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Abstract

In this paper, a multiscale rationale is applied to develop a bottom-up mod-
elling strategy for analyzing the elasto-damage response of osteons, resulting
in a first step towards a refined mechanical description of cortical bone tissue
at the macroscale. Main structural features over multiple length scales are
encompassed. A single osteon is described by considering a multi-layered
arrangement of cylindrical lamellae and accounting for both lacunar micro-
voids and thin interlamellar regions, these latter modelled as soft interfaces.
A multi-step homogenization procedure has been conceived and numerically
applied to describe the equivalent mechanical response of osteon constituents,
upscaling dominant subscale mechanisms. A progressive stress-based dam-
age approach has been implemented via a finite-element technique, allowing
to describe interlaminar and/or intralaminar brittle failure modes. Proposed
approach has been successfully validated by numerically reproducing avail-
able experimental tests of isolated osteons under different loading condi-
tions. Present histologically-oriented multiscale model revealed to be sound
and consistent, opening towards further insights about the influence on bone
biomechanics of through-the-scales biophysical/biochemical alterations, pos-
sibly related to ageing or diseases.
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1. Introduction

Bone is a complex heterogenous material consisting of different orga-15

nized hierarchical structures over multiple length scales [1]. All the bone
constituents are combined in a remarkably effective way so as to form a
properly-organized and nature-optimized material with superior mechanical
properties combining high stiffness, strength and toughness [2, 3]. At the
organ level, two distinct types of bone tissues, characterized by different20

mechanical properties, can be distinguished, namely the cortical (or com-
pact) bone, dense and stiff, and the trabecular (or spongy) bone, porous
and tough [4, 5]. Stiffness and loading-bearing capacity of bone structures
are mainly associated to cortical tissue. At the microscale, cortical bone is
constituted by hollow quasi-cylindrical systems, called osteons or Haversian25

systems [4, 6, 7], running approximately parallel to the main direction of the
bone structure. Osteons have an average diameter in the range of 200÷ 250
µm and are characterized by a central canal (called Haversian canal) having
diameter in the order of 40µm (see Fig. 1). At an intermediate subscale
between the micro- and the nano-scale, osteons are made up of several coax-30

ial pseudo-cylindrical layers, about 3µm in thickness and wrapping around
the Haversian canal, called lamellae [5, 8]. Each lamella exhibits a defined
pattern of sub-microstructural units (the so-called sublamellae), character-
ized by an ordered arrangement of mineralized collagen fibrils (MCF). [8, 9].
In turn, at the nanoscale, MCFs are constituted by Type-I collagen fibrils35

strengthened by crystals of a mineral phase mainly constituted by hydrox-
yapatite (HA). Minor quantities of water, non-collagenous organic proteins
(NCPs) and impurities are also present [1, 6, 10, 11].

Bone material composition and structural organization at each length
scale highly affect its mechanical behaviour and failure mechanisms at the40

macroscale level. In this framework, it is well-documented that bone is
characterized by an anisotropic constitutive response, and that osteons were
proved to have a key role for the propagation of cracks at organ level [12–
14]. As such, a proper understanding of onset and evolution of bone fracture
mechanisms at the macroscale requires a suitable characterization of osteon45

mechanics and related damage features [7, 15].
To this aim, a consistent multiscale rationale, able to account for the his-

tological arrangement of tissue constituents through multiple length scales,
revealed to be highly effective for accurately investigating the mechanical
response of biological tissues [16–23]. Since a structured multiscale strategy50
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(differently from phenomenological approaches) is defined via model param-
eters with a clear physical meaning, it also allows to describe the influence
of possible physiopathological alterations related to ageing or diseases by
straightforwardly setting such parameters through consistent histological ev-
idence [24–28].55

Finite Element (FE) modelling represents an effective tool for investi-
gating bone biomechanics in health and disease at both the macro- and
micro-scale [29–35]. However, at present only few FE-based models have
been developed with the aim of describing the micromechanical behaviour of
osteonal elements. Hogan [32] and Crolet et al. [33] were among the first60

researchers proposing estimates of compact bone equivalent elastic proper-
ties through FE-based micromechanical approaches. In particular, Hogan
[32] investigated the dependence of the elastic moduli on the material prop-
erties of osteon substructures, finding a reasonable agreement with available
experimental data. Crolet et al. [33] conducted a similar study by account-65

ing for collagen/HA distribution within osteonic lamellae, in the framework
of a multiscale approach. Their results, furnished however only in terms of
bone homogenized elastic properties, showed good agreement with the ex-
perimental data, corroborating the hypothesis of periodicity of collagen/HA
distribution within each single osteonic lamella.70

A more detailed numerical model of a single osteon was developed by
Prendergast and Huiskes [34], who investigated whether damage generates
strains which may trigger bone remodeling processes. The authors provided
important and useful evidence that local changes in the strain field are strictly
related to the presence of microdamage and lacunar voids in Haversian bone75

microstructure. Nonetheless, the existence of damage was therein assumed
a priori, not querying where and when the damage develops and evolves. In
the studies of Guo et al. [36] and Najafi et al. [37], linearly-elastic fracture
mechanics theory was employed to assess the role of microcracks at a single-
osteon level, as well as their influence on the mechanical behaviour of cortical80

bone. However, their model revealed several limitations, since microstruc-
tural features of osteons were disregarded, and the assumption of homoge-
neous linearly-elastic materials was made. Hamed and Jasiuk [2] numerically
investigated the bone strength at multiple length scales by modelling dam-
age onset and propagation through the cohesive element technique. The85

authors provided some evidence contributing towards the understanding of
bone sub-macroscale failure mechanisms. Nonetheless, although constitutive
microscale arrangement was considered to a certain extent, fracture mech-
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Figure 1: Illustrative sketch of the main histological aspects of cortical bone. The osteonal
structure is evidenced together with all its characteristic features. Courtesy from https:

//sciencediagrams.com/osteon/.

anisms were driven by a-priori-defined initiation sites. Moreover, numerical
models at different scales were decoupled each other, in the sense that me-90

chanical features of bone structures at a given length scale were obtained
not accounting for tissue features and structural organization at lower scales.
More recently, Giner et al. [35] developed a multiscale numerical model of
a single osteon, investigating microdamage onset and evolution. Therein-
proposed results, associated to a radial compressive loading scenario, were95

succesfully compared with experimental test carried out by Ascenzi et al.
[38]. However, the structural model of Giner et al. [35], and in fact all
the other previously-described ones, considered a planar section of the ac-
tual three dimensional osteonal structure as a simplifying assumption, thus
allowing only for an in-plane strain and stress analysis.100
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To the best of the authors’ knowledge, a detailed three-dimensional mul-
tiscale model accounting for coupled through-the-scales mechanical responses
up to the failure is still lacking. Accordingly, present paper aims to propose a
novel histological-based description of single osteons by accounting for three-
dimensional multiscale structural arrangement, based on a bottom-up (from105

nano- to micro-scale) formulation. In depth, a refined constitutive descrip-
tion, also encompassing a multistep homogenization procedure, has been con-
ceived and employed to identify dominant mechanical response of osteonal
constituents at different scales. A progressive damage formulation allowing
to describe interlaminar and/or intralaminar brittle failure modes, has been110

conceived and applied to model osteonal elasto-damage response and failure
mechanisms. Proposed model has been implemented through a FE technique
and it has been successfully validated by replicating available experimental
tests carried out under different loading conditions [39–41]. Obtained results
highlight soundness and accuracy of the proposed approach, that can there-115

fore be considered as useful for understanding how microdamage processes
affect the overall mechanical behaviour of cortical bone, also accounting for
disease- or ageing-induced structural and morphological alterations through
different length scales. In such a way, enhanced novel multiscale strategies
could be developed up to the macroscale, furnishing suitable indications for120

the proper assessment of bone fracture risk, and thereby allowing for possible
clinical applications related to effective etiology identification, diagnosis and
treatment of bone-related pathologies.

2. Single osteon model

2.1. Problem statement125

The osteon is described as a perfectly cylindrical hollow body occupying
the region Ω in the three-dimensional Euclidean space E3, having length L
and inner and outer diameters DH and DO, respectively (see Fig. 2). The
osteon is considered to be made up by a sequence of N coaxially-arranged
units, called lamellae, and of N − 1 interlamellar interfaces, modelling the130

very thin interlamellar zones located in between them. Because of this geo-
metrical organization, a cylindrical coordinate system (r, θ, z) is conveniently
introduced, with the origin O placed at the center of one of the osteon basis
and the z-axis coincident with the cylinder axis (see Fig. 2).

From a histological standpoint, an actual osteonal structure addition-
ally includes Volkmann canals, a cement line delimiting the single osteon
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Figure 2: Osteon multiscale model. Geometrical and microstructural features: notation.

from the remaining cortical tissue, a fine network of canaliculi (the so-called
syncytium, see Fig. 1), as well as lacunae. These latter are small cavities
hosting the osteocytes (i.e., quiescent osteoblasts, the cells which secret the
osteonal tissue), and which are mainly located at the interlamellar regions
in a quite random fashion [1]. Following the evidence reported in [42], la-
cunae are herein modelled as homogeneously-distributed ellipsoidal-shaped
void domains, all of them having length of the semi-axes equal to a, b, c,
where c < b < a. Moreover, lacunar domains are oriented in such a way that
the longest semi-axis is parallel to z and the shortest one is parallel to r. The
number of lacunae Nl is chosen such that their volume fraction fl within the
osteonal domain lies in the range 1÷3%, which is a representative value for
mature and healthy cortical tissue [1]. In detail, lacunae volume fraction fl
is related to Nl through the following relationship:

fl =
16Nl a b c

3 (D2
O −D2

H)L
(1)
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In this work only the presence of lacunae has been considered. This choice135

follows the approach commonly adopted by other authors (e.g., [35]), since
it is widely accepted that canaliculi and Volkmann canals play a secondary
role in comparison to lacunae, these latter being much more abundant and
larger. In addition, the influence of cement line becomes significant only
if the mechanical behaviour of a set of more than one osteon is addressed,140

which is not the case herein considered. Note that the adopted hypotheses
are perfectly in-line with the experimental tests carried out by Ascenzi and
his coworkers, to which reference is made [39–41]. Such test were indeed
conducted on single osteons (hence, without cement lines) having a shape
just slightly deviating from the perfectly cylindrical one, not showing the145

presence of Volkmann canals and which were prepared by removing all the
soft tissues.

For what follows it is useful to introduce some notation rules. In par-
ticular, with reference to Fig. 2, let symbol Vk denote the k-th lacunar
void domain, with k = 1, . . . , Nl. Let additionally denote with Li (with150

i = 1, . . . , N) and I i = ∂Li ∩ ∂Li+1 (with i = 1, . . . , N − 1) the material
domains occupied by the i-th lamella and the i-th interlamellar interface,
respectively. By defining overall domains L := ∪N

i=1Li, I := ∪N−1
i=1 I i, and

V := ∪Nl
k=1Vk, the region Ω thereby results in Ω = L ∪ V . Furthermore, let

Σ := ∂Ω be the boundary of the osteon region (comprising the ending bases,155

the inner surface of the innermost lamella and the outer surface of the out-
ermost one). In particular, symbols Σp and Σu denote the disjoint portions
of Σ on which tractions p and displacements u are prescribed, respectively,
as detailed in the following.

2.2. Constitutive description: a multiscale rationale160

The constitutive behaviour of osteonal tissue is described by neglecting
any viscous and fluid effect. Osteonal structure is regarded as a composite
medium including two different phases: the lamellar phase and the inter-
lamellar one. In turn, lamellae are characterized by a precise microstructure
defined by a specific hierarchical arrangement of collagen and hydroxyapatite.165

The constitutive behaviour of lamellar tissue is modelled in the framework
of a multiscale approach, based on a bottom-up multi-step homogenization
procedure. The homogenized responses of mineralized collagen fibrils and of
a single osteonic lamella are numerically derived by considering specific rep-
resentative unit cells. Numerical procedures have been implemented through170

customized codes in Matlab environment (Matlab v. R2018a, MathWorks,
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Figure 3: The Mineralized Collagen Fibrils (MCFs) and their arrangement within the
lamellar structure. (a) Hodge-Petruska scheme describing the geometrical organization
of tropocollagen molecules immersed in a water-protein matrix. (b) Platelet-shaped HA
crystals originating within the collagen gap regions. (c) Angles χj and ψj of MCFs with
respect to the local reference system {r∗, r∗⊥, z∗}. (d) MCFs arrangement within the
sublayers constituting a typical osteonic lamella.

MA, USA) integrated within the FE solver Comsol Multiphysics (Comsol
with Matlab, v.5.4 COMSOL, Stockholm, Sweden).

2.2.1. Nanoscale: mineralized collagen fibrils

The basic building blocks of cortical bone at the nanoscale are Type-I col-175

lagen, hydroxyapatite (HA) crystals and small quantities of water and non-
collagenous proteins (NCPs), which together form the so-called mineralized
collagen fibrils (MCFs). These latter result from a mineralization process of
simple collagen fibrils, which are made up of staggered arrays of tropocolla-
gen molecules. With reference to Fig. 3(a), tropocollagen molecules, having180

length ℓc in unmineralized conditions, are arranged following the well-known
Hodge-Petruska scheme, characterized by the gap region length λG and by
the axial period λ [4, 43]. As proved by well-established histological evi-
dence, mineral particles are nucleated primarily inside the gap regions of the
fibril, extending in a later stage into the overlap regions [4, 44, 45]. As a185
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result, the mineral phase is arranged within a water-protein-collagen (WPC)
matrix, with a volume fraction in healthy cortical bone in the order of 40%,
determining the peculiar tissue features in terms of stiffness and toughness.
The shape of mature HA crystals is generally rather irregular, but many
investigations showed that they are for most platelet-shaped [6, 44, 46].190

On account of the spatial organization of bone nanoconstituents, MCFs
are modelled as a composite material in which the reinforcement phase,
represented by the HA platelets, is arranged in a staggered manner and
embedded within a water-protein-collagen matrix, as shown in Fig. 3(b)
[35, 45, 47]. By introducing a local reference system {e1, e2, e3}, with the195

e3-axis aligned along the MCF axis, the mineral platelets have been assumed
as parallelepipedic, with linear dimensions along the e1, e2 and e3 axes equal
to dHA, bHA and ℓHA, respectively. Symbols ∆dHA and ∆bHA respectively
denote the along-the-width and along-the-depth gaps between two adjacent
HA platelets.200

The mineral phase is assumed to behave as an isotropic linearly-elastic
material, characterized by an elastic stiffness tensor CHA dependent on Young’s
modulus EHA and Poisson’s ratio νHA. On the other hand, the WPC ma-
trix for the MCFs has been regarded as a composite material made up by
tropocollagen molecules, having volume fraction Φ′

c, embedded in a water-205

protein matrix (with volume fraction Φ′
wp = 1 − Φ′

c). The elasticity of
the water-protein matrix is affected by hydrogen bonds linking the colla-
gen molecules and by crosslinks provided by the NCPs [48]. Then again,
since the big difference in stiffness between collagen and mineral phase, and
due to their relative amount, the MCFs mechanical response is not affected210

by non-linear regimes characterizing unmineralized collagen and induced by
sub-nanoscale mechanisms [16]. In fact, for typical values of mineral vol-
ume fraction, the influence of “toe” and “heel” regions characterizing the
J-shaped stress-strain curve of unmineralized collagen fibrils tends to dis-
appear [44, 45]. Accordingly, collagen comprising WPC matrix in MCFs is215

assumed to behave as an isotropic linearly-elastic material.

Equivalent properties of WPC matrix. Due to the geometrical arrangement of
tropocollagen molecules, WPC composite can be described as an equivalent
transversely-isotropic material, having e3 as the constitutive symmetry axis
and the plane (1, 2) as the isotropic plane. Let ph be the phase index, such220

that ph ∈ {wp, c}, where wp refers to the water-protein matrix and c to the
collagen molecules, respectively. Moreover, let Eph, νph, Gph and kph be the
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Young’s modulus, Poisson’s ratio, shear modulus and bulk modulus of phase
ph, respectively. Equivalent elastic constants in the isotropic plane have
been obtained by following the modelling strategy proposed by Torquato [49]225

and applied by Nikolov and Raabe [48] for describing water-protein-collagen
response in bone tissue at submicron scales. The longitudinal (i.e., along
the e3 direction) equivalent elastic modulus and the corresponding Poisson’s
ratio are obtained by employing Hill’s lower bounds for long-fiber composites
under the condition that Gc > Gwp [50]. Finally, the equivalent longitudinal230

shear modulus is computed by applying the rule of mixtures [51]. Thereby,
the equivalent elastic constants of WPC matrix result in [48–50]:

GWPC,12 = Gwp

[
1 + kwp µ

′ Φ′
c − Fξ − Fη

1− (kwp + 2Gwp)µ′Φ′
c − Fξ − Fη

]
(2)

kWPC,12 = kwp

[
1 +Gwp κ

′Φ′
c − 2Fξ

1− kwp κ′ Φ′
c − 2Fξ

]
(3)

EWPC,33 = Φ′
wpEwp + Φ′

cEc +
4Φ′

wpΦ
′
c(νwp − νc)

2

Φ′
wp

kc
+ Φ′

c

kwp
+ 1

Gc

(4)

νWPC,31 = Φ′
wpνwp + Φ′

cνc +
Φ′

wpΦ
′
c(νwp − νc)

(
1

kwp
+ 1

kc

)
Φ′

wp

kc
+ Φ′

c

kwp
+ 1

Gc

(5)

GWPC,13 =

(
Φ′

wp

Gwp

+
Φ′

c

Gc

)−1

(6)

where kwp and kc, in agreement with [48, 49], have the meaning of plane-strain
bulk moduli (namely, are related to the three-dimensional bulk modulus Kph

of the phase ph by the relationship kph = Kph +Gph/3), and [49]:235

Fξ = kwpGwp µ
′ κ′ Φ′

wp ξ (7)

Fη = k2wp µ
′2Φ′

wp η (8)

κ′ =
kc − kwp

kwp (kc +Gwp)
(9)

µ′ =
Gc −Gwp

kwpGwp + (kwp + 2Gwp)Gc

(10)

with ξ and η being dimensionless scalar parameters defined by threefold
integrals depending on WPC microstructure [52, 53]. By assuming that the
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Figure 4: Computational domains associated to representative unit cells employed in the
two-step numerical homogenization procedure to obtain the equivalent elastic properties
of (a) MCFs and (b) lamellar tissue.

arrangement of collagen within WPC domain can be described as hexagonal
arrays of cylinders, McPhedran and Milton [52], and Eischen and Torquato
[53] furnished numerical solutions for parameters ξ, η for different values of240

collagen volume fractions. The equivalent stiffness tensor CWPC of WPC
matrix is thereby completely determined.

Equivalent properties of MCFs. The MCFs equivalent elastic stiffness tensor
CMCF is obtained as a result of a numerical homogenization procedure of the
WPC-HA staggered composite previously described (see Fig. 3(b)). In detail,245

as illustrated in Fig 4(a), by defining the geometrical quantities df = dHA +
∆dHA and bf = bHA +∆bHA, a Representative Unit Cell (RUC) having sides
along the e1, e2 and e3 axes equal to 10df , bf and 2ℓf in length, respectively,
has been considered. In agreement with available histological and physical
data, Table 1 lists the values of geometrical and constitutive parameters250

defining the nanoscale RUC employed to compute the elastic stiffness tensors
CHA and CWPC. In particular, the volume fraction of HA within the MCFs,
also known as the degree of mineralization of cortical tissue, results in:

Φ =
ℓHA

ℓf
· bHA

bf
· dHA

df
(11)

As a consequence, by denoting with Φwp and Φc the volume fractions of
water-protein and collagen within MCFs, the condition Φwp + Φc + Φ = 1255

has to be satisfied. The volume fractions Φ′
wp and Φ′

c of water-protein and
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Table 1: Vaules of the nano-scale model parameters employed in numerical simulations.

Nanoscale (MCFs)

Parameter Symbol Value References

Degree of mineralization Φ [%] 40 [45, 54]
Water-protein volume fraction Φwp [%] 15 [55]
Tropocollagen molecules undeformed length ℓc [nm] 300 [43, 44]
Axial period λ [nm] 67 [4, 43]
Gap region length λG [nm] 40 [4, 43]
HA platelets width dHA [nm] 3 [4, 11, 44]
HA platelets depth bHA [nm] 25 [4, 11, 44]
Along-the-width spacing between HA platelets ∆dHA [nm] 1 [47, 56]
Along-the-depth spacing between HA platelets ∆bHA [nm] 3 [47, 56]
Collagen Young’s modulus Ec [GPa] 1 [16, 57–

59]
Collagen Poisson’s ratio νc [−] 0.28 [55, 60]
Water-protein Young’s modulus Ewp [GPa] 0.40 [48, 55]
Water-protein Poisson’s ratio νwp [−] 0.47 [48, 55]
HA platelets Young’s modulus EHA [GPa] 114 [61, 62]
HA platelets Young’s modulus νHA [−] 0.27 [61]
Parameter ξ ξ [−] 0.037 [52]
Parameter η η [−] 0.471 [53]

collagen within the WCP composite matrix only, employed in Eqs. (2)-(8),
can therefore be evaluated as:

Φ′
wp =

Φwp

Φwp + Φc

(12a)

Φ′
c =

Φc

Φwp + Φc

(12b)

By employing data in Table 1, and by noting that ℓf = ℓc + λG, for a260

given value of Φ the corresponding crystal length ℓHA can be derived by Eq.
(11). In particular, for Φ = 0.40, the corresponding ℓHA value lies within the
commonly observed range of variability for healthy cortical tissue reported
by several authors [45, 54, 56, 63].

As a result of a preliminary convergence analysis, the RUC has been dis-265

cretized through second-order displacement-based tetrahedral elements with
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an average size hMCF = dHA/3 (see Fig. 4(a)). Periodic Boundary Conditions
(PBC) have been enforced at the RUC boundary [64, 65]. The resulting ho-
mogenized stiffness tensor CMCF can be represented with respect to the local
basis {e1, e2, e3} (see Fig. 4(a)) and in Voigt notation as (in [GPa]):270

[CMCF] =


3.854 1.493 1.775 0 0.004 0
1.493 11.343 3.106 0.002 −0.045 0
1.775 3.106 37.189 0.006 −0.893 0
0 0.002 0.006 2.337 0 −0.045

0.004 −0.045 −0.893 0 0.691 0
0 0 0 −0.045 0 0.813

 (13)

highlighting a quasi-monoclinic equivalent constitutive symmetry for MCF.

2.2.2. Microscale: single lamella

As confirmed by histological evidence, the single lamellar unit can be
assumed to be constituted by Ns = 5 adjacent sublayers (or sublamellae).
In turn, each sublamella is made up by bundles of MCFs roughly parallel275

to each other, but having different orientations in the different sublayers,
giving rise to the so-called rotated-twisted-plywood structure [8, 9]. The
MCFs orientation in the j-th sublayer (j = 1, . . . , Ns) of the i-th lamella
(i = 1, . . . , N), with respect to the osteon long axis z, can be uniquely
characterized by two angles χi

j and ψi
j [8, 66]. In particular, as sketched280

in Figs. 3(c) and 3(d), by introducing a local orthogonal reference system
(r∗, r∗⊥, z

∗), r∗ and r∗⊥ being the local radial and circumferential direction at
the angle θ = θ∗, respectively, χi

j is the plywood angle (namely, the rotation
angle of the MCFs around r∗), and ψi

j is the rotation angle around r∗⊥ [6].
If δij denotes the thickness of the j-th sublayer within the i-th osteonic285

lamella, the thickness of this latter straight results in:

δilam =
Ns∑
j=1

δij (14)

The elastic stiffness tensor Ci
j of the j-th sublayer within the i-th lamella

in the global cylindrical reference system is obtained by transforming the
representation of CMCF passing from the local reference basis {e1, e2, e3} to
the (r, θ, z) coordinate system. In detail, by adopting Voigt notation, it290

results [51]:
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Table 2: Values of the micro-scale model parameters employed in numerical simulations.

Microscale (Single lamellae)

Parameter Symbol Value(s) References

Number of sublamellae Ns 5 [9, 47]
Sublamella index j 1 2 3 4 5

MCFs plywood angle χj [
◦] 0 30 60 90 120 [8, 67]

MCFs rotation angle ψj [
◦] 0 0 0 70 30 [8, 67]

Sublamella thickness δj [µm] 0.6 1.8 0.2 0.2 0.4 [66]
Lamella thickness δlam [µm] 3.2 Eq. (14)

[Ci
j] = [Tj] [CMCF] [Dj]

−1 (15)

where the transformation matrices [Tj] and [Dj] depend on angles χi
j and

ψi
j and are reported in the Appendix. Following well-established evidence

[6, 8, 66], sublamellae are assumed to be characterized by the same sequence
of values for angles χi

j and ψ
i
j, and for the thickness δij in each lamella, namely295

χi
j = χj, ψ

i
j = ψj, δ

i
j = δj, and δ

i
lam = δlam for each i = 1, . . . , N .

A further numerical homogenization step allows to reduce the lamellar tis-
sue to an equivalent locally-homogeneous linearly-elastic material, described
by the fourth-order (undamaged) elastic stiffness tensor Ci

lam. As a conse-
quence of previous positions, it results Ci

lam = Clam for each i = 1, . . . , N .300

By disregarding any curvature effect, the equivalent elastic stiffness tensor
Clam has been computed by employing a cubic RUC with an edge size equal
to δlam in length. All the values of both structural and constitutive modelling
parameters at the microscale are reported in Table 2.

As a result of a preliminary convergence analysis, a structured and uni-305

form computational mesh, consisting in second-order brick elements and char-
acterized by the mesh size hlam = minj δj/3, has been adopted (see Fig. 4(b)).
Even in this case, PBC have been enforced at the RUC boundaries. The re-
sulting (undamaged) lamellar stiffness tensor Clam can be represented with
respect to the cylindrical coordinate system (r, θ, z) and in Voigt notation as310

(in [GPa]):
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[Clam] =


6.747 2.517 2.545 0.137 −1.000 −0.115
2.517 31.979 4.474 −1.205 −0.226 −0.290
2.545 4.474 12.095 −0.009 −0.349 0.012
0.137 −1.205 −0.009 4.201 −0.067 −0.479
−1.000 −0.226 −0.349 −0.067 1.748 0.083
−0.115 −0.290 0.012 −0.479 0.083 2.238

 (16)

highlighting a fully-anisotropic equivalent constitutive symmetry.

2.2.3. Sub-macroscale: interlamellar interphases

As previously described, there exists a very thin material region between
two subsequent lamellae, characterized by low stiffness level and known as315

interlamellar phase [68]. As stated by Rho et al. [4], the real composition
of the interlamellar zones has still to be fully elucidated, but it seems that
they result particularly rich in NCPs (primarily osteocalcin and osteopontin)
and randomly-oriented collagen molecules [7, 69]. Nonetheless, such regions
appear to have significant contributions on the mechanical behaviour of single320

osteons [68].
As a first approximation, due to the lack of information, interlamel-

lar phases are assumed to be homogeneous and described by an isotropic
linearly-elastic constitutive response. As such, the corresponding (undam-
aged) fourth-order elastic stiffness tensor Cint is fully characterized by the325

Young’s modulus Eint and the Poisson’s ratio νint.
Following an approach similar to the one adopted in [70], the interlamellar

phases are treated as soft elastic interfaces Ii joining two subsequent osteonic
lamellae. Accordingly, by denoting with n̂

(i)
int the unit vector normal to Ii,

and under the plane-strain assumption, the second-order interface stiffness330

tensor K(i)
int associated to Cint is obtained via a through-the-thickness first-

order asymptotic expansion as [71]:

K(i)
int = K(i)

n n̂
(i)
int ⊗ n̂

(i)
int +K

(i)
t (I− n̂

(i)
int ⊗ n̂

(i)
int) (17)

where I is the second-order identity tensor and K
(i)
n , K

(i)
t are normal and

tangential stiffness per unit surface, respectively equal to:

K(i)
n =

Eint (1− νint)

(1 + νint) (1− 2νint) δ
(i)
int

(18a)
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K
(i)
t =

Eint

2 (1 + νint) δ
(i)
int

(18b)

335

where δ
(i)
int is the thickness of the i-th interlamellar phase.

2.3. Failure criteria and damage law

The mechanical behaviour of a single osteon up to the failure state is
described by accounting for the progressive loss of structural integrity due
to loading-induced nucleation and propagation of microcracks. All osteonic340

tissues at the sub-macroscale level are considered as perfectly brittle materi-
als, namely characterized by the absence of any local damage accumulation
prior to local failure. In the framework of a stress-based damage description,
failure in a material point P ∈ Ω is said to occur when:

F (P,σ) = 1 (19)

where F (P,σ) depends on the failure criterion in P and on the local stress345

state σ(P ).
Since the osteon has been herein conceived as a multi-layered composite

material, both interlaminar and intralaminar failure modes have been consid-
ered. The former, occurring in correspondence of the interlamellar interfaces,
is caused by delamination between two adjacent lamellae, whereas the lat-350

ter occurs in the lamellar bulk tissue. As such, function F is specialized
depending on the material point position P ∈ Ω as:

F (P,σ) =

{
Flam(σ) if P ∈ L̊
Fint(σ) if P ∈ I

(20)

In detail:

� For the interlaminar failure mode (P ∈ I), and in agreement with [35],
the quadratic Brewer-Lagacé criterion is adopted. In this case only σrr,355

σrθ and σrz stress components (with respect to the cylindrical reference
system introduced in Fig. 2) contribute to failure and function Fint

reads as [72]:

Fint(σ) =

(
⟨σrr⟩
Srr

)2

+

(
σrθ
Srθ

)2

+

(
σrz
Srz

)2

(21)
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where ⟨σrr⟩ = max{0, σrr} denotes the positive part of σrr, and Srr

and Srθ, Srz are tensile and shear strength parameters of the interfaces.360

Note that the positive part of σrr plays the role of preventing closing
mechanisms of interfacial microcracks under local radial compressive
states [35].

� For the intralaminar failure mode (P ∈ L̊), two different criteria are
alternatively considered for the sake of comparison. The first one is the365

maximum principal stress criterion, corresponding to:

Flam(σ) = max{F+, F−} (22)

where:

F+ =
max{0, σ1, σ2, σ3}

S+
lam

F− = −min{0, σ1, σ2, σ3}
S−
lam

(23)

with σi (i = 1, 2, 3) denoting the principal stress components and
S+
lam (resp., S−

lam) being a positive lamellar strength measure in ten-
sion (resp., in compression).370

The second one is the Von Mises criterion. Accordingly, by denoting
with s the deviatoric part of σ, function Flam reads as:

Flam(σ) =

√
3

2
tr(s2)

/
Slam (24)

Slam being a strength parameter for the lamellar bulk tissue.

It is noted that the experimental data provided by Ascenzi et al. [38, 40]
allow to deduce a clear indication on S+

lam, whereas, to the best of the authors’375

knowledge, no data are available for S−
lam. Nevertheless, the experimental

tests conducted by Ascenzi et al. [40, 73] on single fully calcified osteons
both in tension and in compression seem to suggest that lamellar strength
under compressive states is in the same order of magnitude of the tensile one.
Accordingly, in the following it is assumed Slam = S+

lam = S−
lam.380
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In accordance with the isotropic continuum damage mechanics theory,
when the failure condition is locally detected, material stiffness of phase h
(with h ∈ {int, lam}) is degraded by rescaling all the components of the local
constitutive tensor via a scalar damage variable Dh. To ensure irreversibility
conditions, thus making the damage model thermodynamically consistent, a385

scalar parameter for the phase h, κh, is introduced to record the maximum
value of Fh ever reached in P during the loading history:

κh = max
history

{Fh(σ)} h ∈ {int, lam} (25)

As a consequence, the local constitutive tensor results in:

C(P, κlam, κint) =

{
Clam

[
1−Dlam(κlam)

]
if P ∈ L̊

Cint

[
1−Dint(κint)

]
if P ∈ I

(26)

Owing to the bone tissue brittleness, Dh is assumed to obey the following
degradation rule:390

Dh(κh) =

{
0 if κh < 1

Dcr,h if κh = 1
h ∈ {int, lam} (27)

Dcr,h < 1 being a critical value of the damage variable Dh. By discriminating
local tensile and compressive states, Dcr,h has been assumed equal to:

Dcr,h =

{
D+

cr,h if I1,h ≥ 0

D−
cr,h if I1,h < 0

(28)

where I1,lam = tr(σ) denotes the first stress invariant and I1,int = σrr.

3. Numerical treatment

The developed multiscale elasto-damage approach has been implemented395

in a numerical framework based on a FE formulation. It has been validated
by replicating three distinct loading scenarios corresponding to three different
mechanical experiments performed on single osteons by Ascenzi and cowork-
ers [39–41]. Characteristic dimensions at the sub-macroscale level of both
osteonal geometry and loading zones replicate the ones actually adopted in400

the experimental benchmarks. In particular, by assuming that δ
(i)
int = δint for
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Table 3: Vaules of the model parameters at the osteon level employed in numerical simu-
lations.

Sub-macroscale (Single osteon)

Parameter Symbol Value(s) References

Osteon inner diameter DH [µm] 40.0 [39–41]
Osteon outer diameter DO [µm] 210.4 [39–41]
Osteon length L [µm] 500.0 [39–41]
Number of lamellae N [−] 26 Eq. (29)
Lacunae dimensions a [µm] 22 [1, 42]

b [µm] 9 [1, 42]
c [µm] 4 [1, 42]

Lacunae volume fraction fl [%] 2.1 [1]
Number of lacunae Nl [−] 104 Eq. (1)
Interlamellar interface thickness δint [µm] 0.08 [69]
Interlamellar interface Young’s modulus Eint [GPa] 3 [68]
Interlamellar interface Poisson’s ratio νint [−] 0.3 [68]
Interfaces radial strength Srr [MPa] 50 [35, 74, 75]
Interface circumferential shear strength Srθ [MPa] 70 [35, 74, 75]
Interface axial shear strength Srz [MPa] 70 [74, 75]
Lamellar strength Slam [MPa] 160 [76]
Critical damage in tension D+

cr [−] 0.99 [31]
Critical damage in compression D−

cr [−] 0.50 [31]
Dimensions of Σ′′

s (B-test) hzs [µm] 50 [39]
hθs µm] 20 [39]

Dimensions of Σ′′
l (B-test) hzl [µm] 40 [39]

hθl µm] 125 [39]

each i = 1, . . . , N − 1, the diameters DO and DH are related to the number
of lamellae N through the following relationship:

DO −DH

2
= N δlam + (N − 1) δint (29)

Therefore, for a given DH , the number N of lamellae is chosen as an integer
number such that the osteon outer diameterDO, computed through Eq. (29),405

lies in the range of osteonal samples employed in the experiments. Table 3
lists the values of all geometrical and material parameters characterizing
the single-osteon computational models. Such values have been consistently
selected from ranges reported in the mentioned references. In particular,
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as extensively discussed in the foregoing, the highest indeterminacy concerns410

the mechanical properties of interlamellar interfaces and the lamellar strength
parameter Slam, which will be addressed in future works.

Numerical procedures have been implemented through customized codes
in Matlab environment (Matlab v. R2018a, MathWorks, MA, USA) inte-
grated within the FE solver Comsol Multiphysics (Comsol with Matlab, v.5.4415

COMSOL, Stockholm, Sweden). Second-order displacement-based tetrahe-
dral elements have been employed to discretize the lamellar regions and three-
dimensional spring elements are considered for discretizing interlamellar in-
terfaces. The average mesh element size in lamellar regions has been set
equal to h = δlam/2 as a result of a preliminary convergence analysis ensur-420

ing mesh-independent results, and as discussed in Section 4.1.

3.1. Boundary conditions

To validate the proposed model, the osteonal mechanical response has
been investigated addressing: a tensile test (denoted as T-test) [40], a torsion
test (Θ-test) [41], and a three-point bending test (B-test) [39]. To faithfully425

mimic the experiments, proper boundary conditions have been enforced in
each case. Moreover, with the aim of reducing the demanding computational
cost of numerical simulations, and due to the geometrical and constitutive
symmetry of the osteonal structure, a specific quarter of the domain Ω has
been modelled, depending on the particular loading condition addressed. In430

detail, by referring to Fig. 5 and by recalling notation introduced in Sec.
2.1, the following assumptions have been made.

� T-test: the computational domain is defined by referring to a full-length
quarter Ω′ ⊂ Ω. In this case, Σp ≡ Σ′

L, Σu ≡ Σ′
r1 ∪ Σ′

r2 ∪ Σ′
0, and the

following boundary conditions are enforced:435

u = 0 on Σ′
0 (30)

u · n̂ = 0 on Σ′
r1 ∪ Σ′

r2 (31)

p = pT ẑ on Σ′
L (32)

with n̂ being the outward-pointing normal unit vector to ∂Ω′, the rela-
tionship u · n̂ = 0 representing symmetry conditions on Σ′

r1 ∪Σ′
r2, and

pT (> 0) denoting the uniform distribution of the tensile loading per
unit surface applied on Σ′

L.
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Figure 5: Applied boundary conditions for the three investigated loading scenarios. T-
test: tension test; Θ-test: torsion test; B-test: bending test.

� Θ-test: the computational domain is defined by referring again to the440

full-length quarter Ω′ ⊂ Ω addressed in the T-test. In this case, Σp ≡
Σ′

L, Σu ≡ Σ′
r1 ∪ Σ′

r2 ∪ Σ′
0, and the following boundary conditions are

enforced:
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u = 0 on Σ′
0 (33)

u− (u · n̂)n̂ = 0 on Σ′
r1 ∪ Σ′

r2 (34)

p = pΘ(r) θ̂ on Σ′
L (35)

where relationship in Eq. (34) represents skew-symmetry conditions
on Σ′

r1 ∪Σ′
r2, and pΘ(r) (> 0) is the distribution of the circumferential445

loading per unit surface applied on Σ′
L, assumed equal to:

pΘ(r) =
T

J
r with J =

π

32

(
D4

O −D4
H

)
(36)

where T is the resultant external torque associated to the experimental
conditions.

� B-test: the computational domain is defined by referring to the half-
length region Ω′′ ⊂ Ω shown in Fig. 5. In this case, Σp ≡ Σ′′

l , Σu ≡450

Σ′′
r1∪Σ′′

r2∪Σ′′
m∪Σ′′

s , and the following boundary conditions are enforced:

u · n̂ ≤ 0 on Σ′′
s (37)

u · n̂ = 0 on Σ′′
r1 ∪ Σ′′

r2 ∪ Σ′′
m (38)

p = −(pB cos θ) r̂+ (pB sin θ) θ̂ on Σ′′
l (39)

where the unilateral frictionless constraint u · n̂ ≤ 0 on Σ′′
s models the

simple support zones adopted in the experiments. Moreover, relation-
ship in Eq. (38) enforces symmetry conditions on Σ′′

r1 ∪ Σ′′
r2 ∪ Σ′′

m and
pB (> 0) is the uniform distribution of the vertical loading per unit455

surface applied on Σ′′
l and equal to:

pB =
F

4|Σ′′
l |

(40)

with F being the resultant external force associated to the experimental
conditions, and |Σ′′

l | is the area of the loaded region in the computa-
tional model. The boundary regions Σ′′

s and Σ′′
l are defined in agreement

with the dimensional data furnished in [39], as summarized in Table 3.460
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3.2. Energy-based numerical regularization

Damage-based modelling approaches lead to mesh-sensitive results due to
the phenomenon of strain localization upon mesh refinements. Objective re-
sults can be obtained if a suitable regularization technique is envisaged in the
model [77]. A proper regularization technique has to account for a material465

characteristic length ℓ related to the internal heterogeneity and depending on
the bandwith of the strain localization zones. For brittle materials this latter
can be considered as a characteristic constitutive property of the material
[78]. In this paper, following the approach proposed in [78], a regularization
method based on a mesh-related local modification of material properties has470

been adopted. In particular, the experimental-based values of the ultimate
strength parameters Sα (with α ∈ {rr, rθ, rz, lam}) are corrected under the
constraint that the dissipated energy per unit crack surface Ud equals the
corresponding energy in the discretized model.

As proved in [31], for the damage law given by Eq. (27), Ud is charac-475

terized by a quadratic dependence with respect to the ultimate parameter
Sα, namely Ud = O(ℓ S2

α). As a consequence, the experimentally-obtained
ultimate parameters Sα are replaced, in numerical applications and for each
mesh element, by the corresponding corrected values:

Sα,FE =

√
ℓ

he
Sα α ∈ {rr, rθ, rz, lam} (41)

where he is the element characteristic dimension related to the local mesh480

size and defined as:

he =

{
3
√
Ve if α ∈ {lam}√
An if α ∈ {rr, rθ, rz}

(42)

with Ve being the volume of a mesh element in lamellar bulk regions (namely,
in L) and An is a measure of the area associated to pair surface nodes con-
nected by spring elements and modelling interlamellar interfaces I. In partic-
ular, An is computed as the average area of the lying-on-I faces of elements485

concurring to the nodes [70, 79].
The material characteristic length ℓ is defined as depending on the os-

teonal substructures. In detail, the characteristic length ℓL for the bulk re-
gions is assumed equal to the minimum sublamellar thickness: ℓL = minj δj =
0.2 µm; the characteristic length ℓI for the interfaces is assumed equal to the490

thickness of the interlamellar zone: ℓI = δint = 0.08 µm.
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3.3. Iterative algorithm

The progressive damage within the osteonal structure is simulated by im-
plementing a numerical iterative procedure, addressing a quasi-static load-
controlled incremental approach. Equal loading increments have been applied495

in all previously-introduced loading scenarios, so that at the k-th computa-
tional step the corresponding loading value results in:

in the T-test : p
(k)
T = kp0 (43)

in the Θ-test : p
(k)
Θ (r) = k

T0
J
r (44)

in the B-test : p
(k)
B = k

F0

4|Σ′′
l |

(45)

where p0, T0 and F0 represent the loading increments in the T-, Θ- and B-test,
respectively. Values of p0, T0 and F0 adopted in the numerical simulations
correspond to the ones actually employed in the benchmark experiments500

and are reported in Table 4, together with the corresponding deformation
parameter evaluated for each loading scenario.

Starting from the discretized model of the osteon in the initial configura-
tion, the undamaged stiffness tensors Clam and Kint (see Eqs. (16) and (17))
are assigned to each lamellar or interface element, respectively. The linearly-505

elastic problem at k-th computational step is solved by disregarding volume
forces and by applying one of the loading values defined by Eqs. (43)-(45)
according to the addressed loading scenario. It is worth observing that when
the B-test is considered, the presence of unilateral frictionless constraints
needs – for each equilibrium step – a further sub-iteration phase in order510

Table 4: Type and values of loading increments applied in the numerical simulations for
the T-, Θ-, and B-tests, in agreement with data provided by [39–41]. The corresponding
deformation parameter evaluated in each case is also reported.

Benchmark test Loading increment Value Deformation parameter

T-test p0 [MPa] 5.0000 Elongation ε [%]
Θ-test T0 [×10−5 Nm] 1.4955 Angle of twist θ [×10−2rad]
B-test F0 [N] 0.1226 Deflection ∆ [µm]
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to detect the portion of the boundary surface Σ′′
s (see Fig. 5) actually en-

gaged in the unilateral contact. Once the solution of linearly-elastic problem
is computed, the actual stress field σ is evaluated at each Gauss point and
it is employed to compute functions Fint, Flam described by Eqs. (21) and
(24), respectively. If local failure occurs nowhere in Ω, namely conditions515

Fint(σ) < 1 and Flam(σ) < 1 contemporary hold within the corresponding
regions, the deformation parameter associated to the particular loading sce-
nario (see Table 4) is computed. On the contrary, if local failure conditions
are detected somewhere in the computational domain, the corresponding lo-
cal material properties are degraded in agreement with Eq. (26). Moreover,520

the same computational step is iteratively repeated until further variations
in the damage pattern are no longer revealed, thus ensuring equilibrium and
compatibility. When this latter circumstance is attained, the subsequent
computational step (namely, the (k + 1)-th one) is performed. On the other
hand, the complete failure is assumed to be reached at the k-th computa-525

tional step if, after a fixed number of repetitions (herein assumed equal to
20), local damage continues to be detected.

4. Results and discussion

4.1. Preliminary convergence results

To validate the regularization technique described in Section 3.2, the os-530

teonal mechanical response has been numerically investigated by using three
different mesh refinements. In detail, in bulk lamellar regions an average
element size equal to δlam, δlam/2 and δlam/3 has been adopted for defin-
ing rough, average and fine mesh, respectively. For the sake of conciseness,
only numerical results relevant to the B-test and implementing the maximum535

principal stress criterion are reported below. Simulations addressing other
loading scenarios and failure treatment showed similar responses.

Panel in Fig. 6 reports the numerically-predicted osteonal mechanical
response in terms of force-deflection curve for the three mesh refinement
levels, and up to the complete failure state. Proposed preliminary results540

clearly prove the effectiveness of the regularization approach presented in
the foregoing. In particular, as a right balance between model accuracy and
computational cost, the subsequent numerical analyses have been conducted
by employing the average mesh refinement.
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Figure 6: Mesh convergence analysis. Numerically-predicted osteonal mechanical be-
haviour in terms of force-deflection curve in the case of the B-test loading condition.

4.2. Osteon mechanical behaviour545

In the following, obtained FE predictions of the osteon mechanical be-
haviour under the herein-considered loading conditions are illustrated and
compared to the available experimental data [39–41]. For each loading sce-
nario, numerical results are provided in terms of:

� response curves associated to applied load vs. the related deformation550

parameter (see Table 4);

� osteon modulus of elasticity (MOE), defined in the following;

� load (FL) and deformation (FD) values at the complete failure state;

� damage pattern, defined as the set of all elements which experienced
interlaminar and/or intralaminar failure up to a given load step.555

In line with the beam theory, and referring to the notation introduced in
Table 4, numerically-predicted MOE values associated to T-, Θ-, and B-test,
respectively, have been computed following the approach adopted by Ascenzi
and coworkers [39–41]. In deatil:
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(a) (b) (c)

Figure 7: Mechanical response of a single osteon in different loading scenarios: (a) T-test,
(b) Θ-test, (c) B-test. In each panel, the present numerical load-deformation curves are
shown in comparison with benchmark experimental results (sources: [40], [41], [39] for the
T-test, Θ-test and B-test, respectively). VM: Von Mises intralaminar strength criterion;
MP: Maximum principal stress intralaminar criterion.

in the T-test : MOET =
p0
ε(1)

(46)

in the Θ-test : MOEΘ =
T0L

Jθ(1)
(47)

in the B-test : MOEB =
F0L

3

48I∆(1)
(48)

where superscript (1) identifies the value of the deformation parameters at560

the first numerical step, and I = J/2 is the moment of inertia along the
radial direction.

Panels in Fig. 7 show the load-deformation curves obtained in the T-test
(Fig. 7(a)), Θ-test (Fig. 7(b)) and B-test (Fig. 7(c)) by employing either the
Von Mises or the maximum principal stress criterion for identifying intralam-565

inar failure conditions. In the same panels, benchmark curves experienced in
the corresponding mechanical tests [39–41] are also plotted. Table 5 reports
predicted values of the osteon modulus of elasticity and failure parameters
for each loading scenario, in comparison with the ones computed from the
experimental curves.570
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Table 5: Values of the osteon modulus of elasticity (MOE), ultimate load (FL) and ultimate
deformation parameter (FD) in T-, Θ- and B-test computed with present model and
compared to benchmark data deduced from experimental curves [39–41, 80]. Experimental
values by Ascenzi et al. [39–41] are given in terms of mean value and standard deviation.
In the case of the Θ-test, reference is also made to average experimental results (reported
in brackets) proposed by Bonfield and Li [80]. VM: Von Mises intralaminar strength
criterion; MP: Maximum principal stress intralaminar criterion.

Test Parameters Ref Experimental values Present model

VM MP

T-test MOET [GPa] 10.84 ± 6.98 9.74
FLT [MPa] [40] 193.48 ± 31.97 190.00 195.00
FDT [%] 3.45 ± 0.38 2.99 3.42

Θ-test MOEΘ [GPa] 17.17 ± 3.35 (5.86) 6.90
FLΘ [×10−5 Nm] [41] ([80]) 31.04 ± 2.77 (28.02) 26.92 29.91
FDΘ [×10−2 rad] 18.09 ± 4.19 (30.21) 26.67 24.78

B-test MOEB [GPa] 3.32 ± 1.20 3.67
FLB [N] [39] 2.61 ± 0.38 2.94 2.94
FDB [µm] 66.01 ± 17.65 65.60 58.24

Present results clearly highlight that the osteon mechanical response up
to the failure and associated to different loading scenarios is accurately pre-
dicted by the proposed approach. The comparative analysis with available
experimental data proves soundness and consistency of numerical predic-
tions, a better accuracy being attained when the maximum principal stress575

criterion is adopted for the intralaminar damage description. The mechani-
cal response of the osteonal structure is well-described not only in the linear
regime, but also when damage onset and evolution arise. In agreement with
experimental evidence, the non-linear branches of curves in Fig. 7 indicate a
rapid evolution of damage mechanisms under almost low loading increments,580

especially for T- and B-test. In the case of a twisting scenario, a more grad-
ual damage evolution is successfully reproduced, corresponding to a larger
load interval between damage initiation and failure.

As data summarized in Table 5 highlight, proposed numerical approach
allows to quantitatively recover the osteon elastic modulus in the linear585

regime, as well as the failure state in terms of load and deformation lev-
els. It should be noted that the little discrepancies between numerical and

28



Figure 8: Damage patterns for a single osteon loaded in tension (T-test), under different
levels of tensile loading per unit surface p in comparison with the experimental result
(Courtesy from [40]). VM: Von Mises intralaminar strength criterion; MP: Maximum
principal stress intralaminar criterion.

experimental data by Ascenzi et al. [41] and relevant to the Θ-test could
be ascribed to possible spurious effects induced by the experimental equip-
ment. In fact, as authors themselves declared, possible drawbacks affecting590

measurements might be associated to end effects produced by the jaws, low
slenderness levels of adopted specimens, and possible occurrence of bending-
torsional coupling induced by the end constraints. As a result, Θ-test ex-
perimental data provided in [41] do not perfectly agree with other available
experimental findings, as those proposed by Bonfield and Li [80], the latter595

being very close to present numerical predictions.
Figures 8 to 10 depict the numerically-experienced damage patterns at-

tained at three different load levels for the T-, Θ- and B-test, respectively.
Exemplary fracture patterns obtained in the corresponding mechanical tests
performed by Ascenzi and coworkers are also shown [39–41]. In detail, pro-600

posed results indicate some aspects affecting microdamage mechanisms. The
onset of damage process, corresponding to the deviation from linearity in
the curves of Fig. 7, is driven by the presence of lacunae, which thereby act
as stress intensifiers. Accordingly, a proper prediction of damage initiation
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Figure 9: Damage patterns for a single osteon loaded in torsion (Θ-test), under different
levels of external torque T in comparison with the experimental result (Courtesy from
[41]). VM: Von Mises intralaminar strength criterion; MP: Maximum principal stress
intralaminar criterion.

and propagation is strictly related to a suitable modelling of lacunar voids.605

Moreover, both the intralaminar and interlaminar failure mechanisms induce
a significant effect in damage propagation. This latter is triggered by the
occurrence of microcracks, and evolves as a consequence of microcrack coa-
lescence, resulting in damage bands diffusing across the interlamellar regions.
The set of damage bands exhibits an ordered arrangement strictly dependent610

on the loading type, in line with the experimental patterns observed by As-
cenzi et al. [39–41]. In particular, the numerically-predicted damage pattern
at the failure state in the case of a torsional load is characterized by a typ-
ical zebra-striped arrangement, with several multiple cracks evolving along
quasi-circumferential directions (see Fig. 9). Such an evidence reproduces615

the experimental findings proposed in [41] and summarized in the Authors’
statement “cracks affected osteons at a variety of levels”. Finally, numerical
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Figure 10: Damage patterns for a single osteon loaded in bending (B-test), under different
levels of the resultant force F in comparison with the experimental result (Courtesy from
[39]). VM: Von Mises intralaminar strength criterion; MP: Maximum principal stress
intralaminar criterion.

simulations indicate that damage prediction is associated to a more ordered
arrangement of bands in the case of maximum principal stress criterion rather
than the Von Mises one.620

4.3. Influence of the mineralization degree

Several evidence proved that biological factors such as ageing or the oc-
currence of diseases affect the structure and composition of bone tissue at
each length scale, mainly causing a decrease in the degree of mineralization
[1, 81]. As a result, bone stiffness reduces and the failure state tends to be625

characterized by higher deformation levels. This occurrence can be experi-
enced both at the macroscale [1] and at the microscale (namely, at the osteon
level) [40].

Present multiscale approach allows to straight account for biophysical al-
terations of bone tissue by varying model parameters with a clear histological630

meaning, thereby not in a phenomenological way. In detail, the alteration
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(a) (b) (c)

Figure 11: Effect of HA volume fraction at the nanoscale on the mechanical behaviour of
a single osteon in different loading scenarios. (a) T-test, (b) Θ-test, (c) B-test.

of the bone mineralization degree can be straightforwardly reproduced by
varying the parameter Φ introduced in Eq. (11). In the following, the MCFs
equivalent properties have been referred to three different values of Φ: 0.20,
0.30, 0.40. The condition Φ = 0.40 can be retained as representative of a per-635

fectly healthy tissue (as previously highlighted), whereas the case Φ = 0.20
corresponds to a low calcified tissue [1, 4]. The variability of Φ has been
prescribed by varying the crystal edge length ℓHA (i.e., along the fibril axis,
Fig. 3), since the values of the other HA-related dimensions lie in a very
limited range [4, 47, 56].640

For the three herein-considered loading scenarios, Fig. 11 reports the
load-deformation curves of a single osteon for different values of Φ. It can
be clearly seen that such a nanostructural parameter deeply affects the me-
chanical response of cortical bone at the microscale. In particular, moving
from Φ = 0.40 to Φ = 0.20, the osteonal stiffness reduces by about 46%,645

43% and 35% for the T-, Θ- and B-tests, respectively. The deviation from
linearity is slightly dependent on the mineralization degree and in each case
it occurs for load levels having the same order of magnitude with respect to
the failure load values. In detail, when Φ reduces, failure states shift towards
both slightly reduced failure loads and higher deformation levels.650
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Proposed results thereby confirm that cortical bone brittleness at the
osteonal level increases with the mineralization degree, in agreement with
available evidence (see e.g. [7, 82]). The slight dependence of the failure load
on Φ can be related to the assumption, justified by the evidence provided
in the available literature (see e.g. [40]), that local strength features are655

practically not affected by Φ.
As a further validation argument, the available experimental data relevant

to tensile tests provided in [40] and associated to the case of “single osteons
at lowest degree of calcification”, are in full agreement with the case Φ = 0.20
depicted in Fig. 11(a).660

Numerically-experienced fracture mechanisms seem to be not significantly
affected, in their onset and evolution, by the mineralization degree. Similar
damage patterns under different values of Φ have been simulated and thereby
they are not herein reported for the sake of compactness.

5. Concluding remarks665

In this paper, the mechanical response of a single osteon under several
loading scenarios has been investigated via a multiscale model, defined in
agreement with histological evidence. All the introduced model parame-
ters have a clear physical meaning and the corresponding values are straight
identifiable by available experimental measurements. Reference is made to a670

typical osteonal geometry, based on a multi-layered arrangement of coaxial
cylindrical lamellae, and accounting for some microstructural details, such as
lacunar voids. Lamellar tissue has been described as an anisotropic material,
whose equivalent constitutive response has been defined via a bottom-up mul-
tistep homogenization technique allowing to account for dominant nanoscale675

mechanisms. As a simplifying assumption, any fluid and viscous effects have
been disregarded.

The influence of interlamellar regions is modelled by introducing equiva-
lent soft interfaces, whose mechanical behaviour is consistently deduced via
a through-the-thickness first order asymptotic expansion.680

By assuming a brittle constitutive response of osteonal constituents, a
progressive stress-driven damage approach has been conceived and imple-
mented via a FE iterative procedure. Proposed model has been validated
by reproducing available experimental set-ups [39–41], resulting in simulated
mechanical response and damage mechanisms of the osteonal models in full685

agreement with the measurements on in-vitro samples.
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The histologically-oriented conception of the proposed model allows to
account for biophysical/biochemical alterations over multiple length scales,
possibly induced by ageing or diseases, by straight varying – consistently with
experimental evidence – values of specific model parameters. For instance, in-690

sights on the microscale mechanical response and failure mechanisms of bone
structures, could be straightforwardly obtained by considering variations in
collagen fibres orientations, thinning of lamellae, increasing in the lacunae
volume fraction, alterations in morphology and shape of HA platelets, as
well as changes in mineralization levels. As an exemplary application, the695

present refined multiscale strategy revealed to be able to successfully describe
osteonal mechanical response by accounting for different mineralization levels
of lamellar tissue.

Avoiding specific phenomenological descriptions, present model can be
considered as suitable for being upscaled at the macroscopic organ level, in700

order to develop refined bone multiscale structural models, wherein subscale
dominant mechanisms are accounted for and are directly related to measur-
able histological properties over multiple length scales. Moreover, present
approach could be successfully exploited in an inverse-like numerical scheme,
in order to give estimates of biophysical/biochemical features in tissue con-705

stituents, thereby contributing to overcoming the limitations of experimental
approaches at low length scales [83–85]. It is worth pointing out that, to up-
scale the model up to the organ level, these perspective steps need to be
coupled with refined experimental investigations and further modelling en-
hancements. In detail, present model may be improved by encompassing710

the trough-the-scales effects induced by less regular geometries and arrange-
ments of the various cortical bone substructures. In addition, possible resid-
ual stress and prestress distributions or subscale inelastic effects, also related
to the non-linear mechanics of collagen fibrils at the nanoscale, could further
enhance the present constitutive description of lamellar tissue, particularly in715

cases where a low bone mineralization level is present. The constitutive de-
scription of interlamellar phases may be further refined by adopting chemical
potential-based hyperelastic approaches (see e.g. [86]), as well as generalized
energetic-based damage descriptions. As regards the modelling of the pro-
gressive failure process, useful information could be gleaned by comparing720

proposed results with the ones obtained through enhancements of damage
theory (e.g., anisotropic description of damage, regularization through non-
local models) and/or through the implementation of the phase-field approach
for fracture. Finally, the interplay among several osteons (separated by ce-
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ment lines, which are very weak interfaces) should be properly assessed, since725

it represents a key property which gives to cortical bone tissue its peculiar
strength and toughness. There is indeed evidence that interfaces at upper
hierarchical levels are able to make the sub-structures flaw tolerant [87, 88],
provided that the interface properties satisfy suitable conditions, as pointed
out in [89].730
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Appendix A. Matrix form of stress and strain transformation ten-
sors

Let {Opqr} and {Op′q′r′} be two different orthogonal cartesian coordi-
nate systems. The positions of axes p′, q′, r′ with respect to axes p, q, r can be
specified by means of three angles Θp, Θq, Θr, taken positive in the counter-745

clockwise direction, representing the angles of consecutive rotations of primed
system {Op′q′r′} about the p, q, r axes, respectively. In present model, for
the j-th sublayer constituting a given lamella, it results Θp = χj, Θq = 0
and Θr = ψj, respectively. Moreover, let symbols ch = cosΘh, sh = sinΘh

(h ∈ {p, q, r}) be introduced for the sake of compactness. Thereby, the ma-750

trix representations of tensors Tj and Dj employed in Eq. (15) result from
[51]:

[Tj] = [Tp
j ] [T

q
j ] [Tr

j ] (A.1)

[Dj] = [Dp
j ] [D

q
j ] [Dr

j ] (A.2)
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where:

[Tp
j ] =


1 0 0 0 0 0
0 c2p s2p 2cpsp 0 0
0 s2p c2p −2cpsp 0 0
0 −cpsp cpsp c2p − s2p 0 0
0 0 0 0 cp −sp
0 0 0 0 sp cp

 (A.3)

[Tq
j ] =


c2q 0 s2q 0 2cqsq 0
0 1 0 0 0 0
s2q 0 c2q 0 −2cqsq 0
0 0 0 cq 0 −sq

−cqsq 0 cqsq 0 c2q − s2q 0
0 0 0 sq 0 cq

 (A.4)

[Tr
j ] =


c2r s2r 0 0 0 2crsr
s2r c2r 0 0 0 −2crsr
0 0 1 0 0 0
0 0 0 cr −sr 0
0 0 0 sr cr 0

−crsr crsr 0 0 0 c2r − s2r

 (A.5)

[Dp
j ] =


1 0 0 0 0 0
0 c2p s2p cpsp 0 0
0 s2p c2p −cpsp 0 0
0 −2cpsp 2cpsp c2p − s2p 0 0
0 0 0 0 cp −sp
0 0 0 0 sp cp

 (A.6)

[Dq
j ] =


c2q 0 s2q 0 cqsq 0
0 1 0 0 0 0
s2q 0 c2q 0 −cqsq 0
0 0 0 cq 0 −sq

−2cqsq 0 2cqsq 0 c2q − s2q 0
0 0 0 sq 0 cq

 (A.7)
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[Dr
j ] =


c2r s2r 0 0 0 crsr
s2r c2r 0 0 0 −crsr
0 0 1 0 0 0
0 0 0 cr −sr 0
0 0 0 sr cr 0

−2crsr 2crsr 0 0 0 c2r − s2r

 (A.8)
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verse identification of constitutive parameters from the structure of soft
tissues. Part 1: micro-and nanostructure of collagen fibers, Biomechanics
and Modeling in Mechanobiology 17 (4) (2018) 1011–1036.

[84] M. von Hoegen, M. Marino, J. Schröder, P. Wriggers, Direct and in-995
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