. The novelty of the proposed GMCM (1,N) model lies in its explicit
handling of multivariate dependencies among residual errors through the use of the Mixture Transition
Distribution (MTD) model [44—46]. The MTD approach allows us to model multivariate time series
through multiple convex linear combinations of transition probability matrices, thus reducing the number
of parameters to estimate. The weights of these combinations measure the influence of one residual
series on another. Moreover, unlike the univariate GMCM (1, 1), the GMCM(1,N) explicitly models the
dynamic interactions among residual errors of multiple series, effectively capturing interdependencies
and significantly improving prediction accuracy in complex systems. Second, we demonstrate the utility
of this extended model by applying it in the energy sector. This application not only validates the model’s
performance in a specific domain but also highlights its potential for making strategic energy planning
more reliable, particularly in the integration of renewable and non-renewable energy sources.

The significance of this topic lies in its role in strategic planning and policymaking, which are crucial
to achieving environmental targets and ensuring energy security. In addition, forecasting the energy mix is
vital for identifying both the challenges and opportunities involved in the energy transition. For example, it
provides information on how Italy can diversify its energy portfolio to reduce its dependency on imported
fossil fuels, thus boosting energy security. In addition, it helps to highlight economic opportunities linked
to the energy transition, such as technological innovations and the creation of jobs in the renewable
energy sector [47].

Italy was chosen for this study because of its unique role in the European Union and the challenges
it faces in aligning its energy strategy with EU targets. As an EU member, forecasting Italy’s energy
mix is essential for meeting ambitious goals related to reducing greenhouse gas emissions and increasing
renewable energy by 2030 and beyond. The importance of Italy as a case study is due to its position as

a mature industrial economy, uniquely sensitive to energy shifts due to its geographical characteristics
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and lack of nuclear power facilities. These attributes play a significant role in shaping national energy
strategies and influencing broader European energy policies. Predicting future energy composition helps
prepare the necessary infrastructure, such as improving grid systems and energy storage solutions, to
support a greater integration of intermittent renewable energy sources such as wind and solar energy [48].

The paper is organized as follows. In Section 2, we present the model. Specifically, in Subsection 2.1,
we illustrate the steps of the Grey model GM(1,N), in Subsection 2.2, we explain how to apply the
multivariate Markov chain for error adjustment and obtain the prediction GMCM(1,N). Subsequently,
in Section 3, we present our case study on forecasting the consumption of primary energy from various
sources for Italy. In addition, we validate the accuracy of our forecasts and the robustness of our models

through a sensitivity analysis. In Section 4, the conclusions of our work are given.

2. Methods

The GM(1,N) model leverages a first-order differential equation to characterize the target variable for
forecasting, serving as a fundamental method in Grey system prediction. Furthermore, merging the
Grey system with Markov chain theory offers enhanced statistical evaluations for datasets exhibiting
pronounced variability. Notably, the Grey Markov Model operates without stringent assumptions regarding
inter-variable relationships. However, to achieve reliable results, its deterministic component should
effectively capture the underlying data trend, while the Markov chain component should refine these

deterministic projections.

2.1. Grey GM(1,N) model

While the comprehensive technical details and step-by-step procedures of the Grey model are extensively
documented in the Appendix, this section highlights the essential components and the overarching
framework employed in our analysis. This approach allows us to leverage existing theoretical foundations
while focusing on the application and enhancement of the model within the context of Italian energy
production data.

The forecasting process begins by organizing the time series data of each variable, which allows the

model to capture trends and patterns over time. Suppose the panel data are:
0 0 0 0 .
Xi( ) = {xl( )(1),x§ )(2)7...,x§ )(T)}, i=1,2,....T,

where i stands for the variable and T is the number of observations. Subsequently, the model generates
accumulated sequences to smooth out fluctuations and better reveal the underlying trends. These
accumulated sequences are essential to establish a more stable prediction basis, and they are obtained
through a summation operator defined in Equation (4) of Appendix A.

(1)

Then we define the background values z; /() as weighted averages of consecutive cumulative data
points. These values help to construct the differential equations that form the backbone of the forecasting
mechanism. By solving these equations, the model estimates the future values of the target variable based

on the historical data of both the target and the influencing variables. According to the steps shown in the
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Appendix A, the equation used for the prediction of the accumulated value is

(Zb,x (t+1) +bN+1>

where a is called the system development coefficient and b; is called the driver coefficient. These
parameters are estimated according to the ordinary least squares procedure outlined in Appendix A.
Finally, by subtracting consecutive values £ (r) = £ (r) — (D (r — 1), it is possible to compute the
predicted values of the model.

2.2. GMCM(1,N) prediction

Data observations frequently exhibit fluctuations due to various random factors, which complicates the
generation of precise forecasts with the Grey model. To address this issue, we incorporate a Markov chain
model to refine residual errors. Specifically, the Grey Markov chain model combines the Grey forecasting
technique of GM(1,N) with a Markov chain framework into a GMCM (1,N) model to correct for these
residual discrepancies. This approach involves categorizing the residuals from GM(1,N) into distinct
states, followed by the computation of Markov transition probability matrices to capture the statistical
properties of these residuals and ultimately applying the adjustments derived from these matrices. This
sequence improves the forecasting accuracy of the original Grey model.

For each time #, the GM(1,N) model applied to each “pivot” series produces a vector of
predictions ()250) (t),)?éo) (1),... ,)EI(\(,)) (1)) to compare with the “real” data (xgo) (t),xgo) (1),... ,xl(\(,)) (t)). The
discrepancies between the predicted and observed data produce the residual vector (&1 (¢),&(),...,en(t)).
Following [49], we compute the residual values of the i-th variable, using absolute errors,
&= )250) (1) — xgo) (t). Instead, other authors employ relative errors [42,50].

Then we discretize each residual series into m quantiles, each quantile representing a state of the
Markov chain. Let S;(¢) denote the series of discretized residuals for each variable i. We then assume
that each series S;(¢) is governed by a multivariate Markov chain (MMC). Intuitively, this implies that the
future state of any given variable depends not only on its own most recent state but also on the current
states of all other variables in the system. For example, the probability of transitioning to state v at time
t + 1 for series 1 is influenced by its current state S;(¢) = u; (¢), as well as the current states of all other
variables S (1) = uy(t),...,Sn(t) = un(t). This framework acknowledges the interconnected nature of
the system, where the behavior of one variable’s residuals is inherently linked to the states of the residuals
of other variables.

By considering the latest information from all relevant variables, the MMC framework captures
the dynamic interactions and dependencies that drive the system’s evolution. The formal mathematical

representation of the MMC is

PI‘[Sl(l‘—i— 1) = v| (Sl(l‘) = ul(l‘),Sl(t— 1) = ul(t— 1),...,51(1) = ul(l)),...,
(SN(I) = MN(Z),SN(Z — 1) = MN(I— 1), ces ,SN(l) = MN(I))]
= Pr[Sl(H— 1) = V|Sl(l) = I/tl(l‘),...,SN<l‘) = MN(I)].
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A similar relationship holds for all other variables from 2 to N.

When the number of states m of the MMC and the number of series N increase significantly, the
number of independent parameters grows exponentially. To address this issue, following [46], we employ
the Mixture Transition Distribution (MTD) model initially proposed by [44.45] to approximate high-order

Markov chains. Specifically, the MTD model approximates a high-dimensional Markov chain as follows

N
Ag(t+1)= Y Ag(t)-Ag o PP, )
B=1

where Aq(t) := (Ag:1,- .., Agum) With Ag. (1) := Pr[Se(t) = ul, and the matrices P(%® contain the
transition probabilities from state u in series 3 to state v in series Q.
The application of the MTD model in (1) requires the estimation of the parameters Ag ,, for each

series. Therefore, we obtain a matrix of weights,

M1 A2 .o Ay
A 2,21 2,22 2,21\/

At Ana ... Awn

which quantify the relative influence of the residual state of one variable 3 on another variable «.

The discretized series of residuals S;(7) can be identified as

Si(l) = €ju;» i=i,....Nou=1,...,m,

where e;,,, identifies the state through the unit vector, e.g., e;;; = (1,0,0,...,0), ;2 = (0,1,0,...,0), and
SO on.
Therefore, by Equation (1) and knowing the states of all series at time ¢, we can predict the state of

time series o as follows

N
P[Salt+1) = eqn|S1(1) = €12 52(8) = €2y, S8 (1) = enauy) = Y €puuy g i - (2)
B=1

However, to obtain the exact prediction for the specific series @, we need to identify a representative
value r;., for each quantile v of the discretization, which we can compute as a simple average. Therefore,
the adjustment will be

éa:Z

m
Jj=1

- (B.2)
Z eﬁ;uﬁ 'A[La'puﬁ’,v Ty (3)
B=1

The presented formula calculates a weighted average that accounts for the interconnections between
variables through the transition probabilities and the MTD weights.
Finally, we get the adjusted prediction in the following way

Ay =2D0) + 4.
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If we need to apply the forecast from ¢ to ¢ + k, instead of p

(p ’,(vx ), which is the one-step matrix, we

up

k
should use the corresponding elements of (P(ﬁ7“)> , which is the k-step transition matrix.

3. Results

We apply the GM (1, N) model with residual correction through Markov chains to historical data on primary
energy consumption in Italy, sourced from the Our World in Data website (https://ourworldindata.org).
Table 1 provides an overview of the annual consumption in terawatt hours (TWh) for various sources of
primary energy in Italy from 2004 to 2023. The table includes data for biofuels, coal, gas, hydro, oil,
solar, and wind energy, highlighting significant shifts in Italy’s energy profile over the last two decades.
Focusing on these 20 years allows for a detailed analysis of recent trends and patterns in Italian energy
consumption, offering a relevant foundation for the predictive model, which aims to improve the accuracy

of forecasts for renewable and non-renewable energy production.

Table 1. Italian annual primary energy consumption by source from 2004 to
2023 (TWh).

Year Biofuel Coal Gas Hydro Oil Solar Wind

2004 2754 193.013 773.418 122.003 1072420 0.084 5.322
2005 1.933 191.534 827.695 103.275 1039.467 0.089 6.709
2006 2.178 193911 810.588 105.263 1038.177 0.100  8.454
2007 1.977 189.848 814.561 92788 1005.712 0.110 11.407
2008 7.983 183.701 808.515 116.963 946.612 0.542 13.660
2009 12.885 143.823 743.176 137.228 875.992 1.891 18.273
2010 15.864 159.028 791.499 141.879 853.391 5.289 25.330
2011  15.672 178.270 742.161 126410 828.881 29.782 27.190
2012 17.494 182.733 713.566 114.819 772.214 51.718 36.761
2013 14.687 157.403 667.404 143.831 706.480 58.838 40.601
2014 12.546 153.447 589.716 158.604 671.279 60.430 41.119
2015 15486 143.395 643.154 122.631 710.444 61.783 39.974
2016 15.401 127.732 675.458 113.592  704.790 59.174 47.353
2017 15.610 111.904 715.788 96.335 713.695 64.876 47.216
2018 15.979 102.567 692.141 129.177  730.328 59.936 46.873
2019 9.359  77.534 707.906 122.194 709.052 62.443 53.252
2020 13.227  59.253 676.252 125.100 585.492 65.504 49.273
2021 13.822  65.182 723.737 118.766  651.104 65.519 54.760
2022 12.353  86.385 651.990 74.036 695903 73.317 53.431
2023  14.190 60.218 585976 101.110 686.874 81.118 61.124

Primary energy represents the total quantity of energy available from primary sources, that is, those
found in nature without any conversion, such as coal, oil, natural gas, wind, solar, and hydroelectric
power. In other words, primary energy includes energy extracted directly from the environment without

any initial transformation. It is distinct from secondary energy, which is the result of converting primary
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energy into forms usable by humans, such as electricity or heat. In the Italian context, monitoring primary
energy consumption is particularly relevant for understanding the dynamics of dependence on imported
energy sources and evaluating the effectiveness of transition policies toward renewable energy sources.

The proposed model uses these data to identify and forecast trends, considering the unique
characteristics of the Italian energy system. We chose Italy as a case study due to its specific challenges
in aligning its energy strategy with the goals of the European Union to reduce greenhouse gas emissions
and increase renewable energy by 2030. Italy’s energy decisions have significant national and regional
impacts as one of the largest European economies with a substantial and growing industrial sector.

The data reveal several notable trends over the last two decades, highlighting significant changes in
Italy’s energy profile and reflecting its ongoing transition toward a more sustainable energy mix.

Coal consumption experienced a marked decline during this period, starting at 193.013 TWh in 2004
and dropping to 60.218 TWh in 2023. This substantial reduction aligns with Italy’s strategic efforts to
decrease coal dependence in favor of cleaner energy sources, consistent with the policies of the European
Union to reduce greenhouse gas emissions. Natural gas, while remaining a dominant energy source,
showed notable fluctuations. Initially at 773.418 TWh in 2004, gas consumption peaked at 827.695 TWh
in 2005 but gradually declined toward 2023, ending at 585.976 TWh. This decrease may suggest a
shift in reliance on natural gas, potentially influenced by the increased adoption of renewable energy
sources. Oil consumption followed a similar downward trend, falling from 1072.420 TWh in 2004 to
686.874 TWh in 2023. Although oil still represents a significant part of the energy mix, its decline
indicates Italy’s gradual transition away from traditional fossil fuels, driven in part by rising oil prices and
environmental policies. Hydropower contributed a stable but variable amount of energy, averaging around
120 TWh annually, with peaks such as 158.604 TWh in 2014. This variability is likely due to seasonal
rainfall patterns and hydrological conditions, underscoring hydro’s role as a key, yet fluctuating renewable
resource. Solar and wind energy, on the contrary, exhibited substantial growth, demonstrating Italy’s
commitment to expand its renewable infrastructure. Solar energy, almost negligible in 2004 at 0.084 TWh,
increased exponentially to 81.118 TWh in 2023. Wind energy followed a similar upward trend, growing
from 5.322 TWh in 2004 to 61.124 TWh in 2023. This remarkable increase in both solar and wind
energy highlights the rapid integration of renewables into Italy’s energy portfolio. Biofuel, though a less
prominent energy source than solar or wind, increased from 2.754 TWh in 2004 to 14.190 TWh in 2023,
adding another renewable element to the Italian energy mix. Together, these trends reflect Italy’s transition
from fossil fuels, particularly coal and oil, to renewables, in line with its goals to diversify the energy
mix and meet EU goals for reducing carbon emissions and expanding sustainable energy. It should be
noted that nuclear energy is not reported in Table 1, as its contribution to Italy’s primary energy mix has
remained zero throughout the period from 2004 to 2023. This absence is due to Italy’s long-standing policy
against nuclear energy. Following a national referendum in 1987, shortly after the Chernobyl disaster,
Italy decided to shut down its existing nuclear power plants and abandon further nuclear development.
Subsequent referendums in 2011, amid renewed discussions on nuclear energy, reaffirmed this decision,
with a majority of the Italian population voting against the revival of nuclear power. As a result, Italy is

one of the few major European economies without active nuclear power generation, which influences its



Renew. Sust. Energy Article

reliance on other sources, especially imports, and places additional emphasis on expanding renewable
energy as part of its commitment to sustainability and energy independence.

To illustrate the application of the GM(1,N) model with Markov chain residual correction, we show
each step of the methodology using biofuel data as an example.

The initial step involves data preparation, where we extract the primary energy consumption data for
biofuel in terawatt hours (TWh) from the dataset and organize them into a time series format:

0 _
iofuel —

X! (2.754,1.933,2.178,1.977,7.983,12.885, 15.864, 15.672,

17.494,14.687,12.546,15.486, 15.401, 15.610, 15.979,9.359,
13.227,13.822,12.353,14.190)" .

Next, we perform the first-order accumulation operation according to Equation (4) of Appendix A.
This step involves accumulating the original biofuel data series to produce a smoothed sequence, reducing

noise and revealing underlying trends. We denote the accumulated series as

X\ = (2.754,4.687,6.865,8.842,16.825,29.710,45.574,61.246,
78.740,93.427,105.973, 121.459,136.860, 152.470, 168.449, 177.808,
191.035,204.857,217.210,231.400)7

which becomes the basis for constructing the Grey differential equations used in the forecasting model.

With the accumulated series in place, we proceed to the parameter estimation phase. Here, we
estimate the parameters of the model GM(1,N) by analyzing the relationships between biofuel data
and other energy sources. These parameters include the system development coefficient, a and the
driving coefficients, b;, where i = 2,...,N + 1, for the influence of other energy variables on biofuel. The

parameter estimation process involves solving Equation (7), which leads to the following estimates

B =(—0.056,—0.027,—0.019,0.010,0.021, —0.068,0.072, —4.179)" ,

In this notation, the first element, —0.056, represents the coefficient a, known as the system
development coefficient. Its small negative value indicates a slow decay in the system’s response
over time, reflecting a decreasing trend in the accumulated series, which is consistent with the energy
consumption models stabilizing over time. The subsequent elements, from —0.027 to 0.072, represent
the coefficients b;, where i = 2, ..., N corresponds to the influence of each variable on the biofuel system.
Positive values, such as b5 = 0.021 and b7 = 0.072, suggest a direct relationship, indicating that these
variables contribute positively to biofuel trends. In contrast, negative values, such as bg = —0.068,
indicate an inverse relationship, where these variables suppress biofuel trends. The final element, —4.179,
represents by 1, an intercept term that accounts for systematic offsets, capturing baseline factors not
directly attributed to the other variables, thereby ensuring that the model’s predictions align more closely
with observed data.

Once the parameters are estimated, we then construct the whitening differential equation for biofuel,
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which translates the accumulated data into a differential form to capture the trend. This equation forms
the predictive component of the Grey model, allowing us to calculate the forecast values for biofuel
consumption. Figure 1 shows the comparison between the observed and predicted primary energy
consumption in TWh. The solid blue line with circular markers represents the observed biofuel values
in terawatt hours (TWh), while the dashed orange line with cross markers shows the predicted values
obtained using the GM(1,N) model. The chart highlights the model’s effectiveness in capturing general
trends, with some deviations visible in years with rapid changes or fluctuations. This comparison provides
insight into the predictive performance of the model and its ability to adapt to variations in biofuel

consumption over time.

—8— Observed Biofuel values
GM(1,N) prediction

18

16

14 - /
w "
12

2004 2006 2008 2010 2012 2014 2016 2018 2020 2022
Year

Figure 1. Comparison between observed and predicted biofuel energy consumption
in Italy from 2004 to 2023.

After generating the initial forecasts, we apply the Markov chain residual correction to enhance
the accuracy of the model. This step addresses the inherent variability and potential errors in the initial
forecast by analyzing the residuals, or differences, between the model predictions and the observed biofuel

data. The residuals related to biofuel are as follows

Ebiofuel = (2.584,2.996,2.392,2.132,3.737,2.364,0.530, —1.109, —0.995, —0.141,
—0.471,—0.184,—0.943,0.842,0.587, —1.231,—0.539,0.086,2.344) "

Then these residuals are categorized into discrete states. In our example, we categorize forecasting

29 ¢

errors into three distinct states, which we define as “low error,” “medium error,” and “high error.” This
classification, shown in Figure 2, is achieved using a quantile-based method, which divides the error

distribution into three parts based on the magnitude.

10
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N

—8— Residual values
< —— Bin average: -0.78
E 1 —— Bin average: 0.67
T — Bin average: 2.74 .
° \ /\/\ / \ /
] 4 N \/
2004 2006 2008 2010 2012 2014 2016 2018 2020 2022

Year

Figure 2. Residual values for biofuel forecasting errors from 2005 to 2023, divided
into three quantile-based states.

The blue line with circular markers represents the residual values in terawatt hours (TWh), showing
the differences between the observed and predicted biofuel values. The green horizontal lines indicate the
average residual values for each quantile-based bin: —0.78 TWh for low residuals, 0.67 TWh for medium
residuals, and 2.74 TWh for high residuals. Red dashed lines highlight the quantile boundaries. This
visualization illustrates the variability of forecasting residuals and the categorization into distinct states
for refined Markov chain adjustments based on error magnitude. By grouping the errors into these three
states, we can apply targeted adjustments using the Markov chain approach, which refines the predictions
based on the typical behavior within each error category.

After the discretization and based on the MTD model in (1), we can construct N* = 49 transition
probability matrices P(B:®) where each matrix contains the transition probabilities from state u
in series B to state v in series o. We estimate these transition probabilities by employing the

maximum-likelihood estimator,

s _ i
o

(B,a)

where n;;,"" is the occurrences of transitions from state u in series 8 to state v in series «.
In our case, fixing « as the biofuel series, we obtain seven 3 X 3 transition probability matrices for

biofuel from all energy sources:

11
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[0.571 0.429 0.000] [0.167 0.167 0.667]
p(Biofuel.Biofuel) _ 1 500 (.167 0.333 p(CoalBiofuel) _ 1 667 0.333  0.000
10.000 0.400 0.600 10.333 0.500 0.167
[0.333 0.333 0.333] [0.500 0.333 0.167]
p(Gas;Biofuel) _ 14 333 (333 ().333 p(Hydro.Biofuel) _ 1 333 () 667 0.000
10.500 0.333 0.167 10.3330.000 0.667
[0.429 0.429 0.143] [0.500 0.167 0.333]
p(OilBiofuel) _ | 333 (333 (0.333 p(SelarBiofuel) _ 1 167 (0500 0.333
10.400 0.200 0.400 10.500 0.333 0.167
[0.429 0.286 0.286
p(WindBiofuel) _ 1§ 500 0.333 0.167
10.200 0.400 0.400

As an example, consider the transition probability matrix p(Wind,Biofuel)

, which provides insight into
how the residual state of the Wind variable at a given time influences the residual state of the Biofuel
variable at the next time step. Each row of the matrix corresponds to a current residual state of Wind, while
each column represents a possible subsequent state of Biofuel. If there were no influence of Wind residuals
on Biofuel, the transition probabilities within each row would be uniformly distributed and all rows of

Wind,Biofuel) 4re distinct indicates that

the matrix would be identical. However, the fact that the rows in palt
the residual state of Wind affects the residual state of Biofuel at the next time step. This non-uniform
distribution of probabilities highlights the dependency between these two variables, reinforcing the validity
of using a multivariate Markov chain-based approach to model these interactions.

Subsequently, following [51,52], we estimate the parameters Ag 4, which act as scalar weights that
integrate all the series, maximizing the log-likelihood function associated with the multivariate model
as follows

IOgL: Z nul,uz,...,uN,VlogPyTD7

Up,u,...,uUN,v

where ng D — QLWPM(} :;x ) +--+ leaPLSII\XLa) is the linear combination of the transition probabilities from

states uy of series N to state v of series a. The values ny, 4, ... 4y, designate the number of observed
transition combinations of the type (uy,us,...,uy) at time ¢t — 1 to state v of series o at time . This
maximization process is subject to the constraints Zgzl Ag.q =1and Ag o > 0.

Table 2 presents the scalar weights that quantify the relative influence of the residual state of one
variable (rows) on another variable (columns) in the next time step. These weights are critical for capturing
the dynamic interactions between variables. For example, the influence of Hydro residuals on Biofuel
residuals is 0.590. This high weight indicates that the residual state of Hydro significantly impacts the
residual state of Biofuel in the following time step, highlighting a strong dependency. On the other hand,
the influence of Biofuel residuals on Hydro is 0.502, showing that while Biofuel does influence Hydro,
the dependency is slightly weaker compared to the reverse relationship. Another notable interaction is

between Coal and Wind, where Coal residuals strongly influence Wind residuals with a weight of 0.759.
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This indicates that the state of Coal plays a dominant role in determining the subsequent state of Wind.
Similarly, Wind residuals moderately influence Solar residuals with a weight of 0.391, suggesting a less
pronounced but still significant dependency. The non-uniform distribution of the weights across the table
demonstrates that not all variables exert equal influence. Instead, the interactions are variable-specific and
context-dependent, emphasizing the complex interdependencies in the system. This variability reinforces
the suitability of using a multivariate Markov chain-based model, as it effectively accounts for these

weighted relationships, leading to more accurate and reliable forecasts.

Table 2. Ag , parameters estimated by maximizing the log-likelihood function
associated with the multivariate model.

Biofuel Coal Gas Hydro Oil Solar Wind

Biofuel  0.181 0.211 0.000 0.502 0.079 0.000 0.000

Coal 0.230 0.743 0.154 0.000 0.000 0.176 0.759
Gas 0.000 0.000 0.328 0.000 0.000 0.000 0.000
Hydro 0.590 0.000 0.000 0.000 0.647 0.000 0.030
Oil 0.000 0.000 0.519 0.000 0.274 0.000 0.000

Solar 0.000 0.046 0.000 0.000 0.000 0.433 0.000
Wind 0.000 0.000 0.000 0.498 0.000 0.391 0.211

Finally, we compute the adjustments to the forecasted values using Equation (3) and we calculate
the adjusted forecast for biofuel by incorporating those Markov chain corrections into the initial forecast,

producing a refined prediction for biofuel consumption. Figure 3 shows these results.

—8— Observed values
GM(1,N)
—#- GMCM(1,N)

18

16 A

14 4

12 4

2004 2006 2008 2010 2012 2014 2016 2018 2020 2022
Year

Figure 3. Comparison of observed and predicted biofuel energy consumption in Italy
from 2004 to 2023 with GM(1,N) and GMCM(1,N).

The blue line with circular markers represents the observed values in terawatt hours (TWh). The

orange dashed line with cross markers indicates the predictions of the GM(1,N) model, while the green
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dash-dotted line with square markers shows the adjusted predictions of the GMCM(1,N) model, which
includes corrections based on Markov chain adjustments. This graph demonstrates the effectiveness of
both models, with the GMCM(1,N) model providing improved alignment with the observed data by
incorporating corrections for residuals.

In addition, the accuracy indices for the biofuel forecasts reveal a clear improvement when using
the GMCM (1,N) model compared to the GM(1,N) model. Table 3 provides a comparison of the mean
absolute error (MAE), mean squared error (MSE), root mean squared error (RMSE), and coefficient R?
for both models.

Table 3. Comparison of accuracy indices for biofuel between GM(1,N) and
GMCM(1,N) Models.

Model MAE MSE RMSE R?

GM(1,N) 1379 3.026 1.740 0.872
GMCM(1,N) 1046 1569 1253 0918

In terms of MAE, the GMCM(1,N) model achieves a lower value of 1.046 compared to 1.379
for the GM(1,N) model, indicating a reduction in the magnitude of the average error. Similarly, the
Mean Squared Error (MSE) is significantly reduced in the GMCM(1,N) model, with a value of 1.569
compared to 3.026 in the GM(1,N) model. This reduction in MSE also results in a RMSE of 1.253 in
the GMCM(1,N) model, down from 1.740 in the GM(1,N) model, suggesting an overall decrease in
residual variance. Furthermore, the coefficient R, which measures the proportion of variance in the
observed data explained by the model, shows a noticeable increase in the GMCM(1,N) model. The R?
value increases from 0.872 in the GM(1,N) model to 0.918 in the GMCM (1,N) model. This higher value
indicates that the GMCM (1, N) model provides a better fit to the observed biofuel data, capturing more of
the underlying variability.

Overall, the transition from GM(1,N) to GMCM(1,N) for biofuel results in improved forecasting
accuracy across all metrics (MAE, MSE, RMSE, and R?), highlighting the effectiveness of incorporating
Markov chain corrections in reducing error and improving model fit. This improvement is especially
relevant in contexts where precise prediction of biofuel consumption is essential for strategic energy
planning and decision making. This step-by-step application demonstrates the capacity of the GM(1,N)
model to handle limited and variable data effectively, showcasing the adaptability and robustness of the
model in predicting trends in energy consumption over time.

We repeated all previous steps for each energy source to generate accurate forecasts using the
GMCM(1,N) model. This process involved applying the same methodology to each energy source
individually, ensuring consistency and allowing for a comparative analysis across different types of energy.
The final results of the predictions obtained through the GMCM (1,N) model for each energy source are
summarized in Table 4.

We evaluated the accuracy of the forecasting models for each energy source using both the
multivariate Grey model (GM(1,N)) and the extended version with multivariate Markov chain residual

correction (GMCM(1,N)). Tables 5 and 6 summarize the accuracy indices and the coefficient of
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determination for each model and energy source.

Table 4. GMCM (1, N) prediction for each energy source in TWh.

Year Biofuel Coal Gas Hydro Oil Solar Wind
2006 3.594 194.069 807.753 112.723 1035.548 2.356 6.788
2007  2.789 206.062 788.576  93.498 932.277 0.000 11.954
2008  9.536 202.057 802.923 118472 891.770 7.339 14.383
2009 15.583 146.772 719.442 145.614 905.111 17.498 18.343
2010 16.644 189.792 727.490 139.102 784.162 10.931 29.376
2011  15.623 185210 753.458 127.553  809.663 40.811 27.613
2012 15479 204.680 724.554 115.553 734.010 58.470 37.327
2013  13.662 182.010 701.460 142.400 677.295 59.263 38.991
2014 12.282 166.243 570.872 154427 681.516 53.336 39.430
2015 14.745 139.178 681.968 128.045 751.335 69.739 37.390
2016 14.008 141.728 619.136 110.257 676.519 56.976 48.900
2017 14.585 118.750 738.562 98.844 715425 74.346 46.076
2018 16.748 104.482 687.526 134.623 795352 61.564 45.659
2019 9.284 97.553 659.836 111.344  680.950 49.867 53.292
2020 11.597 84.754 768.750 122994 591.440 81.812 44.466
2021 13.036  88.982 735.603 114.779  627.265 65.234 53915
2022 12183  82.102 592.885 71.176  718.348 64.006 54.570
2023 15.821 24711 436.161 97.111  828.367 53.982 62.572

Table 5. GM(1,N) accuracy indices.

MAE MSE RMSE R?

Biofuel  1.379 3.026  1.740 0.872

Coal 14.205 387.745 19.691 0.822

Gas 39.534 2872311 53.594 0.428

Hydro 5.522 45.006 6.709 0.882

Oil 39.895 2518.149 50.181 0.859

Solar 10.322  138.051 11.750 0.840

Wind 3.042 12.646  3.556 0.956

Table 6. GMCM(1,N) accuracy indices.

MAE MSE RMSE R?
Biofuel  1.046 1569 1253 0918
Coal 15.045 334.159 18.280 0.841
Gas 37.846 2739.013 52.336 0.398
Hydro  3.824  22.023 4.693 0.944
0il 37.991 2525.175 50.251 0.832
Solar 7921 108.453 10.414 0.865
Wind 1.450 3.610  1.900 0.986
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Both tables reveal that the GMCM(1,N) model with multivariate Markov chain residual correction
consistently improves the forecast accuracy in most energy sources compared to the traditional
GM(1,N) model. For example, in the case of biofuel, the MAE decreases from 1.379 to 1.046, and the
MSE drops from 3.026 to 1.569, demonstrating a reduction in the magnitude and variance of the average
error. We observe similar improvements for other energy sources, such as hydro and wind. For hydro,
the MAE decreases from 5.522 to 3.824, and increases significantly from 0.882 to 0.944, illustrating
the effectiveness of the residual correction in capturing the variability. Wind energy also benefits from
the GMCM(1,N) model, with a higher value of 0.986 compared to 0.956 in the GM(1,N) model,
suggesting a more accurate alignment with observed values. However, for energy sources such as gas, the
improvement is less pronounced. Although the GMCM(1,N) model slightly reduces MAE and MSE, the
value decreases slightly from 0.428 to 0.398, indicating that further refinement may be needed for more
volatile energy sources. Overall, the GMCM(1,N) model demonstrates a substantial improvement in
forecast accuracy for most energy sources, confirming the value of incorporating the multivariate Markov

chain residual correction to enhance the predictive power of the traditional GM(1,N) model.

4. Conclusion

In this study, we presented an enhanced forecasting model for energy production using Italian data by
integrating the multivariate Grey model GM(1,N) with a Markov chain correction mechanism, referred
to as GMCM(1,N). This approach addresses the inherent limitations of the traditional GM(1,N) model,
particularly in managing high variability and residual errors in the data, by applying Markov chains to
categorize and adjust residuals. The results show that GMCM (1,N) significantly improves the accuracy
of the energy forecasts, as indicated by lower mean absolute error (MAE), mean squared error (MSE),
root mean squared error (RMSE) and higher R? values. The accuracy improvements underscore the
model’s potential as a robust tool to forecast energy production in scenarios where data variability poses
a challenge.

By applying the GMCM(1,N) model to energy data from Italy, we validated its effectiveness in a
real-world context. The proposed framework offers a reliable forecasting tool that may help policy makers
and energy planners in achieving strategic energy goals. In fact, Italy’s unique position in the EU and
its commitment to transitioning to a more sustainable energy mix make accurate forecasts critical. This
model not only aligns with Italy’s objectives to reduce dependency on non-renewable sources, but also
improves the reliability of projections for renewable energy integration.

Future work could explore the extension of this model to incorporate additional variables or to
be applied in other regional or national contexts to further validate its flexibility and accuracy. The
incorporation of additional datasets could also improve the model’s adaptability, potentially offering
more precise insights into renewable energy trends and helping to guide investments and policy in
sustainable energy.

Despite its contributions, the present study has some limitations that suggest possible directions
for future work. First, the model assumes fixed transition probabilities and discretized residual states;

future research may investigate adaptive or non-homogeneous Markov structures. Second, the relatively
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small size of the dataset motivated us to focus on Grey models, which are particularly suitable for
data-scarce environments, and to avoid methods such as ARIMA that require larger and stationary time
series. Third, the deterministic core of our model is based on the standard GM(1,N); we deliberately
chose not to compare with other deterministic Grey models (e.g., GMC(1,N), DGM) to isolate and
evaluate the specific contribution of the proposed multivariate stochastic correction mechanism. As a
possible extension, the proposed correction strategy could be combined with more advanced deterministic
models such as convolution-based Grey models (GMC(1,N)), Grey models with delay structures, or with
adaptive parameters. These extensions could further improve forecast accuracy and flexibility, especially
in contexts with evolving dynamics or larger variable sets.

Overall, the GMCM (1,N) model presents a valuable contribution to the energy forecasting literature,
providing a methodology capable of balancing precision with the complexities inherent in multivariate

energy datasets.
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Nomenclature

Symbol  Description

N Number of explanatory variables

T Number of time periods / observations

xl(O) (1) Original data of variable i at time ¢

xfl) (1) First-order accumulated data of variable i at time ¢

ZEI) (1) Background value of variable i at time ¢

a System development coefficient

b; Driver coefficient for variable i

by+1 Intercept term in the GM(1,N) model

&(1) Residual of variable i at time ¢

Si(1) Discretized residual state of variable i at time ¢

€i-u Unit vector for state u of variable i

pgﬁ v"a) Transition probability from state u of variable 3 to state v of variable o

Ag o Weight of influence of variable 8 on o in MTD

Tauy Representative value of state v for variable o

)?EO) (1) Predicted value of variable i at time ¢ (before correction)

&q Corrected residual for variable

)@EO) (1) Final prediction after residual correction

p(B.a) One-step transition matrix from 8 to «

(PB-@) )k k_step transition matrix from S to o
Appendix A: GM(1,N) model
Suppose N is the number of the variables and the system characteristic factor’s time sequence is

X0 = 0110 @),... 1)), i=12,..T,
where ¢ stands for the time and i for the variable.
Their first-order accumulated generating sequence is
4
Dy =Y ), 1=1.2,...T, @)
h=1
resulting in the following vector
XV =V 0aV@, 1)y, =120

Note that xgo)(l) = xgl)(l).
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(1)

Then, the background value z; ’(¢) for the i variable at time 7 is defined as

xgl)(t— 1)+lx(1)(t), tr=2,3,...,T.

1
2 2

The set of background values is stored in the following vector

Assuming we aim to forecast variable i = 1 based on the other N — 1 variables, the conventional Grey
model GM(1,N)’s first order difference equation is given by

AV() +azlV (1) = bV (6) + bax V(1) + -+ b\ (1), (5)

where a is called the system development coefficient and b; is called the driver coefficient. The differential

equation, also called the whitenization equation, is

dxgl)(t)
dt

N
+ad () =Y bl (1), (6)
i=2

The parameter estimation for the GM(1,N) is performed as follows. The system of equations can be

represented in matrix form as:

a
A by Ty\—lyT
B=| | =x"x)"'x"y, (N
by
—Zgl)(Z) xgl) 2) x(]) 2) x(lo)(Z
1 1 1 0
wo | 2@ e e e
2y Ly - D) (1)

In our article, we aim to generalize this model by adding an intercept term by 4 ;. Therefore, we

rewrite Equation (5) and Equation (6) as follows:

A1) +az\V (6) = bV (6) + baxl (1) + -+ bl (1) + by 1.

(1) N
dx; (1) 1 1
ld—t +axg )(Z‘) = izzibixl( )(I)+bN+1.

For the same reason, the previous matrices must also be updated
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a
by
B=| : |=xTx)"'xTy,

by
by 1

') 4@ @) 1 A7)

1 1 1 0
wo | 7A@ 2e e ] 1)
) )y ) A(T)

The solution of the whitenization equation is

)Egl)(t) —ealr - 1)xgl)(l) +e

t N i
/ e” Zbixl( )(s) +byiy | ds|.
1 i=2

(1)

i

(1)

When the variation in X; " (¢) is very small, assuming Y'Y , bx; ’(¢) as a constant [53], the time

response equation is

RO PRSp T NI PR B PN ()
£(t)=e X (1)—5 Zbixi (t + 1)+bysi
i=2

L, o)
+- Y b (t 4+ 1)+ by |
i=2

The estimated value is finally used to correct the forecast, completing the prediction update process,
after which the simulated and predicted values of the original sequence can be obtained from the relation
200 =20 () =W —1).

Note that the entire procedure is repeated for each variable i in the system.
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