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Abstract 

Let L be an abelian number field of degree n with Galois group G. In 
this paper we study how to compute a normal integral basis for L, if 
there is at least one, assuming that the group G and an integral basis 
for L are known. The running time of the algorithm is dominated by 
the time required to compute the unit group of some cyclotomic fields 
and test whether some ideals are principal in these fields. When n is a 
prime power these two tasks can be accomplished quite efficiently 
thanks to recent results of Biasse, Fieker et al. 

1. Introduction 

Let L be a Galois number field and let O  denote its ring of algebraic 
integers. A classical problem of algebraic number theory is to compute a 
normal integral basis for L over ,Q  that is a basis of O  as a Z -module 
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which is made up of all the conjugates of a single algebraic integer, assuming 
that there is at least one. 

Although the theoretical aspects of the question are well understood, the 
effective construction of normal integral basis has been accomplished only in 
few particular cases. 

From a theoretical point of view, the Hilbert-Speiser theorem asserts that 
an abelian number field L admits a normal integral basis if and only if the 
conductor of L is square free. In this case such a basis may be constructed by 
means of Gaussian periods: if we denote the conductor of L by ,f  then 

( ) ( )ff
ζζ LTrQ  generates a normal integral basis for L (see [16, p. 410]). 

From a practical point of view, this is quite unsatisfactory, since we need to 
work in the field ( )fζQ  whose degree ( )fϕ  may be very large in comparison 

to [ ].: QL  Hence the computation of the relative trace might be very 

expensive. 

In [3] the first author and Fieker devised an algorithm to compute a 
normal integral basis in cyclic number fields of prime degree, assuming that 
there is at least one, whose running time is essentially independent of the 
conductor .f  

In [2] the first author and Cangelmi, using a totally different approach, 
dealt with abelian number fields of exponent 2, 3, 4 and 6, and obtained a 
new algorithm whose running time is again independent of the conductor .f  

In this paper we extend the results in [2] to all the abelian number fields 
of finite degree over .Q  The running time of the new algorithm is again 
independent of the conductor .f  

In Section 2 we fix some notation, give some basic results, and reduce 
our problem to that of computing a generator of a certain ideal of the group 
ring [ ]GZ  of the Galois group G of L. 

In Section 3 we construct an explicit homomorphic embedding of this 
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group ring [ ]GZ  into the finite product of (possibly multiple copies of) 

cyclotomic rings of order q, for all the divisors q of n. 

In Sections 5 and 6 we describe the main steps of our algorithm. 

Sections 7 and 8 are essentially a survey of recent results about the 
computation of the unit group and the algorithmic solution of the Principal 
Ideal Problem in cyclotomic fields, which constitute two major ingredients of 
our algorithm. In particular, if one assumes the Generalized Riemann 

Hypothesis, the unit group of the cyclotomic fields of order np  (p prime) 

can be computed quite efficiently for all p and n such that ( ) .162<ϕ np  

This result can be applied to speed up our algorithm when our group G is a p-
group, since in this case all the cyclotomic fields involved have order a 
power of p. 

Finally, in Section 9, we give some explicit numerical examples obtained 
by using the computational algebra program Sage [21]. 

Since the algorithm described in this paper is based upon the theoretical 
frame-work developed in [2] by the first author and Cangelmi, some overlap 
with the previous paper is unfortunately unavoidable. 

2. Notation and General Framework 

From now on, let L be an abelian number field of degree n, let O  be its 
ring of algebraic integers, and let α be a primitive element for the extension 

,QL  so that [ ].α= QL  We can assume that ,O∈α  and we denote the 

minimal polynomial of α over Q  by ( ),xm  which is therefore a monic 

polynomial of degree n with integer coefficients. 

We assume that { }nββ ...,,1  is a known integral basis of ,O  that is a 

basis of O  as a Z -module. We recall that an integral basis can be computed 
(for example) using the algorithms described in [12] and [18]. Chistov [11] 
proved that finding the ring of integers of an algebraic number field is 
polynomial time equivalent to the problem of finding the largest square-free 
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divisor of a positive integer. No polynomial time algorithm is known for the 
latter problem, and probably this problem is no easier than the more general 
problem of factoring integers. 

Let G be the Galois group of .QL  Under the Extended Riemann 

Hypothesis it is possible to compute efficiently G by using the algorithm 
described in [4]. Such algorithm gives us explicitly the action of the elements 
of G on α. So, we let { },...,,1 nggG =  and put ( ),α=α ii g  for 

....,,1 ni =  Without loss of generality we can assume that the conjugates of 

α constitute a basis of L as a vector space over .Q  

Let [ ]GZ  and [ ]GQ  denote respectively the group ring of G over Z  and 

over .Q  The action of G on L can be extended by linearity to an action of 

[ ] [ ]( ),or GG ZQ  setting 

( )∑∑
∈∈

=⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

Gg
g

Gg
g xgaxga ,  

for all ga  in ( ), .resp ZQ  and all .Lx ∈  

We say that L, or ,O  has a normal integral basis when there exists 

O∈θ  such that the conjugates of θ constitute a basis of O  as a Z -module. 
In such a case we call θ a normal integral basis generator. 

If ,O∈θ  then θ is a normal integral basis generator if and only if the 

discriminant of the set ( ) ( ){ }θθ ngg ...,,1  equals the discriminant of L. We 

will need to perform such a check just once, and our algorithm will return θ 
if such a θ exists, and ‘θ does not exist’ otherwise. 

The fact that the conjugates of α constitute a basis for QL  can be 

rephrased by saying that L is free of rank one as a [ ]GQ -module. The integer 

counterpart of this property is given next. 

Lemma 2.1. The field L possesses a normal integral basis if and only if 
the ring O  is free of rank one as a [ ]GZ -module. 
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Assume now that O  has a normal integral basis and that θ is a normal 
integral basis generator, so that [ ] .θ= GZO  

Since ∑ = β= n
i i1ZO  and L is normal, we also have [ ]∑ = β= n

i iG1ZO  

(where this sum is not direct). In other words, the iβ ’s form a set of 

generators of O  as a [ ]GZ -module. We would like to compute a single free 

generator of O  from the given set { }....,,1 nββ  

Let Z∈D  be such that 

[ ] .DG α⊆ ZO  

For instance, we could take D equal to the discriminant of the set 
{ }....,,1 nαα  For the sake of convenience, we put ,Dα=α′  and 

( ) ,Dg iii α=α′=α′  for ....,,1 ni =  

On the one hand, we have [ ] ,α′∈θ GZ  so that ∑ = α′=θ n
i iit1 ,  for some 

.Z∈it  In other words, if we let ∑ == n
i iigtt 1 ,  then we have ,α′=θ t  

where [ ].Gt Z∈  

On the other hand, we can express each element jβ  of the known 

integral basis as a linear combination with integral coefficients of the 
elements ....,,1 nα′α′  In other words, for nj ...,,1=  we can write 

∑
=

α′=β
n

i
iijj b

1
,  (2.1) 

with .Z∈ijb  This is equivalent to say that ,α′=β jj b  where 

[ ]∑
=

∈=
n

i
iijj Ggbb

1
.Z  (2.2) 
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Therefore we have 

[ ] [ ] ,
1

α′⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
=α′= ∑

=

n

j
jbGtG ZZO  

and, since α gives a normal basis for QL  and the same is true for ,α′  

[ ] [ ]∑
=

=
n

j
jbGtG

1
.ZZ  

In conclusion, we have reduced our problem to the problem of finding a 
generator of the ideal of [ ]GZ  generated by the set { }....,,1 nbb  For future 

reference, let us call this ideal I, that is let us define 

[ ]∑
=

=
n

j
jbGI

1
.Z  (2.3) 

We complete our arguments and state the main results of this section in the 
following theorem. 

Theorem 2.2. Let L be an abelian number field, and let I be the ideal of 
[ ]GZ  defined by (2.3). Then, L has a normal integral basis if and only if I is 

principal. More precisely, if L∈α′  is such that [ ]α′= GL Q  and 

[ ] ,α′⊆ GZO  then we have: 

• If θ is a normal integral basis generator, and ,α′=θ t  with [ ],Gt Z∈  

then [ ] .tGI Z=  

• If I is principal and [ ]Gt Z∈  is a generator of I, then α′t  is normal 

integral basis generator. 

Proof. The above arguments show that if L has a normal integral basis 
and θ is a normal integral basis generator, then I is principal and is generated 
by t, which is defined by the relation .α′=θ t  Then, it is easily seen that the 
converse holds true, and that if t is a generator of I, then the element α′t  is 
integral and it is a normal integral basis generator. 
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3. Decomposition of the Group Ring GQ  

We begin by stating a result about rational group rings of finite abelian 
groups, proved by Perlis and Walker in [17] as well as by Higman [15]. 

Theorem 3.1 (Perlis, Walker). Let G be a finite abelian group of order n. 
Then 

( ),qqnq aG ζ⊕≅ | QQ  

where ( )qqa ζQ  denotes the direct sum of qa  copies of ( ).qζQ  Moreover, 

( ),qna qq ϕ=  with qn  equal to the number of elements of order q in G. 

A very enjoyable proof of this result can be found in [19]. However, for 
our purposes, we are going to construct this isomorphism explicitly, and then 
we will restrict it to .GZ  

Following Higman’s approach the idempotent Ge C∈χ  associated to 

any character (representation of degree 1) χ is defined as: 

( )∑
∈

−
χ χ=

Gg
ggGe .1 1  

Let nχχ ...,,1  be the irreducible characters of G, and denote the 

character group by .Ĝ  From now on, we write ie  in place of ,ieχ  for short. 

Extending the characters linearly to the full group ring, we see that any 
element h of GC  admits two unique representations: 

∑ ∑
= =

==
n

i

n

i
iiii ecghh

1 1
,  

and we have the well known decomposition 

.1 neeG CCC ⊕⊕=  

If we denote the character matrix ( ( )) njiji g ...,,1, =χ  of G by A, then we have 
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the following equality: 

.
11

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

nn h

h
A

c

c
 (3.1) 

Conversely, as A is not singular, if the coefficients ( )ic  of an element h of 

GC  are known, we can easily compute the coefficients ( ) :ih  

.
1

1
1

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−

nn c

c
A

h

h
 (3.2) 

Here we can compute directly the inverse of the matrix A, as it is well known 

[20, Lemma C-2.77] that ( ) ( ) ( ) .11 GgGgA ijijij
−− χ=χ=  Hence, we 

have: 

Proposition 3.2. The map nG CC →  which sends h to ( ) ( )( )hh nχχ ...,,1  

is a C -algebra isomorphism, and the associated matrix with respect to the 
bases ( )ngg ...,,1  and ( )nee ...,,1  is the character matrix A. 

Now, we turn our attention back to the group ring GQ  and to Theorem 

3.1. For each irreducible character ,...,,1, nii =χ  let us denote its order in 

Ĝ  by .iq  Therefore ( )giχ  is a root of unity of order iq  for all ,Gg ∈  and 

is a primitive root of unity of order iq  for some .Gg ∈  

Note that if χ is a character of G with values in some Galois number field 
K (actually, some ( ),ζQ  for some root of unity ζ) and σ is an automorphism 

of K, then ( )χσ  is another character of G with values in the same field K. We 

say that iχ  and ,jχ  with values in some K, are algebraically conjugate if 

there exists an automorphism σ of K such that ( ).ij χσ=χ  Thus, iχ  and 

jχ  are algebraically conjugate if and only if they are equivalent over .Q  

However, for our purposes, it is better to think in terms of conjugation rather 
than in terms of equivalence of the associated representations. 
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Let us select from the set { }nχχ ...,,1  a maximal subset of irreducible 

characters such that no one of them is algebraically conjugate to some other. 

Let us assume that rχ  is an irreducible character of G of order ,ro  so 

that rχ  maps GQ  onto [ ].roζQ  If σ is an automorphism of [ ],roζQ  then σ 

sends roζ  to ,s
or
ζ  where ro  and s are coprime, and therefore rχ  to .s

rχ  

Vice versa, if aχ  and rχ  are two characters of G such that s
ra χ=χ  in 

,Ĝ  with ( ) ,1, =ror  then ( ),ra χσ=χ  where σ sends roζ  to s
or
ζ  in [ ].roζQ  

Thus, the computation of a maximal subset of irreducible characters such 
that no one of them is algebraically conjugate to some other can be done by 
applying one of the following methods: 

• For each character χ, remove all co-prime powers of χ from the list; 

• For each character χ, form the orbit of χ under the action of the Galois 
group of [ ],roζQ  and remove all the conjugates of χ from list. 

After rearranging the original set, we can assume that { }kχχ ...,,1  is 

such a subset, where .1 nk ≤≤  

For further reference, for any character which has not been selected, we 
keep track of the selected character which is algebraically conjugate to it, and 
of the automorphism which gives such a relation. Precisely, for any i, where 

,nik ≤<  we take note of the (unique) index ,ik  with ,1 kki ≤≤  such that 

iχ  and ikχ  are algebraically conjugate, and also of the automorphism iσ  

such that ( ) .iki i χ=χσ  

It is easy to see that, for any divisor q of n, the number of irreducible 
characters of order q equals ( )qϕ  times the number of subgroups of G of 

order q, and the maximal number of irreducible characters of order q which 
are not algebraically conjugate equals the number of subgroups of G of order 
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q. In this way, we recover the same arithmetic conditions stated in Theorem 
3.1. 

Summarizing, we have: 

Proposition 3.3. Assume that { }kχχ ...,,1  is a maximal subset of 

irreducible characters which are not pairwise algebraically conjugate. Then, 
the map ( ) ( )kqqG ζ⊕⊕ζ→φ QQQ 1:  which sends h to 

( ) ( )( )hh kχχ ...,,1  is a Q -algebra isomorphism. Moreover, if we let B be the 

matrix made of the first k rows of the character matrix A, then for 

∑ == n
i ii ghh 1 ,  we have ( ) ( ),...,,1 kcch =φ  where 

.
11

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

nk h

h
B

c

c
 (3.3) 

Finally, if ( ) ( ) ( ),...,, 11 kqqkcc ζ⊕⊕ζ∈ QQ  we let ( )ikii cc σ=  for all i 

with ,nik ≤<  and we have ( )( ) ∑ =
− =φ n

i iik ghcc 11
1 ,...,,  where 

.
1

1
1

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−

nn c

c
A

h

h
 (3.4) 

At last, we consider the integral case, by restricting the map defined on 
,GQ  and we obtain: 

Proposition 3.4. The restriction of φ to GZ  gives a Z -algebra 
homomorphism 

[ ] [ ],: 1 kqqG ζ⊕⊕ζψ ZZZ   

which is injective. If ∑ == n
i ii ghh 1 ,  then ( ) ( ),...,,1 kcch =ψ  where 

( )kcc ...,,1  is given by (3.3). If ( ) ( ),...,,1 Gcc k Zψ∈  then ( )( )kcc ...,,1
1−ψ  

∑ == n
i iigh1 ,  where ( )nhh ...,,1  is given by (3.4). 
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Proof. If jχ  is an irreducible character of G and ,...,,1 Z∈naa  then 

( ) [ ]∑∑
==

ζ∈χ=
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
χ

n

i
qiji

n

i
iij jgaga

11
.Z  

This shows that the restriction of φ to GZ  defines an algebra homomorphism 
from GZ  into [ ] [ ].1 kqq ζ⊕⊕ζ ZZ  The other claims follow from 

Proposition 3.3. ~ 

We remark that the homomorphism ψ is not surjective. 

4. Ideals in Products of Integral Domains 

In the next section we are going to exploit Theorem 2.2 and Proposition 
3.4 in order to give an explicit algorithm to find a normal integral basis of L. 
Here we state some other preliminary results. 

Since it is quite difficult to work in [ ],GZ  we will consider the extension 

of the ideal I by means of the homomorphism ψ. Then we would like to 
recover a generator of I starting from a generator of such an extended ideal, 
whenever they exist. 

We first state a simple lemma about product of rings. If Γ is any ring, we 
denote its group of units by ( ).ΓU  

Lemma 4.1. Let Γ be commutative ring which can be expressed as a 
direct product kΓ××Γ=Γ 1  of some rings ,iΓ  where ....,,1 ki =  

• Any ideal J of Γ has the form ,1 kJJJ ××=  where iJ  is an ideal 

of .iΓ  

• An ideal J of Γ is principal if and only if iJ  is principal, for all i; in 

such a case, if Γ= aJ  with ( ) ,...,,1 Γ∈= kaaa  then .iii aJ Γ=  

• If each iΓ  is an integral domain and ,, Γ∈ba  then Γ=Γ ba  if and 

only if there is a ( )Γ∈Uu  such that .uba =  
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• ( )Γ∈Uu  if and only if ( ),...,,1 kuuu =  with ( ).ii Uu Γ∈  

Now we let [ ] [ ]kqq ζ××ζ=Γ ZZ 1  and ( ) ,Γψ= IJ  where I is 

defined by (2.3), and apply the previous lemma to them. The next result 
explains how we can recover a generator of I, when it exists. 

Proposition 4.2. Let I be a principal ideal of [ ] [ ],, GtIG ZZ =  and let 

( ) .Γψ= IJ  Then J is principal, and if ,Γ= dJ  then ( ),1 udt −ψ=  for 

some ( ).Γ∈Uu  

Proof. It is obvious that J is principal, since ( ) .Γψ= tJ  If ,dJ Γ=  

Lemma 4.1 implies that ( ) ,udt =ψ  for some ( ),Γ∈Uu  whence the result. 

 ~ 

The proof of the following proposition is easy. 

Proposition 4.3. Let S be a set of coset representatives for ( )( )GU Zψ  in 

( ).ΓU  Let I be a principal ideal of [ ] [ ],, GtIG ZZ =  and let ( ) .Γψ= IJ  

Then J is principal, and if ,Γ= dJ  then ( ),1 udt −ψ=  for some .Su ∈  

5. Outline of the Algorithm 

Let us assume that L is an abelian number field of degree n with Galois 
group G, and that L is described by giving the minimal polynomial ( )xm  of 

an integral primitive element α, which generates a normal basis for .QL  We 

assume that the Galois group G has been computed, that we know the action 
of its elements on α, and that we have fixed an ordering of them, say 
( )....,,1 ngg  We assume also that an integral basis of O  has been computed, 

and that we have fixed an ordering of its elements, say ( )....,,1 nββ  

We first compute the discriminant D of the conjugates of α, and 
determine .: Dα=α′  We then compute the matrix ( )ijb  defined by (2.1). 

Then we fix an ordering of the irreducible characters iχ  of G, take note 
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of their orders ,iq  and compute the character matrix ( ( )).: ji gA χ=  We 

reorder the characters and extract the matrix B from A, as it is described in 
Proposition 3.3. 

Next, we compute the ideal ( ) ,: RIJ ψ=  which is generated over R by 

( ) ( )....,,1 nbb ψψ  This is done by applying (3.3). Namely, for ,...,,1 nj =  if 

∑
=

=
n

i
iijj qbb

1
,  (5.1) 

then ( ) ( ),...,, ,,1 jkjj ccb =ψ  where 

.

,

,1

,

,1

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

jn

j

jk

j

b

b
B

c

c
 (5.2) 

Then, for each ,...,,1 ki =  we let iJ  be the ideal of [ ]iqζZ  generated 

by the set { }nii cc ,1, ...,,  - in other words, the ideal iJ  is generated by the 

i-th row of the matrix ( ) .Bbij ⋅  

Next we must find, for each ,...,,1 ki =  a generator id  of the ideal ,iJ  

whenever it exists. For this purpose we can use in Sage - for example - the 
function is_principal [22, p. 241] which returns True if the ideal iJ  is 

principal, followed by the function gens_reduced [22, p. 238] which 
expresses iJ  in terms of at most two generators, and one if it is possible. 

Now, note that if an irreducible character iχ  maps I into iJ  and σ is an 

automorphism of ( ),iqζQ  where ,...,,1 ki =  then: 

• ( )iχσ  maps I into ( );iJσ  

• if id  is a generator of ,iJ  then ( )idσ  is a generator of ( ).iJσ  

Therefore the remaining elements nk dd ...,,1+  are obtained by applying to 

each id  all the non-trivial automorphisms of ( ),iqζQ  where ....,,1 ki =  
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Now, Lemma 4.1 tells us that the element ( )nddd ...,,: 1=  generates J. 

We put ( ).: 1 dt −ψ=  In order to recover the standard form of t we just apply 

(3.4). Hence, 

∑
=

=
n

i
iigtt

1
,  (5.3) 

where 

.
1

1
1

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−

nn d

d
A

t

t
 (5.4) 

Let us point out that all these computations are done in ( ),rζQ  where r 

is the exponent of G. Now we let ,: α′=θ t  and we compute the discriminant 

of { }....,,1 θθ ngg  

If ( )θθ nggD ...,,1  equals the discriminant of L and θ is an algebraic 

integer, then θ generates a normal integral basis. 

Otherwise, we ‘adjust’ d by multiplying it by a suitable unit ,Su ∈  and 
then we repeat the last matrix multiplication. Precisely, we first multiply the 
element ( )kdd ...,,1  by a unit ( ) ,...,,1 Suuu k ∈=  then we obtain the 

remaining elements nk dd ...,,1+  by applying to each id  all the non-trivial 

automorphisms of ( ),iqζQ  where ,...,,1 ki =  and finally we apply again 

formula (5.4). In this way, we obtain a new θ and we have now to verify 
whether ( )θθ nggD ...,,1  equals the discriminant of L and it is an algebraic 

integer or not. 

The process must terminate after a finite number of steps, since the 
cardinality of S, i.e. the index ( ) ( )( )GUU ZψΓ :  is finite, by Theorem 6.1 

below. Furthermore, Proposition 4.2 implies that we will surely find a normal 
basis generator in one of these steps, if it exists. 



Computing Normal Integral Bases of Abelian Number Fields 937 

6. Computation of a Transversal for ( )( )GU Zψ  in ( )ΓU  

Our next task is to compute efficiently a set S of coset representatives for  
( )( )GU Zψ  in ( ).ΓU  

6.1. Faccin’s algorithm 

This task could be accomplished, for example, by first computing ( )ΓU  

using standard algorithms in algebraic number theory, then computing 
( )GU Z  by means of the algorithm designed by Faccin [13], and, finally, 

computing the sought set of coset representatives. However, the 
computational effort involved by this method is not justified in this context, 
so we have to revert to a different technique. 

6.2. Buchmann’s algorithm 

Buchmann et al. [10] designed an efficient algorithm allowing one to 
compute the structure of an unknown finite abelian group X, i.e., its invariant 
factors, assuming that a set V of generators is given, and that for Xba ∈,  it 

is possible to compute their product, it is possible to compute ,1−a  and it is 
possible to test the equality .ba =  Buchmann’s algorithm produces a list of 
positive integers kmm ...,,1  with 11 >m  and ( ),11 kimm ii <≤| +  and an 

isomorphism ZZZZ kmmG ××→φ 1:  given in terms of the images of 

the known generators. 

Buchmann’s algorithm requires ( )XVO  group operations and 

stores ( )XO  group elements. 

Once we have expressed X as a direct product of cyclic invariant factors 
we can list easily all its elements, in ( )XO  time. 

In our case ( ) ( )( ).GUUX ZψΓ=  Now, we know a set V of generators 

of ( )ΓU  (they can be computed in Sage - for example - for each iΓ  using the 

function UnitGroup [22, p. 263]). We define the product of two elements 
( )Γ∈Uba,  as their ordinary product in Γ. We define the inverse of an 
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element ( )Γ∈Ua  as its ordinary inverse in Γ. Finally, we decree two 

elements a and b to be equal whenever they are congruent modulo 
( )( ).GU Zψ  To test if two elements of ( )ΓU  are congruent modulo 

( )( )GU Zψ  we must divide a by b and the result must be in ( )( );GU Zψ  but 

this is equivalent to say that ba  lies in ( ),GZψ  i.e. that ( ) ,1 Gba Z∈ψ−  

since both a and b are units of Γ, and thus ba  is a unit of Γ lying in ( ).GZψ  

Buchmann’s seminal algorithm was improved (among the others) by 
Teske [23] and, later on, by Buchmann and Schmidt [9]. 

6.3. A bound on ( ) ( )( )GUU ZψΓ :  

As far as it concerns ( ) ( )( ) ,: GUU ZψΓ  we have the following 

estimate which the first author proved in [1]: 

Theorem 6.1. Let G be a finite abelian group of order n. If qa  stands for 

the number of cyclic subgroups of order q of G, then 

( ) ( )( )
( )

( ) ( ) .:

1

1

−

| |
−ϕ

ϕ

⎟⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜
⎜

⎝

⎛

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

<ψΓ ∏ ∏nq

a

qp
pq

q
n

q

primep

p
qnGUU Z  (6.1) 

In particular, in [1] this bound is computed explicitly when G is an 

elementary abelian p-group, and when G is a cyclic group of order ,np  with 

p prime. 

7. Computation of the Unit Group of the Cyclotomic Fields ( )iqζQ  

A crucial and time consuming part of our algorithm consists in the 
computation of the unit group of the cyclotomic fields ( ) ( )....,,1 kiiq =ζQ  

By Dirichlet’s unit theorem the unit group of ( )nζQ  is equal to the product 
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of a free abelian group of rank ( ) 12 −ϕ n  times the group of n-th roots of 

unity in the field. Although there are several general purpose algorithms to 
compute the unit group of an arbitrary number field, they are applicable in 
practice only to fields ( )nζQ  with .20<n  

7.1. The prime power case 

When n is a prime power ,mp  much more can be said. Let 

,
1
12

1

n

a
n

a

na ζ−
ζ−

ζ=ξ
−

 

where 21 na <<  and ( ) .1,gcd =pa  Let nU  be the group generated by      

–1, nζ  and all the .aξ  Then nU  turns out to be exactly the unit group of 

( )nζQ  if ( ) ,66<ϕ n  and, moreover, if one assumes the Generalized 

Riemann Hypothesis, nU  turns out to be exactly the unit group even for all 

the values of n such that ( ) 162<ϕ n  (refer to [13, Section 2.4.1] for the 

missing details). In practice when n is a prime power and ( ) 162<ϕ n  a set of 

generators of the unit group of ( )nζQ  is known. 

7.2. The remaining case 

When n is not a prime power, Faccin et al. [13, Section 2.4.2] showed 
that the task can be accomplished with some effort by combining an 
algorithm of Greither [14] to compute a subgroup E of finite index of the unit 

group of the maximal real subfield ( )+ζnQ  of ( ),nζQ  with an algorithm due 

to Fieker [7, Section 5.3] to enlarge a subgroup of finite index of the unit 
group of ( )nζQ  incrementally until the full unit group is obtained. By 

exploiting these ideas, Faccin et al. [13, Section 2.4.2] where able to compute 
the generators of the unit group of ( )nζQ  for all ;130<n  the correctness of 

their computations depends again upon the assumption of the Generalized 
Riemann Hypothesis. 
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8. Principal Ideal Testing in the Cyclotomic Fields ( )iqζQ  

The other crucial and time consuming part of our algorithm consists in 
determining whether the ideals iJ  of the cyclotomic fields ( )iqζQ  

( )ki ...,,1=  are principal, and, if this is true, in determining a generator id  

of .iJ  This problem, which is known in the literature as the Principal Ideal 

Problem (PIP), is generally thought to be a quite hard one for arbitrary 
number fields, and indeed some recent cryptographic schemes rely upon its 
difficulty. However, in the recent years a lot of progress has been made 
concerning the algorithmic solution of this problem, especially in the case of 
the cyclotomic fields, which is of our interest. We state here some recent 
results. 

8.1. The L-notation 

Let us introduce first the L-notation, which is widely used when 
analyzing the complexity of these algorithms. Given two constants a and c 
with [ ]1,0∈a  and 0≥c  we define 

( ) ( )( ) ( ) ( ) ,,
1logloglog1 a

K
a

K
K

ocecaL
−ΔΔ+

Δ =  

where ( )1o  tends to 0 as the discriminant KΔ  of the number field tends to 

infinity. When the parameter c is superfluous, we denote by ( )aL KΔ  the 

quantity ( )( ).1, OaL KΔ  

8.2. The contribution of Biasse and Fieker 

The first sub-exponential time algorithm for computing the class group 
of a number field of arbitrary degree is due to Biasse and Fieker [6]. By 
combining this algorithm with Algorithm n. 7 described in [8] one obtains an 
algorithm to solve the Principal Ideal Problem in sub-exponential time in 
arbitrary classes of number fields. In particular, for a prime power 
cyclotomic field K of degree N the Biasse-Fieker algorithm requires time 
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( ) (
( )
),232

132 o

K
NL

+
≈ε+Δ  with 0>ε  arbitrarily small. Here KΔ  

denotes the discriminant of K. 

8.3. The state of the art 

More recently, in [5], Biasse et al. devised an algorithm to solve the 
Principal Ideal Problem in a prime power cyclotomic field K of degree N in 

sub-exponential time ( ) (
( )
).221

121 o

K
NL

+
≈Δ  To our knowledge this is 

the fastest algorithm up to date. 

9. Some Worked Out Examples 

We computed the following examples with the aid of the public domain 
computer algebra system SAGE [21]. 

Example 9.1. Consider the polynomial 101112 8378 xxx ∗−∗+   
6789 88803980003971323080909337498016 xxxx ∗+∗+∗−∗−  

345 *7195883252703653*312567073014244303042444275 xxx −+∗+  

xx ∗+− 3396563423079043710*80739659432652109 2  57564167843+  
.61531059  The discriminant of its splitting field L is 205924456521. A 

generator of a normal integral basis exists in this case, and its minimal 

polynomial is ,1346891112 +−+−+−+− xxxxxxxx  which 

‘resembles’ the 13-th cyclotomic polynomial 9101112 xxxx +++  

++++++ 45678 xxxxx  .123 +++ xxx  

Example 9.2. Consider the polynomial ∗+∗+∗+ 1248580020 678 xxx   

.6271240034407800240326002387800235045 2345 +∗−∗+∗+∗+ xxxxx  
The discriminant of its splitting field L is 1265625. A generator of a normal 
integral basis exists in this case, and its minimal polynomial is 

,134578 ++−−−+ xxxxxx  which ‘resembles’ the 15-th cyclotomic 

polynomial .134578 +−+−+− xxxxxx  



Vincenzo Acciaro and Diana Savin 942 

Acknowledgement 

The authors thank the anonymous referees for their valuable suggestions 
which led to the improvement of the manuscript. 

References 

 [1] V. Acciaro, On the index of the group of units of the integral group ring of finite 
abelian groups, JP Journal of Algebra, Number Theory and Applications 36(3) 
(2015), 201-213. 

 [2] V. Acciaro and L. Cangelmi, A simple algorithm to find normal integral bases of 
abelian number fields of exponent 2, 3, 4 and 6, JP Journal of Algebra, Number 
Theory and Applications 18(1) (2010), 49-65. 

 [3] V. Acciaro and C. Fieker, Finding normal integral bases of cyclic number fields of 
prime degree, J. Symbolic Comput. 30(2) (2000), 129-136. 

 [4] V. Acciaro and J. Klüners, Computing automorphisms of abelian number fields, 
Math. Comp. 68(227) (1999), 1179-1186. 

 [5] J. F. Biasse, T. Espitau, P. A. Fouque, A. Gelin and P. Kirchner, Computing 
generator in cyclotomic integer rings, EUROCRYPT 2017, Springer-Verlag, 
2017, pp. 60-88. 

 [6] J. F. Biasse and C. Fieker, Subexponential class group and unit group computation 
in large degree number fields, LMS Journal of Computation and Mathematics 
17(A) (2014), 385-403. 

 [7] J. F. Biasse and C. Fieker, Improved techniques for computing the ideal class 
group and a system of fundamental units in number fields, Proceedings of ANTS, 
2012. 

 [8] J. F. Biasse, Subexponential time relations in the class group of large degree 
number fields, Advances in Mathematics of Communications 8(4) (2014),       
407-425. 

 [9] J. Buchmann and A. Schmidt, Computing the structure of a finite abelian group, 
Math. Comp. 74(252) (2005), 2017-2026. 

 [10] J. Buchmann, M. J. Jacobson, Jr. and E. Teske, On some computational problems 
in finite abelian groups, Math. Comp. 66(220) (1997), 1663-1687. 

 [11] A. L. Chistov, The complexity of constructing the ring of integers of a global 
field, Soviet Math. Dokl. (English translation) (1989), 597-600. 



Computing Normal Integral Bases of Abelian Number Fields 943 

 [12] H. Cohen, A course in computational algebraic number theory, Graduate Texts in 
Mathematics 138, 3rd corr. print., Springer, Berlin, 1996. 

 [13] P. Faccin, W. A. De Graaf and W. Plesken, Computing generators of the unit 
group of an integral abelian group ring, J. of Algebra 373 (2013), 441-452. 

 [14] C. Greither, Improving Ramachandra’s and Levesque’s unit index, CRM Proc. 
Lecture Notes, vol. 19, Amer. Math. Soc., Providence, RI, 1999, pp. 111-120. 

 [15] G. Higman, The units of group rings, Proceedings of the London Mathematical 
Society (2) 46 (1940), 231-248. 

 [16] W. Narkiewicz, Elementary and Analytic Theory of Algebraic Numbers, 3rd ed., 
Springer, Berlin, 2004. 

 [17] S. Perlis and G. Walker, Abelian group algebras of finite order, Trans. Amer. 
Math. Soc. 68 (1950), 420-426. 

 [18] M. Pohst and H. Zassenhaus, Algorithmic Algebraic Number Theory, 
Encyclopedia of Mathematics and its Applications, 30, Cambridge University 
Press, Cambridge, 1989. 

 [19] C. Polcino Milies and S. K. Sehgal, An introduction to group rings, Algebras and 
Applications, Vol. I, Kluwer Academic Publisher, Dordrecht, 2002. 

 [20] J. J. Rotman, Advanced modern algebra, 3rd ed., Part II, Graduate Studies in 
Mathematics 180, AMS, 2017. 

 [21] W. A. Stein et al., Sage Mathematics Software (Version 8.2), The Sage 
Development Team, 2018, http://www.sagemath.org. 

 [22] W. A. Stein et al., Sage Reference Manual: Algebraic Numbers and Number 
Fields, Release 8.2, The Sage Development Team, 2018. 
http://doc.sagemath.org/pdf/en/reference/number fields/number fields.pdf. 

 [23] E. Teske, A space efficient algorithm for group structure computation, Math. 
Comp. 67(224) (1998), 1637-1663. 

Vincenzo Acciaro: v.acciaro@unich.it 

Diana Savin: savin.diana@univ-ovidius.ro 
dianet72@yahoo.com 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


