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Abstract

Let G = (V, E) be a finite undirected graph. An edge set E' C E is a dominating
induced matching (d.i.m.) in G if every edge in F is intersected by exactly one edge
of E'. The Dominating Induced Matching (DIM) problem asks for the existence of a
d.i.m. in G; this problem is also known as the Efficient Edge Domination problem; it
is the Efficient Domination problem for line graphs.

The DIM problem is NPP-complete even for very restricted graph classes such as
planar bipartite graphs with maximum degree 3 but is solvable in linear time for Pr-
free graphs, and in polynomial time for S s 4-free graphs as well as for Ss 2 o-free
graphs and for S5 » 3-free graphs. In this paper, combining two distinct approaches,
we solve it in polynomial time for S; ; 5-free graphs.

Keywords: dominating induced matching; efficient edge domination; S 1 s5-free graphs; polyno-
mial time algorithm;

1 Introduction

Let G = (V,E) be a finite undirected graph. A vertex v € V dominates itself and its
neighbors. A vertex subset D C V is an efficient dominating set (e.d.s. for short) of
G if every vertex of G is dominated by exactly one vertex in D. The notion of efficient
domination was introduced by Biggs [I] under the name perfect code. The EFFICIENT
DoMINATION (ED) problem asks for the existence of an e.d.s. in a given graph G (note
that not every graph has an e.d.s.)

A set M of edges in a graph G is an efficient edge dominating set (e.e.d.s. for short) of
G if and only if it is an e.d.s. in its line graph L(G). The EFFICIENT EDGE DOMINATION
(EED) problem asks for the existence of an e.e.d.s. in a given graph G. Thus, the EED
problem for a graph G corresponds to the ED problem for its line graph L(G). Note that
not every graph has an e.e.d.s. An efficient edge dominating set is also called dominating
induced matching (d.i.m. for short), and the EED problem is called the DOMINATING
INDUCED MATCHING (DIM) problem in various papers (see e.g. [2] B[4, 5, [6] [7, Ol 10]);
subsequently, we will use this notation instead of EED.
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In [8], it was shown that the DIM problem is NP-complete; see also [2, [7, [IT], [12].
However, for various graph classes, DIM is solvable in polynomial time. For mentioning
some examples, we need the following notions:

Let P, denote the chordless path P with k vertices, say aq,...,ar, and k — 1 edges
aja;ir1, 1 <i <k —1; we also denote it as P = (aq,...,ax).

For indices 7, j, k > 0, let S; ; . denote the graph H with vertices u,x1,...,2;, y1,...,¥;,
21,...,2 such that the subgraph induced by w, z1,...,z; forms a P11 (u,x1,...,2;), the
subgraph induced by w,y1,...,y; forms a Pj11 (u,y1,...,y;), and the subgraph induced
by w,z1,...,2; forms a Pyi1 (u,21,...,2,), and there are no other edges in S; j ; u is
called the center of H. Thus, claw is S1,1,1, and Py is isomorphic to Si_1,0,0-

For a set F of graphs, a graph G is called F-free if no induced subgraph of G is
contained in F. If | F| = 1, say F = {H}, then instead of {H }-free, G is called H-free.

The following results are known:

Theorem 1. DIM is solvable in polynomial time for
(i) S11.1-free graphs [7,
(11) S1,2,3-free graphs [10],

(14i) Sap2-free graphs [9),

(v) Sa.23-free graphs [6],

(vi) Pr-free graphs [3] (in this case even in linear time),

)
)
(iv) Si.4-free graphs [3],
)
)
)

(vii) Ps-free graphs [4).

In [9], it is conjectured that for every fixed i, j, k, DIM is solvable in polynomial time for
Si jk-free graphs (actually, an even stronger conjecture is mentioned in [9]); this includes
Py-free graphs for k > 9.

In this paper we show that DIM can be solved in polynomial time for S; 1 5-free graphs
(generalizing the corresponding result for Pr-free graphs). The approach is based on that
described in [4], i.e. by fixing an edge in the possible e.d.s. and studying the corresponding
distance levels, and is developed thanks to that described in [9} [I0], i.e., by seeing the
problem in terms of “coloring” and defining polynomially many families of feasible partial
colorings. The proposed solution considers a sequence of more and more general instances,
with respect to the assumption that distance levels could be empty, until to consider the
general case. In particular it seems that in view of a possible extension of the result for
S 1 x-free graphs, for k > 6, the main obstacle would be that of solving the very first
instances of the sequence.

2 Definitions and Basic Properties

2.1 Basic notions

Let G be a finite undirected graph without loops and multiple edges. Let V(G) or V
denote its vertex set and E(G) or E its edge set; let n = |V| and m = |E|. For v € V, let



N(v):={u €V :uv € E} denote the open neighborhood of v, and let N[v] := N(v) U{v}
denote the closed neighborhood of v. If zy € E, we also say that z and y see each other,
and if xy ¢ F, we say that x and y miss each other. A vertex set S is independent in G
if for every pair of vertices z,y € S, zy ¢ FE. A vertex set Q) is a clique in G if for every
pair of vertices x,y € Q, = # y, vy € E. For uwv € E let N(uv) :== N(u) UN(v) \ {u,v}
and N[uv] := Nu] U N[v].

For U C V, let G[U] denote the subgraph of G induced by vertex set U. Clearly
xy € E is an edge in G[U] exactly when © € U and y € U; thus, G[U] can simply be
denoted by U (if understandable).

For ACV and B CV, AN B = 0, we say that: AQB if each vertex of A misses
each vertex of B; AQDB if each vertex of A sees each vertex of B; A contacts B if some
vertex of A sees some vertex of B. For A = {a}, we simply denote ADB by a(@B, and
correspondingly A©)B by a0 B, and correspondingly say that a contacts B. If for A’ C A,
A@(A\ A7), we say that A’ is isolated in G[A].

For graphs Hy, Hs with disjoint vertex sets, Hy + Hs denotes the disjoint union of Hy,
Hs, and for k > 2, kH denotes the disjoint union of & copies of H. For example, 2P, is
the disjoint union of two edges.

As already mentioned, a chordless path Py, k > 2, has k vertices, say v1,..., v, and
k — 1 edges vivir1, 1 < i < k — 1; the length of P, is k — 1. We also denote it as
P = (v1,...,v5).

A chordless cycle Cy, k > 3, has k vertices, say v1,...,v;, and k edges v;v;11, 1 <i <
k — 1, and vgvy; the length of Cy is k.

Let K;, i > 1, denote the clique with ¢ vertices. Let K4 — e or diamond be the graph
with four vertices, say vy, ve, v3, u, such that (vy,ve,vs) forms a Py and u(@{vy,ve,vs}; its
mid-edge is the edge uvo.

A butterfly has five vertices, say, vi,vs,v3, V4, u, such that vy, vs,v3,v4 induce a 2P,
with edges v1ve and vsvy (the peripheral edges of the butterfly), and u@{v1,ve, v3, v4}.

We often consider an edge e = uv to be a set of two vertices; then it makes sense to
say, for example, u € e and e N e’ # (), for an edge €. For two vertices x,y € V, let
distg(x,y) denote the distance between x and y in G, i.e., the length of a shortest path
between = and y in G. The distance between a verter z and an edge xy is the length
of a shortest path between z and z,y, i.e., distq(z,zy) = min{distg(z,v) : v € {z,y}}.
The distance between two edges e,¢’ € E is the length of a shortest path between e and
¢, ie., distg(e,e’) = min{distg(u,v) : u € e,v € €'}. In particular, this means that
distg(e,e’) =0 if and only if e N e’ # 0.

An edge subset M C E is an induced matching if the pairwise distance between its
members is at least 2, that is, M is isomorphic to kP, for k = |M|. Obviously, if M is a
d.i.m. then M is an induced matching.

Clearly, G has a d.i.m. if and only if every connected component of G has a d.i.m.;
from now on, connected components are mentioned as components.

Note that if G has a d.i.m. M, and V(M) denotes the vertex set of M then V' \ V(M)
is an independent set, say I, i.e.,

V has the partition V = V(M) U I. (1)

From now on, all vertices in I are colored white and all vertices in V(M) are colored
black. According to [9], we also use the following notions: A partial black-white coloring



of V(@) is feasible if the set of white vertices is an independent set in G and every black
vertex has at most one black neighbor. A complete black-white coloring of V' (G) is feasible
if the set of white vertices is an independent set in G and every black vertex has exactly
one black neighbor. Clearly, M is a d.i.m. of G if and only if the black vertices V(M) and
the white vertices V' \ V(M) form a complete feasible coloring of V (G).

2.2 Reduction steps, forbidden subgraphs, forced edges, and excluded
edges

Various papers on this topic introduced and applied some forcing rules for reducing the
graph G to a subgraph G’ such that G has a d.i.m. if and only if G’ has a d.i.m., based
on the condition that for a d.i.m. M, V has the partition V = V(M) U I such that all
vertices in V(M) are black and all vertices in I are white (recall ().

A vertex v € V is forced to be black if for every d.i.m. M of G, v € V(M). Analogously,
a vertex v € V' is forced to be white if for every d.im. M of G, v ¢ V/(M).

Clearly, if uv € E and if u,v are forced to be black, then uv is contained in every
(possible) d.i.m. of G.

An edge e € F is a forced edge of G if for every d.i.m. M of G, e € M. Analogously,
an edge e € F is an excluded edge of G if for every d.im. M of G, e & M.

For the correctness of the reduction steps, we have to argue that GG has a d.i.m. if and
only if the reduced graph G’ has one (provided that no contradiction arises in the vertex
coloring, i.e., it is feasible).

Then let us introduce two reduction steps which will be applied later.

Vertex Reduction. Let u € V(G). If u is forced to be white, then
(1) color black all neighbors of u, and
(#4) remove u from G.

Let G’ be the reduced subgraph. Clearly, Vertex Reduction is correct, i.e., G has a
d.i.m. if and only if G’ has a d.i.m.

Edge Reduction. Let uwv € E(G). If u and v are forced to be black, then
(7) color white all neighbors of u and of v (other than uw and v), and
(7) remove u and v from G.

Again, clearly, Edge Reduction is correct, i.e., G has a d.i.m. if and only if the reduced
subgraph G’ has a d.i.m.

The subsequent notions and observations lead to some possible reductions (some of
them are mentioned e.g. in [2 [3] [4]).

Observation 1 ([2, B8, [4]). Let M be a d.i.m. of G.

(i) M contains at least one edge of every odd cycle Copy1 in G, k > 1, and exactly one
edge of every odd cycle Cs, Cs, C7 in G.



(ii) No edge of any Cy can be in M.
(7i1) For each Cg either exactly two or none of its edges are in M.

Proof. See e.g. Observation 2 in [3].

In what follows, we will also refer to Observation [ () (with respect to C3) as to the
triangle-property, and to Observation [l (i) as to the Cy-property.

Since by Observation [I] (i), every triangle contains exactly one M-edge, and the pair-
wise distance of M-edges is at least 2, we have:

Corollary 1. If G has a d.i.m. then G is K4-free.

AssUMPTION 1. From now on, by Corollary [, we assume that the input graph is
K ,-free (else it has no d.i.m.).

Clearly, it can be checked (directly) in polynomial time whether the input graph is
Ky-free.

Recall that a d.im. M in G is an induced matching, and the distance between every
pair of edges in M is at least 2 (which is the distance property). By Observation [l (i) with
respect to C3 and the distance property, we have the following:

Observation 2. The mid-edge of any induced diamond in G and the two peripheral edges
of any induced butterfly in G are forced edges of G.

AssUMPTION 2. From now on, by Observation 2] we assume that the input graph is
(diamond,butterfly)-free.

In particular, we can apply the Edge Reduction to each mid-edge of any induced dia-
mond and to each peripheral edge of any induced butterfly; that can be done in polynomial
time.

2.3 The distance levels of an M-edge zy in a Ps

If for xy € E, an edge e € F is contained in every d.i.m. M of G with xy € M, we say
that e is an xy-forced M-edge, and analogously, if an edge e € FE is contained in no d.i.m.
M of G with xy € M, we say that e is xy-excluded. The Edge Reduction for forced edges
can also be applied for zy-forced edges (then, in the unsuccessful case, G has no d.i.m.
containing zy), and correspondingly for xy-forced white vertices (resulting from the black
color of x and y), the Vertex Reduction can be applied.

Based on [4], we first describe some general structure properties for the distance levels
of an edge in a d.i.m. M of G. Since G is (K4, diamond, butterfly)-free, we have:

Observation 3. For every vertex v of G, N(v) is the disjoint union of isolated vertices
and at most one edge. Moreover, for every edge xy € E, there is at most one common
neighbor of x and y.

Since it is trivial to check whether G has a d.i.m. M with exactly one edge, from now
on we can assume that |M| > 2. Since G is connected and butterfly-free, we have:

Observation 4. If |M| > 2 then there is an edge in M which is contained in a P3 of G.



Proof. Let zy € M and assume that xy is not part of an induced Ps of GG. Since G is
connected and |M| > 2, (N(z) UN(y)) \ {z,y} # 0, and since we assume that zy is not
part of an induced P; of G and G is K4- and diamond-free, there is exactly one neighbor of
xy, namely a common neighbor, say z of z and y. Again, since |M| > 2, z has a neighbor
a ¢ {z,y}, and since G is K4- and diamond-free, a, z,y, z induce a paw. Clearly, the edge
za is xy-excluded and has to be dominated by a second M-edge, say ab € M but now,
since G is butterfly-free, zb ¢ E. Thus, z,a,b induce a P3 in G, and Observation @ is
shown. O

Recall [4] for Observation @l Let xy € M be an M-edge for which there is a vertex r
such that {r,z,y} induce a P3 with edge rx € E. By the assumption that zy € M, we
have that x and y are black, and it could lead to a feasible xy-coloring (if no contradiction
arises).

Let No(zy) := {z,y} and for i > 1, let
Ni(zy) :={z € V : distg(z,xy) =i}

denote the distance levels of xy. We consider a partition of V' into N; = N;(zy), ¢ > 0,
with respect to the edge zy (under the assumption that xy € M).

Recall that by ), V = V(M) U I is a partition of V' where V(M) is the set of black
vertices and I is the set of white vertices which is independent.

Since we assume that zy € M (and is an edge in a P3), clearly, Ny C I and thus:

Nj is an independent set of white vertices. (2)

Moreover, no edge between N7 and N is in M. Since N7 C [ and all neighbors of
vertices in [ are in V(M), we have:

Ny is a set of black vertices and G[N3] is the disjoint union of edges and isolated vertices.
(3)

Let My denote the set of edges uv € E with u,v € Ny and let Sy = {uq,...,u;} denote
the set of isolated vertices in Ny; No = V(Maz) U Sy is a partition of Ny. Obviously:

My C M and Sy CV(M). (4)
Obviously, by ([, we have:
Every edge in My is an xy-forced M-edge. (5)

Thus, from now on, after applying the Edge Reduction for Ms-edges, we can assume
that V(My) = 0, i.e., No = Sy = {uy,...,ug}. For every i € {1,...,k}, let u, € N3
denote the M-mate of u; (i.e., wju, € M). Let M3 = {u;u}, : 1 < i < k} denote the set of
M-edges with one endpoint in Sp (and the other endpoint in N3). Obviously, by @) and
the distance condition for a d.i.m. M, the following holds:

No edge with both ends in N3 and no edge between N3 and Ny is in M. (6)



As a consequence of (@) and the fact that every triangle contains exactly one M-edge
(recall Observation [ (i)), we have:

For every C3 abc with a € N3, and b,c € Ny, bc € M is an zy-forced M-edge. (7)

This means that for the edge be, the Edge Reduction can be applied, and from now
on, we can assume that there is no such triangle abc with a € N3 and b,c € Ny, i.e., for
every edge uv € E in Ny:

N(u)NN(v)N N3 =0. (8)

According to ) and the assumption that V(Ms) = 0 (recall No = {uq,...,ux}), let:
Tone = {t € Ny : [N(£) 1 Ny = 1},
T; :=Tone N N(u;), 1 <i <k, and
S3 := N3\ Tone-

By definition, 7; is the set of private neighbors of u; € Ny in N3 (note that u; € T;),
Ty U...UTy is a partition of T, and Ty, U S3 is a partition of 3.

Observation 5 ([]). The following statements hold:
(1

(ii

Forallic{1,...,k}, TNV (M) = {uj}.

For alli e {1,...,k}, T; is the disjoint union of vertices and at most one edge.

S3 C I, i.e., S3 is an independent subset of white vertices.

)
)
(iii) G[N3] is bipartite.
(iv)
)

(v

If a vertex t; € T; sees two vertices in Tj, i # j, 1,5 € {1,...,k}, then uit; € M is
an xy-forced M -edge.

Proof. (i): Holds by definition of T; and by the distance condition of a d.i.m. M.

(7i): Holds by Observation Bl

(i): Follows by Observation [ (7) since every odd cycle in G must contain at least one
M-edge, and by (@).

(iv): If v € S3 := N3\ Tone, i.e., v sees at least two M-vertices then clearly, v € I, and
thus, S3 C I is an independent subset (recall that I is an independent set).

(v): Suppose that t; € T; sees a and b in Ty. If ab € E then ug,a,b,t; would induce a
diamond in G. Thus, ab ¢ E and now, us, a, b, t; induce a Cy in G; by Observation [ (i7),
no edge in the Cy is in M, and by (@), the only possible M-edge for dominating t1a,t1b is
ultl, i.e., tl = u’l Ol

By Observation [l (v) and the Vertex Reduction for the white vertices of S3, we can
assume:

(Al) S3 :(Z), ie., N3=T1U...UTy.

By Observation [l (v), we can assume:



(A2) Fori,j € {l,...,k}, i # j, every vertex t; € T; has at most one neighbor in Tj.

In particular, if for some i € {1,...,k}, T; = (), then there is no d.i.m. M of G with
xy € M, and if |T;| = 1, say T; = {t;}, then wu;t; is an zy-forced M-edge. Thus, we can
assume:

(A3) For every i € {1,...,k}, |T;| > 2.

Let us say that a vertex t € T;, 1 < i < k, is an out-vertex of T; if it is adjacent to
some vertex of T} with j # ¢, or it is adjacent to some vertex of Ny, and ¢ is an in-vertex
of T; otherwise.

For finding a d.im. M with xy € M, one can remove all but one in-vertices; that
can be done in polynomial time. In particular, if there is an edge between two in-vertices
tito € E, t1,t9 € T;, then either ¢1 or to is black, and thus, 7; is completely colored. Thus,
let us assume:

(A4) For every i € {1,...,k}, T; has at most one in-vertex.

Observation 6. If v € N; for i > 4 then v is an endpoint of an induced Pg, say with
vertices v, vy, Vg, V3, V4,05 such that vi,ve,vs,v4,v5 € {z,y} UNy U...U N;_1 and with
edges vv1 € B, vivg € E, vovg € E, v3vy € E, vyvs € E. Analogously, if v € N3 then v is
an endpoint of a corresponding induced Ps.

Proof. If i > 5 then clearly there is such a P;. Thus, assume that v € Ny. Then v; € N3
and vy € Ns. Recall that y,z,r induce a P3. If vor € E then v,v1,v9,7, 2,y induce a
Ps. Thus assume that vor ¢ E. Let vs € Ny be a neighbor of ve. Now, if vz € E then
v,v1, V2, V3, x,r induce a Py, and if vsz ¢ E but vsy € E then v, vy, vy, v3,y, z induce a Py.
Analogously, if v € N3 then v is an endpoint of an induced Ps (which could be part of the
Ps above). Thus, Observation [0 is shown. O

Observation 7. There is no Si1,1 in G[N3] with vertices a,b,c,d and center a such that
deT;, 1<i<k, while no vertex of {a,b,c} belongs to T;.

Proof. Suppose to the contrary that such an Si 11 exists in G[N3]. By Observation[@], the
vertex d is the endpoint of a P5 whose vertices are d, u;, v1, v2, v3 where u; is a neighbor of
d in Ny and every vertex of {v1,v2,v3} belongs to Ny U {x,y}. Since no vertex of {a,b,c}
is adjacent to a vertex of {u;,vi,v9,v3}, it follows that {a,b,c,d, u;,v1,vs,v3} induces a
S11,5 in G with center a, which is a contradiction. O

By Observation [l we have:
Observation 8. Let t; be a vertex of T;. The following statements hold:

(t) If t; € T; is part of an edge in T; and t; has a neighbor in Tj, i # j, then t; has no
other neighbor in N3\ (T; UTj).

(¢1) If t; € T; is not part of an edge in T; and t; has two neighbors in T; U Ty (possibly
Jj =s), then t; has no other neighbors in N3\ (T; U T).



Proof. (i): Without loss of generality, let t1t} € E for t;,t| € T1, and suppose to the
contrary that ¢; has two neighbors ¢; € T;,t; € T}, i # j, i,j > 2. Since G is diamond-free,
tht; ¢ E and tit; ¢ E, and since G is butterfly-free, t;t; ¢ E. But then ti,t],t;,t; (with
center 1) induce an Sy 1 in N3, which is a contradiction.

(74): Now without loss of generality, 1 € T3 is not part of an edge in 77. Suppose to the
contrary that ¢; has three neighbors t; € T;,t; € T}, t;, € T}, (possibly ¢ = j) and h # i, j,
then clearly, t;,t;,t) is independent (else there would be a triangle and thus, an M-edge
in N3 — recall ([@))). But then t1,¢;,t;,t, (with center ¢1) induce an Sy 1,1 in N3, which is
a contradiction. O

Observation 9. Assume that G has a d.i.m. M with xy € M. Then there are no three
edges between T; and Tj, i # j, and if there are two edges between T; and Tj, say tit; € E

and t;t; € E fort;,t, € T; and tj,t; € T} then any other vertex in T; or T} is white.

Proof. First, suppose to the contrary that there are three edges between 77 and 15, say
tity € E, tith € E, and 't} € E for t;,¢;,t! € T;, i = 1,2. Then ¢; is black if and only if
to is white, ¢} is black if and only if ¢} is white, and ¢] is black if and only if ¢ is white.
Without loss of generality, assume that ¢; is black, and ¢5 is white. Then ¢} is white, and
t}, is black, but now, t{ and tJ are white, which is a contradiction.

Now, if there are exactly two such edges between T and Th, say tite € E, t)t), € E,
then again, ¢ or ¢} is black as well as t2 or t} is black, and thus, every other vertex in T

or T is white.
Thus Observation [ is shown. O
By Observation @ we can assume:

(A5) Fori,j € {1,...,k}, i # j, there are at most two edges between T; and Tj.

Then let us introduce the following forcing rules (which are correct). Since no edge in
N3 isin M (recall (@), we have:

(R1) All N3-neighbors of a black vertex in N3 must be colored white, and all N3-neighbors
of a white vertex in N3 must be colored black.

Moreover, we have:

(R2) Every T;, i € {1,...,k}, should contain exactly one vertex which is black. Thus, if
t € T; is black then all the remaining vertices in 7; \ {t} must be colored white.

(R3) If all but one vertices of T;, 1 < i < k, are white and the final vertex t € T; is not
yet colored, then ¢ must be colored black.

Since no edge between N3 and Ny is in M (recall (Gl)), we have:

(R4) For every edge st € E with t € N3 and s € Ny, s is white if and only if ¢ is black
and vice versa.

Subsequently, for checking if G has a d.im. M with xy € M, we consider the cases
Ny = () and Ny # 0.



3 The Case N, =0

Let Ayy = {z,y} UN; UNy U N3 and By, := V \ A;,. In this section we show that
for the case Ny = 0 (i.e., Byy = 0), one can check in polynomial time whether G has a
dim. M with xy € M; we consider the feasible zy-colorings for G[A;,]|. Recall that for
every edge uv € M, u and v are black, for I = V(G) \ V(M), every vertex in [ is white,
Ny = S = {uq,...,ur} and all u;, 1 < i < k, are black, T; = N(u;) N N3, and recall
assumptions (A1)-(A5) and rules (R1)-(R4). In particular, S3 =0, i.e., Ny =T U...UT}.

Clearly, in the case Ny = (), all the components of G[S2 U N3] can be independently
colored. G[{u;} UT;] is a trivial component in G[So U N3] if T;(@T); for every j # i. Obvi-
ously, checking a possible d.i.m. M with xy € M can be done easily (and independently)
for trivial components; for a vertex w, € T; let u;u} € M.

From now on we can assume that every component K in G[S2 U N3] is nontrivial, i.e.,
K contains at least two Tj,T}, i # j which contact to each other. Every component with
at most four Sy-vertices has a polynomial number of feasible xy-colorings. Thus, we can
focus on components with at least five Ss-vertices.

Lemma 1. There is no Ps (t1,ta,t3,t4,t5) in G[N3| with vertices t; € T;, 1 <i < 5.

Proof. Suppose to the contrary that there is a P5 (t1,to, t3,t4,t5) in G[N3] with vertices
t; €T;, 1 <i<05. Let g1 € N7 be an Ni-neighbor of u;, and without loss of generality,
assume that ¢z € E.

Since q1,x,us,uy,t1,t2,t3,t4 (with center g;) do not induce an Sj ;5 in G, we have
qus ¢ E.

Since qi1,x,u1,u3,t3,t4,t5,us (with center ¢;) do not induce an S ;5 in G, we have
qus ¢ E.

Since t4,ts,uq,t3,t2,t1,u1,¢q1 (with center ¢4) do not induce an S;;5 in G, we have
qQuyg € E.

But then ¢1,2,uq,u;,t1,t2,t3,u3 (with center ¢;) induce an S; ;5 in G, which is a
contradiction.

Thus, Lemma [ is shown. O

Lemma 2. If there is a Py (t1,ta,t3), t; € T;, 1 < i < 3, in a nontrivial component of
G[S2 U N3] then there is no other edge tit; € E, t; € T;,t; € Tj, 4,5 ¢ {1,2,3}.

Proof. Suppose to the contrary that there is another edge, say t4t5 € E for t4 € Ty and
ts € Ts. Let ugy € Sy with ugty € E. Let us € Sy with usty € E and let go € Ny be
a neighbor of uy. Clearly, ust; ¢ E for ¢ € {1,3,4,5} and wst; ¢ E for j € {1,2,3,5}.
If up and uy do not have any common neighbor in Ny then there would be an S; ;5 in
G[{z,y} UN;U{ug, us}| with center to. Thus, assume that gouy € E. If {t1,t2, t3}@{t4, 5}
then to, t1,t3, u2, g2, 4, ta, ts (with center t2) would induce an S 1 5. Thus, {t4,t5} contacts
{t1,t9,t3}. Assume without loss of generality that ¢4 is black. Then t5 is white.

Case 1. ty is black.
Then t1,t3 are white, and the only possible edges between {t1,to,t3} and {t4,t5} are
t1t4, t3t4, or t2t5.
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If tots € E then to,11,t3,t5 (with center t2) would induce an S ;1. Thus, by Observa-
tion [T tots ¢ E.

If t1t4 € E and t3ty € E then t4,t1,t3,t5 (with center ¢4) would induce an Sj 1.
Thus, by Observation [1, either t1t4 ¢ E or tsty ¢ E; without loss of generality, assume
that tsty € E and t1t4 ¢ E. But then (¢1,t9,t3,t4,t5) induce a P5 in G[N3], which is a
contradiction to Lemma [l

Case 2. ty is white.

Then t,t3 are black, and the only possible edges between {t1,t2,t3} and {t4,t5} are
t2t4, t1t5, or t3t5.

If toty € E then to,11,t3,t4 (with center t2) would induce an S ;1. Thus, by Observa-
tion [ oty ¢ E.

If t1t5 € E and t3ts € E then ts,t1,t3,t4 (with center ¢5) would induce an Si 1.
Thus, by Observation [1, either ¢1t5 ¢ E or tst; ¢ E; without loss of generality, assume
that tsts € E and t1t5 ¢ E. But then (¢1,t9,t3,t5,t4) induce a P5 in G[N3], which is a
contradiction to Lemma [l

Thus, Lemma 2 is shown. O

Lemma 3. If there is a P3 (t1,to,t3), t; € T;, 1 < i < 3, in a nontrivial component K of
G[S3 U N3] then there are at most polynomially many feasible xy-colorings of K.

Proof. Let K = G[{u1,...,u,} UT1 U...UT,] be a nontrivial component in G[S2 U N3],
and without loss of generality, assume that (t1,to,t3) is a Py with ¢; € T;, 1 < i < 3.
By Lemma B any other T;, ¢ > 4, contacts Ty U T, U T3. If T; contacts a white vertex
t € Ty UTy, UTs, say t;t € E for t; € T;, then t; is forced to be black, and thus, 7T; is
completely colored. Now we consider T; which only contacts a black vertex in 773 UTo UT53.

Case 1. ty is black.

Then let ¢} € Ty and t4 € T3 be black vertices. By Observations [7] and B each of
t},to, th contacts at most two T, i > 4. Thus, there are at most n® feasible xy-colorings
of K. In this case, it can be shown even more, namely | as well as t; have at most
one such neighbor: Suppose to the contrary that tj has two neighbors ¢;,¢;. Then ¢;,t;
are white. Clearly, t;t; ¢ E, and tot; ¢ E, tot; ¢ E (else there is an Sy 1,1 in N3 with
center tg). Clearly, tsth ¢ E (else there is an Sj;; in N3 with center ¢4). But now,
th, ti t, ug, t3, ta, t1,ur (with center ¢5) induce an Sy 15, which is a contradiction. Thus,
there are at most n? feasible zy-colorings of K.

Case 2. ty is white.

Then t1,t3 are black, and let ¢, € Ty be a black vertex. Clearly, t; and t3 have at most
one neighbor in some 7;, and ¢}, has at most two such neighbors. Thus, there are at most
n* feasible xy-colorings of K.

Thus, Lemma [ is shown. O

From now on we can assume:

(A6) Thereis no Ps (t;,t;,tn), ti € Ty, t; € Tj, t, € Tp, in any nontrivial component K of
G[SQ U N3].

We first consider cycles in K: Let (t1, (u1),t],t2, (u2),t5, ... ts, (ug),t)) with h > 2
be a cycle in G[Sy U N3]; if ¢;t; € E then u; is not part of the cycle.
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Lemma 4. Assume that G has a d.i.m. M with xy € M. Then for any cycle (t1, (u1),
thota, (u2),th, ... th, (up),t},) with h > 2 and t;,t; € T; such that tit;11 € E (i + 1 modulo
h), either t; or t; is black, and thus, any other vertex in T; is white.

Proof. Recall Observation [ for » = 2. Now assume that h > 3 and suppose to the
contrary that t; and ¢} are white. Then ¢ is black, t, is white, ¢3 is black and so on until
finally, ¢, is black, ¢, is white and the edge t},t; consists of two white vertices, which is a
contradiction. Thus, either ¢; or ¢/ is black, and thus, any other vertex in 7; is white.

Thus, Lemma Ml is shown. O

Every such cycle in K has at most two feasible xy-colorings. Now, for coloring K,
we start with a cycle C'in K and one of the two feasible zy-colorings of C'. Then every
out-vertex t] € T; having a neighbor in some 7} which is not part of C' is forced to be
white since either ¢; or t; (which are part of the cycle C') are black (and by (A6), the black
vertex of ¢;,t; has no other neighbor in some 7j). This leads to a black-forced neighbor

€Tj, h+1<j<p,of t/, and it continues in the same way with every other contact in
K. For the second feasible zy-coloring of C', it will be done in the same way.

Thus, the DIM problem for K (i.e., there is either a d.i.m. for K or there is a contra-

diction) is solved in polynomial time.

If K has no chordless cycle then DIM for K can be solved in polynomial time since
in this case, K is Ky-free chordal and thus, the treewidth and the clique-width of K is
bounded. In [7], it was mentioned that DIM is solvable in polynomial time for graph
classes with bounded clique-width.

Summarizing, in the case Ny = (), the previous results show that DIM for K has a
polynomial time solution since all the components of G[Sy U N3] can be independently
colored. This leads to:

Theorem 2. If Ny = () then one can check in polynomial time whether G has a d.i.m.
containing xy. [l

4 The Case N, # ()

Recall Ay = {z,y} UN1 UNy U N3 and By := V' \ Ayy,.

Next we show:
Lemma 5. G[Byy \ N4| is Si,1,1-free.

Proof. Suppose to the contrary that there is an Sy 11 in G[Bgy \ N4, say with vertices
a,b,c,d and edges ab,ac,ad € E (i.e., center a). Assume that the minimum distance level
containing a vertex of a,b,c,d is Ny, p > 5, and let z € N,_; be a neighbor of the S 11
and (2, z2,...,2) be a Ps in Gl{z,y} UN; U...U Np_1] as in Observation [6l

First assume that za € E. Since z,a,b,c do not induce a diamond, we have zb ¢ E
or zc ¢ E, and analogously, z,a,b,d as well as z,a,c,d do not induce a diamond. Then
z is adjacent to at most one of b,¢,d, say without loss of generality, zb € E, zc ¢ E,
and zd ¢ E. But then a,c,d,z,29,...,25 (with center a) induce an S5, which is a
contradiction. Thus, za ¢ E.

12



Now, without loss of generality, assume that zb € E. Since z,b,¢,29,...,26 (with
center z) do not induce an Si 5, we have zc ¢ E, and analogously, since z,b,d, 22, ..., 26
(with center z) do not induce an 51,5, we have zd ¢ E. But now, a,c,d,b, 2, 22,23, 24
(with center a) induce an Si ; 5, which is a contradiction.

Thus, Lemma [l is shown. O

4.1 The Case |N,| < 4
Lemma 6. If |[Ny| < 4, then G[Ayy] has at most O(n?) feasible xy-colorings.

Proof. This directly follows by the above structure properties since |Ny| < 4 say N3 =
Ty UT,UT3UTy. In particular, for each (t1,ta,t3,t4) € T1 X To x T3 x Ty, one can assign the
color black to vertices t1, to, t3,t4 (and then assign the color white to the remaining vertices
of Ty UTy, UT5 U Ty), and check if {xy, uity, usta, usts, uats} is a d.i.m. of G[A,,]. O

Lemma 7. If the colors of all vertices in G[Ay,] are fized then the colors of all vertices
i Ny are forced.

Proof. Let v € Ny and let w € N3 be a neighbor of v. Since by (@), every edge between
N3 and Ny is xy-excluded, we have: If w is white then v is black, and if w is black then v
is white. O

Theorem 3. If |[Na| < 4 then one can check in polynomial time whether G has a d.i.m.
containing xy.

Proof. The proof is given by the following procedure:

Procedure 4.1.
Input: A connected (S1,15)-free graph G = (V, E), and
an edge xy € E, which is part of a P3 in G.
Task: Return either a d.i.m. M with xy € M
or a proof that G has no d.i.m. containing xy.

(a) if Ny = (0 then apply the approach described in Section Bl Then return either a
d.i.m. M with xy € M or “G has no d.i.m. containing xy”.

(b) if Ny # 0 then for Ay, = {z,y} UN1 U N2 U N3 and By, =V \ Ay do

(b.1) Compute all black-white xy-colorings of G[Agy| by Lemma 6l If no such xy-
coloring without contradiction exists, then return “G has no d.i.m. containing

2

Y

(b.2) for each zy-coloring of G[A,] do
Derive a partial xy-coloring of G[Byy| by the forcing rules; in particular all
vertices of Ny will be colored by Lemma [0 according to the xy-coloring of
G[Azy;
if a contradiction arises in vertex coloring then proceed to the next xy-
coloring of G[Agy]
else apply the algorithm of Cardoso et al. in [7 (see Theorem [l (i)) to
determine if G[Bgy \ Na| (which is claw-free by Lemmall) has a d.i.m.
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if G[Bgy \ N4] has a d.i.m. then STOP and return the xy-coloring of G
derived by the zy-coloring of G[X]| and by such a d.i.m. of G[By,].

(b.3) STOP and return “G has no d.i.m. containing xy”.

The correctness of Procedure [4.1] follows from the structural analysis of Si 1 5-free
graphs with a d.i.m. and by the results in the present section.

The polynomial time bound of Procedure [£.1] follows from the fact that Step (a) can
be done in polynomial time by the results in Section B and Step (b) can be done in
polynomial time by Lemma [6], since the forcing rules can be executed in polynomial time,
and since the solution algorithm of Cardoso et al. (see Theorem [I] (7)) can be executed in
polynomial time. Thus, Theorem [3 is shown. O

4.2 The Case |Ny| > 5

Lemma 8. If |[Ny| > 5 and there is an end-vertex u; € No of a Py (uj,t;, 21, 22) with
t; € T;, z1 € Ny, and zo € Ny U N5 then there exists a vertex q; € Ny such that q;u; € E
and q; has a second neighbor u; € No, i # j, i.e., u; and u; have a common Ni-neighbor.

Proof. Without loss of generality, assume that (uq,t1, 21, 22) is a Py with uy € Sa, t1 € 17,
z1 € Ny, and z9 € NyUN5. Let g1 € N1 be a neighbor of u;. Recall that by Observation Bl
x and y have at most one common neighbor in N7, and recall that | N3| > 5 in this section.

First assume that ¢; is a common neighbor of x and y. Then there are at least two
vertices ug,uz € Ny with Nj-neighbors ¢o,¢3 which see either the same x or y (but not
both of them); without loss of generality, assume that gous € E and qsus € E for goz € E
and gsx € E. Suppose to the contrary that ug,us do not see ¢; (else u; has a common
Nj-neighbor with ug or us).

If uzqa € E then, since (qo,u2, us3, z,q1,u1,t1,21) do not induce an Sy ; 5 with center
g2, we have uy1qs € E, i.e., u1 and ug have a common Ni-neighbor gs.

If usge ¢ F and usqs € E, quua € E, ugqs ¢ E with ¢ox € E and g3z € E then,
since (x, g2, 43, q1,u1,t1, 21, 22) do not induce an S} ; 5 with center x, we have u1¢q2 € E or
ui1qs € E, i.e., u; and ug have a common Nj-neighbor ¢ or u; and us have a common
Ni-neighbor gs.

Next assume that ¢; is no common neighbor of x and y, say without loss of generality,
qz € F and q1y ¢ E. Suppose to the contrary that ug does not see ¢; (else u; has a
common Nj-neighbor with uy). Let go € Ny with goug € E. If gox € E and quy ¢ E then,
since (x,q2,9,q1,u1,t1,21,22) do not induce an Sy 1 5 with center g2, we have ujgs € E,
i.e., u1 and uo have a common Nj-neighbor g¢s.

Now assume that ¢oy € E. First assume that ¢ox € E and g2y € E. If there are two
neighbors wug, us € Na of g2 which do not see ¢; then, since (gq,ug, us, z,q1,u1,t1,21) do
not induce an Si,15 with center gz, we have u1qa € F, ie., u; and up have a common
Ni-neighbor ¢o. Now assume that g2 has only one Na-neighbor uy. Clearly, every other
vertex u;,7 > 3, in No has an Ni-neighbor which sees only y.

Assume that gsus € E and qsuyq € ' as well as g3y € E, and suppose to the contrary
that us,us do not see ¢;. Then, since (g3, us, u4,y, 2, q1,u1,t1) do not induce an Sy 15
with center g3, we have ui1qs € F, i.e., u; and ug have a common Nj-neighbor gs.

14



Finally assume that qsus € F and qsuqy ¢ E, quuqs € E and quus ¢ E, as well as
q3y € E and quy € E. Then, since (y, g3, 94,2, q1,u1,t1,21) do not induce an S; 1 5 with
center g3, we have ui1q3 € E or u1q4 € F, i.e., u1 and ug have a common Nj-neighbor g3,
or u; and u4 have a common Ni-neighbor q4.

Thus, Lemma [ is shown. O

Lemma 9. If |No| > 5 then there is no Ps (u;, t;, 21, 22, 23) with u; € Na, t; € T;, z1 € Ny,
29 € NyU N5, and z3 € Ny U N5 U Ng.

Proof. Suppose to the contrary that there is such a Ps (uq,t1, 21, 29, 23) with u; € No,
t1 € Th, 21 € Ny, 20 € Ny U N5, and z3 € Ny U N5 U Ng. Let g1 € Ny with qquy € F, and
without loss of generality, let ¢1o € E. By Lemma [ there is a second vertex u' € No
with giu’ € E. But then g1, z, v/, u1,t1, 21, 22, 23 (with center ¢;) induce an Sj 15, which
is a contradiction.

Thus, Lemma [@ is shown. O

Since Ng # () would lead to such a Ps as in Lemma [0 we have:
Lemma 10. If |[Ny| > 5 then Ng = 0.

Thus, from now on, we can assume that B, = Ny U Ns.

4.2.1 The Case N5 = ()

In this case, we show that one can check in polynomial time whether G has a d.i.m. M
with zy € M. Recall Lemma [7

Let K be a nontrivial component of G[Sy U N3 U Ny4|. Clearly, K can have several
components in G[Se U N3] which are connected by some Ny-vertices. K can be colored by
starting with a component in G[S2 U N3] which is part of K.

For every i € {1,...,k}, let
Ext(T;) :== N(T;) N Na.
Since N5 = () and by (), every edge between N3 and Ny is zy-excluded, we have:
If v € Ny with N(v) N Ny = ) then v is white. 9)

Thus, from now on, by the Vertex Reduction, we can assume that every vertex in Ny
has a neighbor in Ny. Recall that G is (diamond,butterfly)-free and therefore triangles are
disjoint. We first claim:

Lemma 11. G[Ny] is Ps-free.

Proof. Suppose to the contrary that there is a P3 (a,b,c) in G[Ny4], and let t; € T1 be a
neighbor of b in N3. Recall that by ), t1a ¢ E and t1c ¢ E (and recall Observation
where t1 is the endpoint of a P5). But then, b, a,c,t1,u1, q1, 2,y (with center b) induce an
S1,1,5 if for the Ni-neighbor ¢; of ui, 1z € E and q1y ¢ E, and correspondingly for the
other cases of ¢;-neighbors (since y, z,r induce a Pj).
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Thus, Lemma [Tl is shown. O

Now let us consider an edge vw € E, with v, w € Ny, which is isolated in G[N4]. Again,
since N5 = ) and by (@), every edge between N3 and Ny is xy-excluded, we have: If v is
white then w is black but there exists no vertex w’ such that ww’ € M, i.e., there is no
d.im. M with xy € M. Thus:

If for v,w € Ny, N(v) N Ny = {w} and N(w) N Ny = {v} then v,w are black. (10)
Next we show:
Lemma 12. At most one Ext(T;) has a Cs in G[Ny].

Proof. Suppose to the contrary that there are two such cases. Without loss of generality,
suppose that there is a C3 212923 in Ext(T}), and there is a C3 z4252¢ in Ext(Ty). Without
loss of generality, assume that z1, zo are black and thus, z3 is white as well as z4, 25 are
black and thus, zg is white. Let t1,t], € T be the neighbors of z1, 29, 23, i.e., t121 € E,
thzo € E, and t]z3 € E as well as tozy € F, thzs € E, and thzg € E for tg,th,th € Th.
Recall that by @), t1,t],t] € T} are distinct, and to,t5,t) € T, are distinct. By the colors
of z1,..., 26, we have that t1,t],t,t, are white and ¢/, ] are black.

First assume that u; and us do not have a common neighbor in Ny; for q1,¢q2 € Ny,
let qui € F and gaug € E but quus ¢ F and quui ¢ E. Recall that t1,t],to are white. If
gz € E and gox € E then uy, t1,t), q1, 2, g2, ug, to (with center u;) would induce an Sy 1 5,
and analogously, for g1y € E and ¢qoy € E. If ¢; and g2 do not have a common neighbor
x or y then without loss of generality, let ¢z € E, quy ¢ F, and quy € E, qox ¢ E. But
then uy,t1,t), g1, 2,9y, g2, uz (with center u;) induce an Sj 15, which is a contradiction.

Thus, we can assume that there is a common neighbor ¢; € Ny, quu1 € E, quue € E.
By the colors (recall that to,t),t1, 23 are white), and since to,th, us, q1,u1,t1, 21, 23 (With
center ug) do not induce an Sj 1 5, we have toz) € E or thz; € E; without loss of generality,
assume that t9z1 € E. Recall Observation [l where ¢, is the endpoint of a Ps.

But then 21,11, z3,t2 and the P; with endpoint ¢y induce an Sy ;5 (with center z),
which is a contradiction.

Thus, Lemma [I2] is shown. O

If there is no C5 in any Ext(T;) then clearly, by Lemma [II], (@) and (IQ), the colors
of all vertices in K are forced. If there is a C3 in exactly one of the Ext(7;), then for
the three possible M-edges in the C3, one can color all the other vertices accordingly in
polynomial time. This leads to:

Theorem 4. If |[Ny| > 5 and N5 = () then one can check in polynomial time whether G
has a d.i.m. containing xy.

4.2.2 The Case N5 # ()
Lemma 13. Let z € Ny. Then the following statements hold:

(i) If z has a neighbor 2’ € N5 and z' has a neighbor 2" € N then z2" € E.

(i) If z has a neighbor in N5 then N(z) N Ns is an edge or a single vertex.
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(iti) If z contacts T; and Tj for i # j then N(z) N N5 = (.

Proof. (i): Let t; € T; be a neighbor of z. By Lemma [ (u;,t;,z,2’,2") is no Ps. Thus,

we have 22" € E.

(7i): If z has two independent neighbors wy,ws € N(z) N N5, i.e., wywy ¢ E then by

Observation [0, z is an endpoint of a Py in {z,y} U Ny U...U Ny, and it leads to an Sy 15

with the Ps and wy,ws (with center z), which is a contradiction. Thus, N(z) N N5 is an

edge or a single vertex.

(47): Let z contact T; and Tj for i # j, say zt; € F and zt; € E for t; € T; and t; € T;. By

@), tit; ¢ E (else, z,t;,t; induce a triangle, and then, there is no d.i.m. M with xy € M).
Suppose to the contrary that z contacts Ns, say 22’ € E for some 2z’ € N5. But then,

by Observation [ it leads to an Sy 1,5 with the Py along t;, and with ¢;, 2’ (with center z).

Thus, Lemma 3] is shown. O
Lemma 14. G[N;] is Ps- and Cs-free.

Proof. First suppose to the contrary that there is a P (a,b,c) in G[N5]. Let z, € Ny be
a neighbor of a. Then, by Lemma [[3] (i), z,c ¢ E. Let t; € T; be a neighbor of z,. By
Lemma[d] (b, a, z4, t;, u;) do not induce a Ps. Thus, z,b € E but now (¢, b, z4, t;, u;) induce
a Ps, which is a contradiction. Thus, G[Ns] is Ps-free.

Now suppose to the contrary that there is a Cs (a, b, ¢) in G[N5]. Let again z, € N4 be
a neighbor of a. Since G is (Ky,diamond)-free, z, is nonadjacent to b and ¢, and let again
t; € T; be a neighbor of z, but now, (b, a, z4, t;,u;) induce a Ps, which is a contradiction.
Thus, G[N5] is Cs-free.

Thus, Lemma [I4] is shown. O
Lemma 15. There is no Ps in G[Ny U N5| with at least one Ns-end-vertex.

Proof. By Lemmal[I4] there is no Ps (a,b, c) with a,b,c € N5. By Lemma[I3] (i), there is
no P; (a,b,c) with a € Ny and b,c € N5. By Lemma [[3 (4i), there is no P (a,b,c¢) with
b€ N4y and a,c € Ns.

Finally, let (a,b,c) be a P3 with a,b € Ny and ¢ € N5. Since for a neighbor ¢; € N3 of
vertex a, (u;,t;,a,b,c) would induce a P, we have t;b € E, i.e., t;,a,b induce a C5, but
by (&), after the Edge Reduction, there is no such triangle.

Thus, Lemma [I5] is shown. O

Recall that by (@), every edge between N3 and Ny is xy-excluded (and recall ().
Thus we have:

If v € Ny is isolated in N4 U N5 then v is white. (11)

Now, by the Vertex Reduction, we can assume that every vertex in N4 has a neighbor
in NgU Ns.

Lemma 16. If z € N5 is isolated in G[N5| and z has at least two nonadjacent neighbors
in Ny then z is xy-forced to be white.
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Proof. Let z1,29 € Ny be neighbors of z € N3, 2129 ¢ E, and let t; € N3 be a neighbor
of z1. By Lemma [ (u;,t;,21,2,22) do not induce a Ps. Thus, ¢; is a common neighbor
of z1 and z3. Suppose to the contrary that z is black. Then, since t;, z1, z2, z induce a Cy,
t; is black. Since z € Nj is isolated in G[Njs], there is a black neighbor 2’ € Ny of z (if
there is such a d.i.m. M in G with xy € M). Since G is diamond-free, 2’ does not see both
of 21,29, say 2’21 ¢ E. But then (u;,t;, 21, 2,2") induce a P5, which is a contradiction to
Lemma [0l

Thus, Lemma, [I6]is shown. O

Now, by the Vertex Reduction, we can assume that every vertex which is isolated in
G[N5s] has either exactly one neighbor or exactly two adjacent neighbors in Ny.

A component of G[N4 U N5] with at least one vertex in Nj is trivial if it has exactly
two vertices, namely a € N4 and b € N5 with ab € E.

Lemma 17. Fach nontrivial component of G[Ny U Ns| with at least one vertex in Ns, is
a triangle abc with one of the following two types:

(i) a,b € Ny, and c € N5, or
(ii) a € N4, and b,c € Nj.

Proof. Let K be a nontrivial component of G[Ny U N5] with at least one vertex in Nj.

First assume that K has a triangle abc with a,b € Ny, and ¢ € N5. By Lemma [I5]
there is no P3 with at least one end-vertex in N5.

If ¢ has a neighbor d € Nj then, since (a,c,d) do not induce a P3, we have ad € E,
and since (b, c,d) do not induce a P3, we have bd € E, but then a,b,c,d induce a K4 in
G, which is a contradiction. Thus, vertex c is isolated in Nj.

If one of a,b has another neighbor in N4, say bd € E for a vertex d € N4 then,
since (d,b,c) do not induce a Ps, we have cd € E, which is a contradiction since G is
(diamond, Ky )-free.

Next assume that K has a triangle abc with a € N4, and b,c € N5. By the same argu-
ments, since there is no P3 with at least one end-vertex in N5, and since G is (diamond, K4 )-
free, there is no other neighbor of abc in Ny U N5.

Thus, Lemma [I7] is shown. O

Lemma 18. If the colors of all vertices in Ny are fixed then it implies the colors of all
vertices in Ns.

Proof. Let K be a component in G[N4U Nj]. First assume that K is trivial with ab € E
for a € Ny and b € N5. If a is white then G has no d.im. M with zy € M. If a is
black then, since the edges between N3 and Ny are xy-excluded, and K is trivial (i.e., a
is nonadjacent to any black vertex in NNy), b is black.

Now assume that K is nontrivial of type (¢) in Lemma [Tl If a or b is white then c is
black, else ¢ is white.

Finally, assume that K is nontrivial of type (ii) in Lemma[I7l If a is white then b and
¢ are black. If a is black then by Lemma [T (ii), a is nonadjacent to any black vertex in
Ny, and then the M-mate of a is b or ¢, i.e., b is black if and only if ¢ is white.
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Thus, Lemma I8 is shown. O

This finally leads to a polynomial number of feasible zy-colorings for each component
in G[N2 U N3 U Ny U N5| (recall that all these components can be independently colored).
This leads to:

Theorem 5. If |[No| > 5 and N5 # () then one can check in polynomial time whether G
has a d.i.m. containing xy.

This completes the proof that DIM can be solved for S i 5-free graphs in polynomial
time.
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