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STATIONARY MEAN FIELD GAMES ON NETWORKS
WITH STICKY TRANSITION CONDITIONS

JULES BERRY'® AND FaB1O CAMILLI®®

Abstract. We study stochastic Mean Field Games on networks with sticky transition conditions.
In this setting, the diffusion process governing the agent’s dynamics can spend finite time both in
the interior of the edges and at the vertices. The corresponding generator is subject to limitations
concerning second-order derivatives and the invariant measure breaks down into a combination of
an absolutely continuous measure within the edges and a sum of Dirac measures positioned at the
vertices. Additionally, the value function, solution to the Hamilton-Jacobi-Bellman equation, satisfies
generalized Kirchhoff conditions at the vertices.
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1. INTRODUCTION

The theory of Mean Field Games (MFG in short), introduced in [1, 2], considers differential games as the
number of agents approaches infinity. The adaptation of the MFG theory to network has been considered in
[3-6]. It revolves around a PDE system comprising two differential equations: a Hamilton-Jacobi-Bellman equa-
tion and a Fokker—Planck equation, each defined within the network’s edges. These equations are complemented
with appropriate boundary conditions, as well as initial-final conditions for evolutive problems, and transition
conditions at the vertices. The transition conditions are pivotal both in modeling, describing how agents behave
upon reaching a vertex, and theoretically, ensuring the problem possesses properties that allow it to be studied,
for example the Maximum Principle for the Hamilton-Jacobi-Bellman equation.

In previous research on MFG on networks, the vertex transition condition for the Hamilton-Jacobi-Bellman
equation typically adheres to the classical Kirchhoff condition. This condition implies that the agent spend
zero time at the vertices and enter one of the adjacent edges with a probability determined by specific coef-
ficients, as dictated by the associated Markov process. In terms of duality, the vertex transition condition for
the Fokker—Planck equation aligns with flux conservation principles. These conditions collectively indicate that
the distribution of agents remains absolutely continuous, with no mass concentration occurring at the vertices.
Nevertheless, in various physical models implemented on networks, such as those dealing with traffic flow or data
transmission, congestion at vertices is a common occurrence. This congestion arises from the delay in distribut-
ing agents, whether they be vehicles or data packets, along the corresponding incident edges. Consequently,
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2 J. BERRY AND F. CAMILLI

it becomes important to develop a mathematical framework that can capture and describe these congestion
phenomena.

In the unidimensional setting, sticky diffusion processes were first considered by Feller [7, 8] through the
semigroup approach by adding a second order term in the boundary condition defining the domain of the
infinitesimal generator. The name sticky is motivated by the fact that these processes have a strictly positive
occupation time on the boundary. A fundamental example is the sticky (reflected) Brownian motion. It was
proved in [9] that it can be obtained by slowing down a reflected Brownian motion. In addition, a characterization
in terms of a stochastic differential equation was obtained in [10, 11]. These results were then extended to
general diffusion processes in [12]. Sticky processes have for instance found applications to operations research
[13], finance [14] and epidemics models [15]. Recently, their analogues on networks have been studied in [16-20].

In our investigation, we explore MFG on networks governed by such sticky diffusion processes. Unlike the
nonsticky diffusion processes governed by Kirchhoff conditions, stickiness leads to an accumulation of agents
at the vertices and their distribution across the network splits into two distinct components. One component
is absolutely continuous along the arcs, while the other concentrates at the vertices. We demonstrate that the
stationary distribution of the sticky process can be characterized similarly to the problem discussed in [3] for
the absolute continuous component inside the edges, while the singular part is represented as a sum of Dirac
masses at the vertices with coefficients proportional to the stickiness of the process. A similar decomposition
has also been observed in [21-23].

Once the characterization of the stationary distribution is obtained, we turn to the study the well-posedness
of Hamilton-Jacobi equations associated to discounted infinite horizon and long-term averaged optimal control
problems of the sticky diffusion process. In order to identify the appropriate transmission condition to impose
at vertices, we establish a verification theorem for the Hamilton-Jacobi equation associated with a discounted
infinite-horizon optimal control problem with bounded controls, utilizing the It formula as described in [12, 20].
The correct condition turns out to be a generalized Kirchhoff condition incorporating the stickiness coefficient
and the cost incurred at the vertices. Differential equations on networks with generalized transition conditions
at the vertices have been also studied in [24-26].

Subsequently, we demonstrate the existence of solutions for the stationary Mean Field Game system through
a fixed point argument, supplemented by establishing uniqueness leveraging a classical monotonicity assumption
on the cost. In examining the Mean Field Games system, a pivotal aspect is the duality between the linearized
Hamilton-Jacobi-Bellman equation and the Fokker—Planck equation, which is satisfied also in this case.

The paper is structured as follows. Section 2 provides basic definitions for functions on networks and related
functional spaces. Section 3 examines diffusion processes on networks and the Fokker—Planck equation for
the corresponding stationary distribution. In Section 4, we focus on the Hamilton-Jacobi-Bellman equation
associated with discount and ergodic control problems. Lastly, Section 5 presents the proofs of the main results
concerning the existence and uniqueness for the Mean Field Game system.

2. NETWORKS AND FUNCTIONS SPACES

This section presents the basic notions and properties of a network and some function spaces associated to
it [3, 4, 6]. We consider a finite set V of points in R? which will be the set of vertices of the network. We then
consider a subset P C V x V satisfying

e if veVthen (v,v) ¢ P,
e for every vi € V, there exists a vo € V such that either (v1,ve) € P or (ve,v1) € P.

We say that v is a boundary vertex if there a unique v € V for which either (v,v) or (v,v) belongs to P and we
denote with AV the set of the boundary vertices. We define the set of edges of the network £ as the set of all
segments between the two points of a pair in P

E={{vi+(1—0)vy: 0€[0,1]}: (vi,12) € P}. (2.1)
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Since £ is a finite collection of subsets of R?, we can index it by a finite set A so that & = {I', C R?: a € A},
each T',, being one the the segments defined in (2.1). Finally the network is given by I' = U, 4T and we endow
it with the topology induced by the geodesic distance on I'. In all of this work we assume that the network I"
is connected.

For v e V, we define A, = {a € A :v €T}, that is the set of all indices o € A such that the vertex v belongs
to the edge I',,. We assume that, for each pair o, 8 € A with a # 3, one has I', N T'g = {v} whenever «, 3 € A,
and I'y, NT'3 = @ otherwise. Let T'y, be the edge with vertices v; and v;. We denote by L, € (0,00) the length
of the edge and we define a unit vector e, = (v; —v;)/Lo. Then I', admits a parametrization 7y : [0, Ly] — Ty
defined by 7, (s) = v; + seq.

To a function v : I' — R, we associate the function u, : (0, L,) — R, a € A, defined by

ua(y) = (uoma)(y), forevery y € (0, La).

For z € T, we set

Uy 0 T, 1 () forz e Ty \V,
U|r, (:C) = hmy%O‘*’ ua(y) if @ = m(0), (2.2)

limy_w; ua(y) if 2 =mo(La),

if the previous limits exist.

For every Borel set A € B(I'), we define the Lebesgue measure of A by Z(A) = > 4 Ta# La(ANT,) where
£, is the usual one dimensional Lebesgue measure on [0, L,]. Clearly £ (T') = > 4 La. For a Z-integrable
function f :I' — R we then have

[ 1@ = [ @) #(an = 3

acA

Lo
|ttt Zotar) = 3 [ 1) o

acA’0
We denote by €(I") the space of continuous real valued functions on I', which is a Banach space when equipped

with the norm |[ul¢ ) = supger [u(@)|. It is also convenient to allow functions to be discontinuous at the
junctions but continuous in each edge. We first define

PCT)={u:T - R: u, € ¥(0,L,) and the limits in (2.2) exist for each a € A}.
endowed with the norm of uniform convergence on each edge
”uHPC(I‘) - max HUQHLOO((O,LQ)) )
We then consider the following equivalence relation
Vu,v € PC(T)  (u~v) < (ua(x) =v4(x), Vo € (0, Ly), Va € A),
and finally we define PC(T") = PC(T")/ ~. We observe that PC(I") with the induced norm is a Banach space.
, for

We also denote by PC*(T") ¢ € (0,1] the subspace of all u € PC(T") such that u, € €°(]0, Ly]) for all a € A,
i.e. such that

sup M<oo for all a € A.

z,y€[0,L4] |z —y[*
TFy
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For z € T, a € A, we define the derivative of u at € 'y, \ V as the directional derivative

o u(zthey) —u(x) L ug(my (@4 hey)) — ua(myt(2))
Ourul) = iy h = B |

Higher order derivatives are defined in the same way. At the vertices, we define d,u(v) as the outward directional
derivative of u at v € V for each a € A,, i.e.

Buuls) = limy, o e(Q-ta(h) if v = 74(0),
o T | dimyyo belle)=talba=h) ey, — 2o (L)
10 h et a)s

when the above limits exist. Notice that if we define

= {1 if v=m4(La), (2.3)

then Oau(v) = ny 0 0us(m5(v)).
For every integer k > 1, the function space

EFI) ={ueCT): uq € €*([0,La]), Ya € A},

equipped with the norm ||ullgu iy = >qc a2 0<j< HajuaHLw(O L. is a Banach space. We will also need to
consider Hoélder continuous functions on I'. For each k € N and ¢ € (0, 1] we define

T () = {uec e I): l[ullgn sy < oo}, (2.4)

where

k, g k max u .
Ehe) e €A 5 ye[0,La] |z —y[*
TFy

For p € [1, 00], we denote by LP(T") := LP(T", B(T"),.Z) and we notice that

IPM)={u:T - R: u, € LP(0, L) for every o € A}.

1
with the equivalent norm ||u||Lp(F) = (ZaEA ||Ua||ZL)p(o,La)) " for 1 < p < oo and ||U||Loo(r) =
maxXeqe A Hua”LOC(O,L,,)' For any integer k > 1 and every p € [1, 0], we define the Sobolev space

WhP(T ={uell’T): uq € WHrP((0, Ly)), Yo € A}

endowed with the norm |[u|y v, = (||uH’£,,(F + ZJ 1|67 uHLp(F) v for 1 < p < oo and [|ullyrce = ufl ooy +
& ,
2 =1 HaJ“HLw(r)'

We also consider Sobolev space with prescribed value at the vertices. For a given set of strictly positive real
numbers v = {7y, o € (0,+0) : v € V,a € A,}, we define

U|r, (V) _ Urg (V)

VIP() = {u e WFP(D) :
Vv, v,

, WweV, Va,B € Av}.
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Moreover if 7, , = 1 for every a € A, and each v € V we simply write V*?(T") and one has the following
identification V*?(I') = € (I') N W¥P(T). These spaces will be alternatively used as the space in which we look
for a solution of a given PDE on T or as a set of test functions. For any k > 1 and every p € [1, 00|, the spaces
WHP(T') and Vvk’p(F) are Banach space and W"2(T") and V,f’z(I‘) are Hilbert space with obvious inner product.
We finally denote by Pi(I') the space of Borel probability measures on I' endowed with the Kantorovich-
Rubinstein metric d; (we refer the reader to [27], Chapter 6 for precise definitions).

3. DIFFUSION PROCESS ON NETWORKS WITH STICKY TRANSITION
CONDITIONS

We introduce diffusion processes on networks with sticky transition conditions, or transition conditions with
spatial delay, at the vertices. We consider the linear differential operator G on I' defined on each edge I', by

Gof () = pad*f(z) + ba(2)0f () forallz e Ty \ V, a € A, f € D(G), (3.1)

with domain

(3.2)

D(G) = {f corry: 9 €M MO+ Paca Hatvadal () =0 } |

forallve V\oV,0,f(v) =0 forallve 9V, a € A,

where b € PC(T"), 7, > 0, fa, oo > 0, @ € A, and ZaeAv HaYva = 1 for all v € V\ 9V (note that G does not
depend on the choice of b in the corresponding equivalence class). According to [28], Theorem 3.1, there exists
a Feller process X, with continuous paths, defined on I with generator G. This process behaves like a standard
unidimensional diffusion while in the interior of the edges and, upon reaching an interior vertex v € V' \ 9V, is
randomly dispatched to another edge. The latter process involves two parameters determined in the domain
(3.2): stickiness 7, which, roughly speaking, prescribes the average time spent by the process at v and the
probability to enter a given edge « € A,, which is given by the quantity f1,%, . Note also that the Neumann
boundary condition imposed on exterior vertices in (3.2) induces an instantaneous reflection of the process. In
full generality, it is also possible to consider sticky behavior on exterior vertices.

The process can be expressed as X (¢) = (z(¢), a(t)) € Ry x A, where « represents the current edge on which
X is located, and x specifies its position along this edge. In the non-sticky case (1, = 0), it was shown in [29] that
the pair (z, ) satisfies a stochastic differential equation with random coefficients. For the sticky case (1, > 0),
Itd6 and McKean [9] demonstrated that the process’s paths can be derived from those of the non-sticky case
through suitable random time changes. For the sticky Brownian motion on networks, we refer to [16-19].

For general diffusion processes, let us first describe the setting considered in [12], where a path-wise charac-
terization of the process associated to G has been obtained for the case of a simple graph I'’ composed of one
vertex V = {0} and two semi-infinite edges & = {I'}, "% }, where I'). = [0, +oc0) and ' = (—o0, 0]. In this case,
we can rewrite the domain of G as

D(G) = {f € 6*() : Gf € €(T°),1G(0) + p10: f(0) +p-0-F(0) = 0} (3.3)

where p1 = p1+70,+ and 04 denote the outward directional derivatives in = 0. The coefficient p+ are the
probability that the process, being at z = 0, enters respectively in I'Y.. By making use of the Ito-McKean
technique, the authors are able to prove the following.

Theorem 3.1 ([12], Thms. 3.2 and 3.3). Assume that ox > 0 and by is uniformly Lipschitz continuous
m Fi.
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(i) Let X(t) be a diffusion associated with the infinitesimal operator G defined in (3.1), (3.3), started at
x € T°. Then there exists a Brownian motion W (t) such that the process X solves the SDE

dX(t) = (b(X(t))dt + cdW (1)) Lix )0} + (P4 — p-)L¥(t,0),
(3.4)
X(0) ==,
where b(x) = by (x) and o = \/2ux for x € T and L*X(-,0) is the local-time of X at 0.
(ii) The pair (X, LX(-,0)) solving the SDE (3.4) is unique in law under the additional constraint
¢
T]LX(t,O) :/ T x(s)=0yds. (3.5)
0

Observe that solutions to (3.4) are not unique. For example, the SDE is satisfied by an undelayed process
(n = 0) since this process spends almost no time at 0. Uniqueness, in weak sense, is recovered adding to the
process the corresponding local time at 0. Notice also that (3.5) implies that the occupation time of the sticky
process at 0 is positive and we recover that it is null in the non sticky case by formally taking the limit n — 0.

The extension of the previous results to the case of a star graph is considered in [20]. Since the behavior of
the process is purely local, the results from [20] can be generalized to general networks and we summarize in
the following theorem the properties that are relevant to this work.

Theorem 3.2. Let X be the Feller process on the network T generated by (3.1), (3.2). Then

(i) there ewxists a one-dimensional Brownian motion W such that, for every T >0, f € €([0,T] x I') with
o f € €([0,T) xT) and d,.f, 92f € €([0,T], PC(T)), and 0 < t < T, we have

f(t, X (t)) = f(0,X(0)) +/O (01 (5, X(5)) + Gaf (s, X(5))) Lix(s)era\vy ds

t
+ 2/ \/ﬁaaxf(svX(s))l{X(s)EFa\V}dWs
0

+ ZA (nvatf(svv) - Z :uo/VV,aaaf(SaV)> dLX(s,v),

vevy a€A,

where, for eachv € V, LX(-,v) is a finite variation process and we use the convention thatn, = 0 if v € OV;
(ii) for every bounded measurable function g: Ry — R we have

t t
/ 9()Lix (o) d5 = 1 / g(5)dLX (s, v).
0 0

We come back to the study of the Markov process associated to (3.1)—(3.2) and we are interested in char-
acterizing the corresponding stationary distribution, i.e. a probability measure m € P;(I") such that (see [30],
Chapter 4 for instance)

/gf(x)m(da:) =0 forall fe D(G).

This characterization was previously obtained in [23]. We include its proof following a slightly different approach
for the sake of completeness. We will show that the measure m splits into an absolutely continuous part and a
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sum of Dirac masses concentrated at the vertices, i.e.

m=m.2+ Z Ty [m]dy, (3.6)
veV\OV

where the density m € V}*(T') is a weak solution (see Def. 3.3 below) to

—pa0?*m(z) — 0 (b(z)m(x)) =0 for all z € Ty, a € A,
mr, (v) _ Mg ()
fam = —2— = T, [m] forall a, 8 € A,, vV \ IV, (3.7)

ZaeAv paOamir, (v) + 1y oamr, (V)b (v) =0 forallv eV,

m>0,1> frmdx =1- Z},Ev\av nT,[m] > 0.
Note that the second line of the previous system define, up to the factors 7,, the coefficients of the Dirac masses
at the vertices.

Definition 3.3. A weak solution to (3.7) is a function m € V;-*(T) such that
/ pudmov +bmdv dz = 0 for every v € VH3(T) (3.8)
r

andm>0,1> [pmde=1- ZvEV\@V nTy[m] > 0.

We refer the reader to [3] for a justification of the weak formulation of (3.7). Recall the notation ~ :=
{(Wa:a€A,veV\IV}

Lemma 3.4. Assume that b € L>(T) and let m € V;*(T) satisfy (3.8). Then there exists a positive constant
C =C(p, ||b]| s s, T) such that

Il < Cllml

Proof. We consider the function ¢ € PC(I') uniquely determined by tr_(v) = %o for every a € A, and
v € V\ IV, 9, is affine if T', N 0V = @ and constant otherwise. Then, the function m1 belongs to V12(T).
Using mi) as a test-function in (3.8), we obtain, for any € > 0,

(1rnin'7)/u\3m|2 dz < / w|moOmoy| + [bm(mdy + Omap)| dz
r r

(3.9)
<C [ jmom| + pmf* do < C (= jomls + Ce ]2
r
As a consequence of the continuous embedding W11(I") < L>°(T") we have
1 1 1 1 1 1
Il L2 < lmlfes [ImllZe < Crllmlig Imliz < Co([0mll g2 + lml[L)> Imll £ - (3.10)

Combining (3.9) and (3.10) and using Young’s inequality we deduce
(miny)pllom|7z < 2(|0m| 7z + Ce [mll7s

where 1 = minge 4 fto > 0. Choosing € small enough we obtain the desired inequality. O
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Lemma 3.5. Let b € PC(T). Then, for every 9 > 0, there exists unique m” € V;*(I') such that m” > 0,
Jr m? dz = 9 and satisfying (3.8). Furthermore, m® = 0 and m? > 0 for 9 > 0.

Proof. From Lemma 3.4 it is clear that m® = 0 is the unique element in V,Yl’2 (T") satisfying the conditions in the
statement. From [3], Theorem 2.7, we know that there exists a unique m! satisfying (3.8) with Jr m!dr = 1.
Moreover we know that m' > 0, in particular T,[m] > 0 for every v € V \ V. Then, setting m? = 9Im?, we
obtain an element in V}#(I') satisfying (3.8), m” >0 and [.m" dz = ¥. O

Proposition 3.6. Let b € PC(T). Then there exists a unique weak solution m € V;2(T) to (3.7).

Proof. For existence, we consider the mapping ®: [0,1] — R, defined by

o) =9+ Z anV[mﬂ]a
veV\oV

where m? is given in Lemma 3.5. We claim that the mapping ® is continuous. Indeed, let (¥5)n>0 be a sequence
in [0,1] converging to some ¢ € [0,1] as n tends to infinity. Using Lemma 3.5, for each n > 0, there exists
m™ € V;*(T') such that [m"dz = 9,, m" > 0 and satisfies (3.8). Using Lemma 3.4, we see that the sequence
(m™),>0 is bounded in V}'2(I') and we may therefore extract a subsequence, which we still denote by m",
converging weakly in V*(T') and strongly in PC(T') to some m € V;*(T) as n tends to infinity. It follows that
m also satisfies (3.8), is non-negative and [mdz = . From uniqueness in Lemma 3.5 we conclude to m = m?”
and that the whole sequence converges to m”. This proves the continuity of the mapping ¥ — m? from [0, 1] to
PC(T"). The continuity of ® then follows from the continuity of PC(T') 3 m — T,[m] € R for every v € V \ V.

Notice that ®(0) = 0 and that ®(9) > o for ¥ > 0 since each m” is strictly positive. From the intermediate
value theorem, we conclude that there exists 9 € [0, 1] such that

D) =9+ Z T, [mﬂ = /Fmﬁ dor + Z T, [mﬂ =1.

VEV\OV vEV\OV

This proves existence.
We now prove uniqueness. Notice first that we cannot have Z‘,GV\ ap Iy [m] = 1 since, otherwise, Lemma 3.5

implies m = 0, which is a contradiction. Let m; and mso be two weak solutions to (3.7). Up to relabelling, we
may assume that

1> > pDm]> > T [ma). (3.11)

veV\oV veV\ov

Set w; = (1 — ZvGV\av n,T, [ml]) m; for ¢ = 1,2. Then w; satisfies (3.7), w; > 0 and [w;dz = 1. From

uniqueness in [3], Theorem 2.7 we deduce that wy = we =: m. In particular

mi= 1= Y nT[mi] | m. (3.12)
veV\oV

From (3.11) we obtain m; < ms and therefore

Z T, [mi] = Z Ty [ma] .

veV\ov veV\oy

Uniqueness then follows from (3.12). O
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Theorem 3.7. The measure m defined by (3.6) is a stationary distribution for the Markov process generated
by (3.1) and (3.2).

Proof. Let f € D(G). Integrating by part and using the fact that m € V,}’Q (T"), we compute

/u32f(

Z/ a0 ful)ma(2) da

acA
==Y palOfa@ma(@ize + 3 / HaOfo(@)0ma (x) da
acA acA

| ¥ Xt dfO)Dlm| + [ o f@)om(z) da.

vEV\OV acA,

Since f € D(G) and m satifies (3.8), it follows that

_/Fgf(x)m /gf ydz— Y nL[m]Gf(v)

veV\oVv

= /F(,uafam+b6fm) do — Z T,[m] (nvgf Z PaVv,a0a f (v ))

veV\ov acA,
O

Remark 3.8. Observe that in the undelayed case, i.e. n, = 0 for every v € V\ 9V, then we recover the stationary
distribution obtained in [3].

Proposition 3.9 (Stability of m). Given b" € PC(T), n € N, let m™ € V.*(T') be the corresponding solution
to (3.7), given by Proposition 3.6. Assume that there exists b € PC(T') such that b7 converges uniformly to b,
for every a € A. Then there exists m € V*(T) such that

{mg — mg  uniformly, for every a € A, (3.13)

m™ = m  weakly in V. *(T).

Proof. We first consider arbitrary subsequences, still denoted by b and m™. We know that m™ > 0 and 0 <
Jom™dxz <1 for every n € N. In particular (m™),en is bounded in L*(T'). It then follows from Lemma 3.4 that
it is also bounded in V,}’Q (T"). We deduce that there exists a strictly increasing map ¢: N — N and m € V,Yl’z(F)

such that m“™ — m weakly in V,}’Q(F) and mL(") — my, uniformly. We can pass to the limit in the weak
formulation (3.8) to deduce that m also satisfies (3.8). In addition we also have

lznlin;o /mL(" dx + Z T [m* /mda:+ Z T,

VEV\OV VEV\OV

This proves that m is a solution (3.7). Since this solution is unique we have proven that every subsequence of
(m™)pen has a further subsequence converging to an unique limit. We conclude that the full sequence converges
to m in the topologies mentioned in (3.13).

O
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Proposition 3.10 (Stability of m). Let (m™),en be a sequence in PC(T") satisfying

m”™ >0 and /m”dx—l— Z nT[m"] =1 forallneN,
r vEV\OY

and converging uniformly to some m € PC(I"). Define (m"),en and m according to (3.6). Then m,, converges
to m in Py(T).

Proof. Notice first that the uniform convergence of m[. to m, implies that m > 0 and that

1= lim /Fm de+ Y nT[m" =/Fmd$+ > nTml.

veEV\AV VEV\OV

It follows that we indeed have m € Py (T'). Let ¢ € Lip(T"), the space of functions from I" to R which are Lipschitz
continuous with respect to the geodetic metric on I'. We compute

/Fw(ff)(m*m")(dx) = /Fw(w)(m(x) —mM@)dz+ Y mp() (Tm] - T[m")

veV\oV

< Nl ipry diam(T) { flm = m™ ey + Y 0y [T[m) = T [m"|
veV\OV

From standard properties of the Kantorovich-Rubinstein metric (see [27], Rem. 6.5 for instance) we conclude
that lim, e d1(m™,m) = 0. O

4. THE HAMILTON-JACOBI-BELLMAN EQUATION

This section is devoted to the study of the Hamilton-Jacobi-Bellman equation entering in the Mean Field
Game system. Moreover, we provide a justification of the transition condition at the vertices by proving a
verification theorem for a discounted infinite horizon optimal control problem, whose dynamics is given by a
controlled sticky diffusion process on the network.

We consider the discounted Hamilton-Jacobi-Bellman equation

—pa0?u(z) + H(x,0u(z)) + Mu(x) = F(z) forallz € Ty \ V, a € A,
up, (v) = ujr, (v) forall a, 5 € A,, veV,

4.1
Yae, HaW,aOau(v) = 0y (0, — Au(v)) for allve V\ 9V, (41)
Oqu(v) =0 for all v € 9V,
and the corresponding ergodic problem
—pa0?u(z) + H(x,0u(z)) +p=F(x) forallz €T, \V, a € A,
ur,, (v) = ujp, (v) forall o, € A,, vE YV, (4.2)
ZaEA‘. ,ua’Yv,aaozu(V) = 77‘»(9v - ,0) for allv e V \ oV, .

Oqu(v) =0 for all v € OV.
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The second line in (4.1) and (4.2) gives the continuity of v at the vertices, while the following two lines are a
generalized Kirchhoff condition at the internal vertices and a Neumann condition at the boundary vertices.
We will make the following assumptions.

(H1) We assume that A > 0 and that, for each v € V\ 0V and a € A,, o > 0, 70 >0, 7, > 0 and 6, € R.

Moreover

Z HaYva =1 forallveV.
acA,

(H2) For each a € A,
e The mapping H,: I'y x R — R, defined by

H(z,p) ifxeTy\V,
Hy(z,p) = lim H(y.p) ifzeV,
y€la\V

is well-defined and continuous; moreover, for each x € T, \ V, the mapping p — H,(z,p) is continuously
differentiable and 0,H, can be extended to a continuous mapping on I',, x R.
e There exists a constant Cy > 0 and ¢ € (1, 2] such that

|Ho(2,p)| < Cq (1 + |p|?) for all (x,p) € Ty x R, (4.3)
|0pHo (2, p)| < Cu (1 + |p|q_1> for all (z,p) € Ty x R, (4.4)
H,(z,p) > Cy |p| — Cy  for all (z,p) €T, x R. (4.5)

(H3) F belongs to PC<(T") for some ¢ € (0,1).
Proposition 4.1. Assume (H1)-(H3). Then, there exists a solution u € €*<(T) to (4.1).
Proof. The following argument was introduced for star-shaped networks in [24] and extended to general networks

with Kirchhoff conditions in [31]. Let us write V.=V \ 9V. Let ®: RV — €2(T") with ®(z) = u*, where

—1160%uZ (x) + Ho(z, 0uZ (z)) + Mz (z) = Fo(z) forallz € Ty \V,
uz(0) = z, if v=7,(0) € V and duZ(0) =0 if v € 9V, (4.6)

(o3

uZ(Lg) = 2y if v=mo(Ls) € Vand OuZ(L,) =0if v € V.

«

System (4.6) is a family of PDEs defined for each edge T',, coupled by means of the boundary value uZ(v) = z,
for all a € A,, v € V. From the standard theory of quasi-linear elliptic equations we know that this mapping is
well-defined and that

max [[ug g2 (o, <€ <|Z|oo +max Falcgo,s([o,La])> :
A straightforward adaptation of [24], Proposition B.1 shows that ® is continuous. We then set

¢ = max { [+ IHCO) e mael0] |
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For every z € RV, one can see that the constant function

PF = maX{K/)\, 151€a5<|z}

is a super-solution to (4.6) for every a € A. From a standard comparison principle in each I'y, we deduce that
u? < ¢ for every a € A. Fix vo € V\ 9V, M = max{K/\, K} and 2° be such that

=M ifv=vw,
20 < M otherwise.
In this case we have ¢ = M for every o € A. Since u7 < ¢20 and u (751 (vo)) = M = ¢ (75 (vp)), it follows

that 7, (vo) is a maximum point of ugf for every a € A,,, and therefore 8u§0 (vo) > 0. Hence, recalling the
definition of K, we have

77»’/\29 + Z ﬂa%,aauéo (7;1(")) > 10y
acA,

An analogous conclusion can be repeated for every v € V. Similarly, if 2° is such that

20=—-M ifv=vy,
29 > —M otherwise.

we obtain, by replacing ¢Z with —¢Z which is a sub-solution to (4.6) for every a € A, that

0 _
nvAZSO + Z /La'Yv,aau(zx (77(11("0)) < nb,.
a€cA,

For each v € V we consider the continuous mapping ¥,: €1 (I') — R defined by

U, (u) = ppAu(v) + Z FaVv,a0ats(V).

acA,

We have proven that, for each v € V, the mapping ¥, o ®: [-M, M]" — R is continuous and satisfies

U,0®(z) >n,0, ifz =M,
U,o0d(z) <nb, ifz =-M.

We can apply the Poincaré-Miranda theorem [32, 33] to the mapping [-M, M]" 5 z +— (¥, 0 ®(z2)),.y € RY
to conclude that there exists z* € [~M, M]¥ such that ¥, o ®(z*) = 1,6, for every v € V. This concludes the
proof. O

To show the uniqueness of the solution to (4.1), we prove a comparison principle.

Definition 4.2 (Sub- and Super-solutions).
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1. We say that u € ¢2(I") is a sub-solution to (4.1) if

— 116 0?u(z) + H(x,0u(z)) + Mu(x) < F(z) forallz € Ty \ V, a € A,
ZaeA., HaVr,a0au(v) < n, (6, — Au(v)) forallve V\ oV,
Oau(v) <0 for all v € OV.

2. We say that v € €2(T) is a super-solution to (4.1) if

—pa0?v(x) + H(z,0v(z)) + Mv(z) > F(z) forallz e T, \V, a € A,
Y acA, PaT,a0av(v) > ny (6, — Av(v)) for allve V\ 9V,
Oqv(v) >0 for all v € OV.

Proposition 4.3 (Comparison principle). Assume (H1)—(H2) and let u, v € €*(T) be sub- and super-solution
to (4.1), respectively. Then u < v in I'. In particular there exists at most one classical solution to (4.1).

Proof. Set w = u —v. Clearly w € €?(I") satisfies

— 10 0?Wa + baOwa + Awe < 0 in (0,L,) for all « € A,
DAWY) + > 4ea HaT,aOaw(v) <0 forallv € V\ 9V, (4.7)
Oaw(v) <0 for all v € 9V,

where
1
bo(z) = / OpHo (2, tua(z) + (1 —t)va(x))dt  for all z € (0, Lq).
0

Let xg be a maximum point of w, such a point exists since I' is a compact metric space and w is continuous
on I'. We may assume that M := w(xzg) > 0, since otherwise there is nothing to prove. Moreover, because of
the strong maximum principle [34], Theorem 3.5 and Hopf’s lemma [34], Lemma 3.4 we know that either w is
constant in 'y, where @ € A is such that zg € T, or 29 € V and d,w(zg) > 0. In the first case, (4.7) directly
yields M < 0, a contradiction. We must therefore have zqg = v € V. Using the same argument for each a € A,
we are left with the case d,w(v) > 0 for every a € A,. In the case where v € 9V, we also directly obtain a
contradiction from (4.7). We are henceforth left with the case v € V'\ 9V. We have

Z Ma’}/v,aaaw(v) >0
acA,

so that (4.7) implies n,AM = n, \w(v) < 0, also a contradiction. We conclude that M < 0 and, in particular,
that u <ovin I O

We now turn to the study of (4.2). As usual, we show existence of a solution passing to the limit for A\ — 0T
in (4.1).

Lemma 4.4. Assume (H1)-(H3) and let u € €%(T) be the solution to (4.1). There exists C; > 0, depending
only on |y, (Bulverow and [ (0)| -, such that

[Aull e < C1 (4.8)
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Proof. Setting C = maxyer |Hq(2,0) — F(z)] and Cy = max{C, max{0, },cv\ov}, we see that the constant func-
tions —C7 /X and C} /A are respectively a sub and a supersolution to (4.1). Hence the results follows immediately
from Proposition 4.3. O

Lemma 4.5. Assume (H1)-(H3) and let u € €*(T') the solution to (4.1). There exists Cy > 0, depending only
on || Fllpoes (|65))vevvov, 1H(0) Lo, Cr, v, T' and g, such that

10ul| .y < Ca.
Proof. Let ¢: I' = R be the unique function affine in I'y, for each o € A, ¢ (v) = 7, for all v € V\ 0V and

a € A, and v, constant if the edge I',, touches the boundary. Multiplying by 4 in the equation satisfied by u
and integrating by parts we obtain

/ Fyde = / (—pd?u(z) + H(z, 0u(z)) + Au(z)) 1 dz
r r

— [ ududw + Hia, 0wy + Nupds = 3 o (a0
I

acA

— / woudy + H(x,0u)y + duyp de — Z My, atbaVr,aOU T, (V)
r

vEV\OY

= / pOudy + H(x, 0u) + Mutpdz — > pfia.afati(v)
r vEV\OV

= / pOudy + H(z, du)y + Ay da + ( Z u(v) = 6,).
r veV\oV

Notice that
0 < minvy < ¢ < maxvy < +o0.

Using (H2) and (4.8), we deduce that there exists a positive constant C' > 0, independent of A, such that

/ 0u|? dz < C (/ |0u| dz + Cy + max |6,| + ||FLOC>
r r v

< O (lloullt 2(T)aD/1 + €y + ma |6y] + | Fll )

The conclusion then follows from Young’s inequality. O

Theorem 4.6. Under assumptions (H1)-(H3), there exists a solution (u,p) € €%°(I') x R to (4.2). Further-
more, this solution is unique up to translation of u by a constant. Finally there exists C > 0, depending only on
[E N oo s (165])vevvov and [|H(-,0)]| o, Cri, v, T and q, such that

10ul o ey + lull iz oy < C-

Proof. The argument follows the lines of [3], Theorem 3.4.
Proof of Existence : For each k € N we set A\, = 27% and consider v}, € €*<(I") the unique solution to (4.1)
with A replaced by Ag. For each k € N there exists zj € T such that minp vy = v(zg) and we set u, = v — v (k).
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Each uy, satisfies

— 16 0?up(x) + H(x, dup(z)) + Mur(z) = F(x) — Myor(zx)
Uk|T,, (v) = Uk|T s (v)
Atk (V) + e, HaVv.adatie(v) = 1 (0, — Mg (1))

forallz e Ty, \ V, a € A,
forall a, 5 € A,, v EV,

4.9
for all v e V\ 9V, (4.9)

Oaur(v) =0 for all v € OV.

In particular, using (H2) and Lemma 4.4, we have

|0%ur| < p=" (|H (2, 0up)| + [F| + Ax (Jue] + ve(zx)])
< (Cr (L4 [0vel") + [ F oo +2C1),

where 1 = minge 4 fto. From Lemma 4.5 we deduce that duy, is bounded in W(T'), uniformly in k.
Let x € T'. Since I is connected and because each vy, is continuous, there exist N € N, (v1,...vy) € YN and
(ag,...,ant1) € ANTL such that

T € Fal,
x€lay,y,

vp €T, NT foralll1 <n <N,

Ant1
and, also using Lemma 4.5,

T v

o)~ wntan)] < [

Taq (T
1

N pron(vn)
21

an (vn-1)

1)
: |Ovk(y)| dy +

|Ove ()] dy}

Tangr (@)
+/ T 0uk(y)| dy < (|0vgl . < Co (T @D/,

;111+1(VN)
It follows that
gl oo < Co Z(T) /9 for all k € N.

This proves that the sequence (uy)ren is bounded in W21(T'). From the continuous embedding W2(T") < ¢1(T)
we deduce from a bootstrap argument that the sequence in also bounded in €?(T).
It follows that, up to extraction of a subsequence, we have

e the sequence (A\pvk(2k))ken converges to some constant p € R,
e the sequence (ug)ren converges in €1 (') to some u, with u € V3°(T),
e the sequence (0%ug)ren converges weakly in LP(T) to 9%u, for any 1 < p < oo.

Passing to the limit in (4.9) we obtain that

Yaca, HaTradau(v) =mn, (6, —p) forallveV\aV,
Oqu(v) =0 for all v € 9V.

In addition, if we fix o € A and consider ¢ € ¥*°(T"), compactly supported in the interior of T',,, we obtain

/(7u82u+H(x,6u))<pdx:/(Ffp)gpdx.
r r
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It follows that

—pud*u+ H(z,0u) = F — p almost everywhere in T\ V.
We then deduce that u € €%<(T") and is a classical solution to (4.2).

Proof of Uniqueness : Let (u1,p1) and (ug, p2) be two solutions to (4.2). Set w = u; — ug and p = p; — pa.
Up to relabelling, we may assume that p > 0. Then (w, p) satisfies

—pa0*wa + boOw, = —p <0 in (0,L,) for all a € A,
WD+ 2oaen, PaTvalaw(v) =0 forallveV\av, (4.10)
Oqw(v) =0 for all v € 0V,

where
1
ba(x)z/ 0, Ho (2, tua () + (1 — oa(2)) dt for all & € (0, L),
0

We first claim that p = 0. Indeed, since w is continuous and I' compact, we may choose zy € argmaxp w. Assume
first that xo belongs to the interior of I'y, for some a € A. Using the optimality conditions at g in (4.10) we
obtain g < 0. Assume now that 2o = v € V. From Hopf’s lemma we know that we must have v € V' \ V. In this
case we have d,w(v) > 0 for all o € A,, so that the junction condition in (4.10) also yields p < 0. This proves
the claim.

Now, from the strong maximum principle, we know that w cannot attain a maximum point outside V unless
it is constant. On the other hand, as a consequence of Hopf’s lemma, if v € V is a strict maximum of w we must
have d,w(v) > 0 for all @ € A, which contradicts the junction condition in (4.10). This concludes the proof. [

4.1. Verification theorem

Following [35], Section III.8, we introduce an optimal control problem for a sticky diffusion process on the
network and we prove a verification theorem for the corresponding value function in term of the solution to
(4.1). Our goal is to provide a justification for the junction condition considered in (4.1) and (4.2). In order to
avoid technicalities, we stick to bounded controls. We consider fio, V.o, 7y as in (HL), the set of controls

A={a:T = R:aePCT), ”aHPC(I‘) < R},
for some positive constant R, and a function b: I' x R — R such that, for every a € A, the function b g in

continuous for the topology of T', X R induced by I" x R. In this case, and for every a € 2, we have that b(-, a(+))
also belongs to PC(I") and we may therefore consider the generator of a sticky Markov process

Gof(x) = a0 f () + b (2, an ()0 f () forallz € Ty, \ V, a € A, (4.11)

with domain

(4.12)

D(ga) = {f € %2(1—‘) : gaf < %(F)’ nvgaf(v) + ZaEAV Ha'Yv,aaaf(V) =0 } .

for all v e V\ OV, 0, f(v) =0 for all v € OV

For every x € T, let X** = X* be the strong Markov process corresponding to G* with initial distribution §,.
Given the cost function £: I' x R — R, continuous in 'y, X R for « € A, F' € PC(T'), and 6, € R for v € V\ 9V,



STATIONARY MEAN FIELD GAMES ON NETWORKS WITH STICKY TRANSITION CONDITIONS 17

define the cost functional J: T' x l — R

+oo
J(z,a) = E, /0 e N [(K(Xa(s),a(X“(s))) + F(X“(s)))l{x(s)¢v}

—+ Z GV]]‘{X"’(S):V}:| dS
veV\OV

)

where A > 0. This defines an infinite horizon optimal control problem where the running cost is given by £ + F
inside the edges and 6, when the agent is at v. Notice the vertex part of the cost is related to the stickiness
parameter 7, through

—+oo —+oo
E. |:0v/ Lixe(s)=ne dS] = OB, [/ e ALY (s,v)]
0 0

where we used Theorem 3.2. In particular, if n, = 0, the contribution of 6, to J(x,a) is null. For each = € T,
consider the value function

V(z) = inf J(z,a). (4.13)

ac

Our goal is to identify V' as the unique solution to the following discounted Hamilton-Jacobi-Bellman equation

—pa0%u(x) + H(z,0u(x)) + Au(z) = F(z) forallz € Ty \V, a € A,

up, (v) = ur, (v) forall o, € A,,veE YV, (4.14)
Yae, HaT.aOau(v) = ny(0, — Au(v)) for all v e V\ 9V, '
Oau(v) =0 for all v € 9V,

where

Hao(a,p) = sup {~ba(z,a)p— la(w,a)}, €A
lal<R

Theorem 4.7. Let u € €*(T") be a solution to (4.14). Then, for every a € A, we have u(zx) < J(x,a). In
particular we have u(x) < V(z).

Proof. Let u € €*(T) be a solution to (4.14) and let a € 2A. Consider X the Feller process generated by (4.11),
(4.12). We define a function f: Ry x I' = R by setting f(t,2) = u(x)e™". Let also (t,),en be a sequence in
R, converging to +o0o. From Theorem 3.2 we deduce that, for every n € N,

Eg[f(tn, X(tn))] = f(0,2) + E; [/0 ’ (0s +G°) f(s, X“(s))l{x(s)gv} ds]

+ Z Ez{/t (nvﬁsf(s,v) — Z ua%,oﬁaf(s,v))dLXa(s,v)}.

vEV\OV 0 a€A,

(4.15)

Notice that, for s > 0 and X%(s) ¢ V,

(@5 +G9)f(5,X%(5)) = [~ Mu(X(s)) + pd*u(X*(5)) + b(X(s), a(X(5))Iu(X ()] e*
> [~Mu(X(s)) + pd*u(X(s)) — H(X(s), 0u(X(s))) — (X (s),a(X"(s)))] e *
= —[F(X%(s)) + U(X"(s),a(X"(s)] e .
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From the junction condition in (4.14) we also have

ﬁvasf(&v) - Z Mayv,aaaf(sav) = ( - nv)\U(V) - Z NaVv,aaau(V))e_ks = _nveve_)\s-

acA, acA,

So that (4.15) and Theorem 3.2 imply

B, (U (00 ] 2 u(e) B, | [ (POX00) 4 (9, aCX D) Lorogvre™ 0

tn
_ Z E., [/ nvﬂve)‘deXa(s,v)}
0

veV\OV

= u(r) — E, [/0 ' (F(X%(s)) +£(X%(s),a(X(s)))) 1{X(s)¢v}e_>‘s ds}

— Z Ez|: GVIL{XH(S)_V}e_’\Sds] .

t
vEV\OV 0

Since u, F' and £(-, a(+)) are bounded, we may apply Lebesgue’s convergence theorem to pass to the limit n — oo
and obtain u(z) < J(x,a). O

To get the reverse inequality, we consider the following assumption

(H4) For each (x,p) € Ty x R, there exists a unique a}, = a(z,p), with |a| < R for every a € A, such that
H&(xvp) = _ba(xa GZ)p - ga(l', a;)

and the map a}: 'y x R — R is continuous.
Proposition 4.8. Assume (H4) and let u € €*(T) be a solution to (4.14). Then u(x) > V(x) for all z € T.
Proof. Using (H4), we have
H(z,0u(z)) = 0pH (z, Ou(z))0u(z) — l(x, a*(x)).
We may consider the generator G* defined as in (4.11) with b replaced by 9, H (-, 0u(-)) and the corresponding

Markov process X*. Then the same computation as in Theorem 4.7 yields

+oo
uw) =, | [ <F<X*<s)>+e<X*<s>,a*<X*<s>>>>uxqgw}eASdS]

—+oo
—As
+ Z Eml/o HVH{XQ*(S):V}e ds

veV\oV

> V(x)
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5. THE MFG SYSTEM

Aim of this section is to study the Mean Field Games model with sticky transition condition at the vertices.
We consider the following MFG system

(1) — pad*u(z) + H(x,0u(z)) + p = Flm] forallz e Ty, \ V, a € A,
ur, (v) = ur, (v) forall a, 5 € A,, vEV,
Z HaV,a0au(v) = n, (6, + Flm](v) — p) for allve V\ oV,
a€A,
Jau(v) =0 for all v € 9V,

/udsz
r

(“’) m=mZ+ Z anv[m](Sv;

veV\ov (51)
—pa0?m(z) — 0 (0, H (z, du(x))m(x)) = 0 forallz ey, a € A,
i (V) = DT ) =: T,,[m)] for all o, B € A,, ve V\ IV,
Vv, W,B
Z palamir, (v) + 1y amyp, (v)Op Hao (v, Qur,, (v)) = 0 Yv eV,
acA,
m >0, 12/mdx:1— Z nT,[m] > 0.
r yEV\OY

In (5.1), the item (i) corresponds to the Hamilton-Jacobi-Bellman equation, (4) to the Fokker—Planck equation.
Recall that this system arises from a Mean Field Game with a long-term average cost [2], where the dynamics of
a typical player are modeled by a sticky diffusion on I'. In this framework, the dynamics behaves as a standard
diffusion within each edge with the agent controlling the velocity. Upon reaching a vertex v, the agent enters the
edge a € A, with probability p,7,« and is subject to stickiness, the latter being quantified by 7,. The mapping
F, called the coupling, encodes the interactions between players through their distribution and 6, is a fixed cost
that the player must pay when at vertex v. We refer the reader to [3, 6] for a formal derivation of the system in
the nonsticky setting.

Note that the coupling and the ergodic constant also appear in the right hand side of the Kirchhoff condition,
in addition to the equation. We observe that, given the solution m of the Fokker—Planck equation inside the
edges with the corresponding transition conditions at the vertices, the measure m is completely determined by
the coefficients T, [m]. Hence we consider as unknows in (5.1) u, p and m.

Theorem 5.1 (Existence of solutions). Assume (H1), (H2) and that F: P1(T") = PC<(T) is continuous and
takes values in a bounded subset of PC*(T). Then there exists a solution (u,p,m) € €*°(T') x R x VJ-*(T') to
the MFG system (5.1).

Proof. The proof follows the by now standard argument for existence in second order MFG and relies on
Schauder’s fixed point theorem. We define

m>0 m‘pa(v) _ m\FB(V)

M:={me PC(T): = s Dlm) forall e, §e Ay,
vEV\IV and [pmdr+ 3 g mTim] =1

Notice that the previous set is a closed convex subset of PC(T'). Let m € M and define m € P;(T") according to
(3.6). Since F[m] € PC<(T") we know from Theorem 4.6 that there exists a unique solution (u, p) € €%<(I') x R
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to (4.2) with F replaced by F[m] and 6, replaced by 6, + F[m](v). From Proposition 3.6 we then know that
there exists a unique weak solution m € V(I') € PC(T') to (3.7). Since m € M, we can define a mapping
O: M — M by setting ®(m) = m. We claim that ® satisfies the assumptions of Schauder’s fixed point theorem
[34], Corollary 11.2.

We first prove that ® is continuous. Let (m™),en be a sequence in M and converging to m € M. Define
m”™ and m according to (3.6). From Proposition 3.10 we know that m™ converges to m in Pi(T"). Since F is
continuous, we deduce that F[m"] converges to F'[m] in PC*(I"). For each n € N, from Theorem 4.6, there exists
a unique solution (u”, p") € ¢*(I') x R to (4.2) with [udz = 0, F replaced by F[m"] and 6, by 6, + F[m"™](v).

We claim that the sequence (p™),en is bounded. Indeed, integrating the equation satisfied by (u”, p™), we
have

01 20) = [ sen(p)pn do < [ u]oPur|+ Cult + 0w ") + Pl d,
I T

From Theorem 4.6 we know that u™ is bounded in W2(I') and that du™ is bounded in L%(T), so that the
right-hand side in the last inequality is bounded. This proves the claim.

By bootstrapping the regularity of 4™ we see that (u"),en is bounded in €*<(T"). We may extract a sub-
sequence converging to a solution (u,p) € €*(I') x R to (4.2) with [udxz = 0, F replaced by F[m] and 6, by
0, + F[m](v). Since this solution is unique we conclude that the whole sequence must converge to (u, p). Then
m" := ®(m") is the unique solution to (3.7) with b replaced by 9,H (-, 0u™). Since duy. converges uniformly
to Our,, and 0,H, is continuous for every o € A, we may apply Proposition 3.9 to conclude that m™ converges
to m = ®(m) in M. This proves the continuity of ®.

The compactness of ® follows from the fact that F takes values in a bounded subset of PC*(T") and the
compact embedding V}-*(T") < PC(T). We can therefore apply Schauder’s fixed point theorem to conclude the
proof. O

We now briefly discuss uniqueness of the solution to (5.1) under monotonicity assumptions on the coupling
cost.

Theorem 5.2. For all for all my, mg € Py(T) with m; = mi$+zvevwv nTy[m;]d,, assume one of the
following assumptions:

(i) the map p— H(x,p) is convex and F is strictly monotone, in the sense that
[ (Flima) = Plma]) = o)) > 0
(i) the map p— H(x,p) is strictly convex and F is monotone, in the sense that
/F(F[mﬂ — Flmg])(m; —my)(dz) >0 for all my, my € P;.
Then there exists at most one solution (u, p,m) € €*°(T') x R x V.1*(T) to the MFG system (5.1).

Proof. Let (u1,m1,p1) and (ug, ma, p2) be two solutions to (5.1) and define m;, i = 1,2, as in (3.6). Set @ =
ul—UQ,ﬁ'lZml—mg, m=mj— Moy and[):pl—pz.
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Integrating the equation satisfied by u against m and using the transition condition for u; and ug, we obtain
/ Fmy] — Flmg)mdz = / (—pd*u+ H(w,0uy) — H(z,duz) + p) mdz
r r

= / noudm + (H(x,0uy) — H(x,0us)) mdx
r

_ Z T,[m] Z Ny, atbaYv,aOaU(V) —|—/ﬁmdm

[vev\av a€A, r

= / noudm + (H(x,0uy) — H(x,0us)) mdx
r

+| X wnm (o (Flm) - Fima )| + [ pmda
[vev\av r

= / noudm + (H(x,0uy) — H(x,0us)) mdx
r

| S ampml (Fmil ) - Fimal ) | + / pia(dz).

LvEV\OV

Using the fact that [ pm(dz) = 0, we conclude that
/F(F[ml] — Flmg])m(dx) = /Fpﬁﬂafr_n + (H(z,0uy) — H(z,dug)) mdax. (5.2)
On the other hand, using @ as a test-function in the equation satisfied by m we obtain
/F 1M + (m10y H (x, 0ur) — mady H(z, dus)) 9t = 0. (5.3)

The rest of the proof follows the usual argument introduced in [2]. Indeed, subtracting (5.3) from (5.2), we
get

0= /F (Flma] — Flmo])(dz)
+ / mq[H (z,0uz) — H(z,0u1) — 0p,H (x, Ouyp)du|dx
+ / mo[H (z,0u1) — H(z, Quz) — 0p,H (x, Qug)du)dz.

Assuming that F' is strictly monotone, the first integral is non negative. By convexity of H and positivity of
m;, the other two integrals are non negative. It follows that m; = my and also u; = us. Recalling (3.6), we also
get my = mo. If F' is monotone, we conclude in a similar way. O

Example 5.3. We give an example of coupling cost satisfying the assumptions of Theorem 5.2. Given m =
mZL+ 3 evay WMo, we define
Fy[m](z) z€T\V,

Flm](z) = {
Fy(Ty[m]) = eV\oV,
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where

/F(FI[ml] — Fr[ma])(m1 —me)(dz) >0
for m; € LY(T), m; > 0,4 =1,2, and Fy : RT — R is an increasing function.
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