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UNIT-LINKED LIFE INSURANCE POLICIES: OPTIMAL HEDGING IN
PARTIALLY OBSERVABLE MARKET MODELS

CLAUDIA CECI, KATIA COLANERI, AND ALESSANDRA CRETAROLA

ABSTRACT. In this paper we investigate the hedging problem of a unit-linked life insurance
contract via the local risk-minimization approach, when the insurer has a restricted information
on the market. In particular, we consider an endowment insurance contract, that is a combination
of a term insurance policy and a pure endowment, whose final value depends on the trend of a
stock market where the premia the policyholder pays are invested. To allow for mutual
dependence between the financial and the insurance markets, we use the progressive enlargement
of filtration approach. We assume that the stock price process dynamics depends on an exogenous
unobservable stochastic factor that also influences the mortality rate of the policyholder. We
characterize the optimal hedging strategy in terms of the integrand in the
Galtchouk-Kunita-Watanabe decomposition of the insurance claim with respect to the minimal
martingale measure and the available information flow. We provide an explicit formula by means
of predictable projection of the corresponding hedging strategy under full information with
respect to the natural filtration of the risky asset price and the minimal martingale measure.
Finally, we discuss applications in a Markovian setting via filtering.
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formation; local risk-minimization.

JEL Classification: C02; G11; G22.
AMS Classification: 91B30; 60G35; 60G40; 60J60.

1. INTRODUCTION

Unit-linked life insurance contracts are life insurance policies whose benefits depend on the per-
formance of a certain stock or a portfolio traded in the financial market. For the last years these
contracts have experienced a clamorous success, driven by low interest rates, which have con-
siderably reduced the returns of the classic management, and the new Solvency II rules on the
insurance regulatory capital, which made the unit-linked much more affordable for the companies,
in terms of lower absorption of capital. According to Gantenbein and Mata [29, Chapter 10|, the
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unit-linked life insurance policy is “basically a mixed life insurance that combines term coverage
with a saving and an investment component”. Unlike the traditional mixed life insurance, in these
contracts premia are invested by the insurance company in the financial market on behalf of the
policyholder who decides how to invest the capital. Among these products, we may distinguish at
least three different kinds of policies based on the payoff structure:

e pure endowment contract that promises to pay an agreed amount if the policyholder is still
alive on a specified future date;

e term insurance contract that pays the benefit if the policyholder dies before the policy
term;

e endowment insurance contract which is a combination of the above contracts and guarantees
that benefits will be paid by the insurance company, either at the policy term or after the
insured death.

The goal of this paper is to find an optimal hedging strategy for a given endowment insurance
contract in a general intensity-based model where the mortality intensity, as well as the drift in
the risky asset price dynamics affecting the benefits for the policyholder, is not observable by
the insurance company, and mutual dependence between the stock price trend and the insurance
portfolio is allowed. To the best of our knowledge, this is the first time that the problem of
hedging a unit-linked life insurance policy is studied under partial information, without assuming
independence between the financial and the insurance markets.

Precisely, we propose a suitable combined financial-insurance market model, where the financial
market consists of a riskless asset, whose discounted price is equal to 1, and a risky asset, with
discounted price process denoted by S. The price process S is represented by a geometric diffu-
sion, whose drift depends on an exogenous unobservable stochastic factor X, correlated with S.
The insurance company issues an endowment insurance contract with maturity of T years for an
individual whose remaining lifetime is represented by a random time 7.

Modeling the death time of an individual is a fundamental issue to be addressed when dealing with
insurance problems. Here, we propose a modeling framework for life insurance liabilities that is also
well suited to describe defaultable claims, as the time of death can be handled in a similar manner
to the default time of a firm. Then, we take the analogies between mortality and credit risk into
account and follow the intensity-based approach of reduced-form methodology, see e.g. Bielecki
and Rutkowski [7] and references therein. The death time 7 is described by a nonnegative random
variable, which is not necessarily a stopping time with respect to the initial filtration F generated
by the underlying Brownian motions driving the dynamics of the pair (S, X). As mentioned above,
we do not assume independence between the random time of death and the financial market, and
characterize our setting via the progressive enlargement of filtration approach, see the seminal
works by Jeulin and Yor [32], Jeulin [31], Jeulin and Yor [33]. This technique is widely applied
to reduced-form models for credit risk, as in Bielecki et al. [8, 9] [11], Elliott et al. [25], Kusuoka
[35]. Moreover, applications to insurance problems can be found in Biagini et al. [6], Barbarin
[2], Choulli et al. [2I], Li and Szimayer [37] in a complete information setting.
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Here, we consider an enlargement of the filtration IF to make 7 a stopping time and we denote it by
G. The available information to the insurance company is represented by a subfiltration G of G,
which contains the natural filtration of S and ensures that 7 is still a stopping time. This means
that, at any time ¢, the insurer may observe the risky asset price and knows if the policyholder is
still alive or not.

The endowment insurance contract can be treated as a contingent claim in the hybrid market
model given by the financial securities and the insurance portfolio, and the objective is to study
the hedging problem for the insurance company. Analogously to Bielecki et al. [I0], Biagini and
Cretarola [4], we assume that hedging stops after the earlier between the policyholder death 7 and
the maturity 7': this allows to work with stopped price processes and guarantees that the stopped
Brownian motions, that drive the financial market, are also Brownian motions with respect to the
enlarged filtration. As a consequence, we do not need to assume the martingale invariance property,
also known as H-hypothesis, see e.g. Bielecki and Rutkowski [7]. Since the underlying market is
incomplete due to the mortality risk and the presence of the unobservable stochastic factor X,
it is necessary to select one of the techniques for pricing and hedging in incomplete markets.
Then, we choose, among the quadratic hedging methods, the local risk-minimization approach (see
e.g. Schweizer [48] for further details). The idea of this technique is to find an optimal hedging
strategy that perfectly replicates the given contingent claim with minimal cost, within a wide
class of admissible strategies that in general might not necessarily be self-financing. Locally risk-
minimizing hedging strategies can be characterized via the Follmer-Schweizer decomposition of the
random variable representing the payoffs of the given contingent claim, see e.g. Schweizer [47, [4§]
for the full information case and Ceci et al. [16], 19] under incomplete information. This quadratic
hedging approach has been successfully applied to the hedging problem of insurance products, see
e.g. Biagini et al. [0, 5], Choulli et al. [2I], Dahl and Mgller [22], Mgller [39, 40], Vandaele and
Vanmaele [51] for the complete information case and Ceci et al. [I8] under partial information.

In this paper, we introduce the stopped Follmer-Schweizer decomposition under partial information
and in Proposition we characterize the optimal hedging strategy in terms of the integrand
in this decomposition. In this sense, we extend Biagini and Cretarola [4, Proposition 3.7| to the
partial information framework. We also introduce the corresponding Galtchouk-Kunita-Watanabe
decomposition with respect to the minimal martingale measure. In Theorem we provide
equivalence of these decompositions and, using the result stated in Proposition [4.15] the relation
between the optimal hedging strategy under partial information and that under full information
via predictable projections. In the case where the mortality intensity has a Markovian dependence
on the unobservable stochastic factor X, we can compute the optimal hedging strategy in a more
explicit form by means of filtering problems. Pricing and hedging problems for contingent claims
under incomplete information using filtering techniques have been studied in credit risk context,
in Frey and Runggaldier [27], Frey and Schmidt [28], Tardelli [50] and in the insurance framework
in Ceci et al. [18] under the hypothesis of independence between the financial and the insurance
markets.
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The paper is organized as follows. In Section 2] we introduce the combined financial-insurance
market model in a partial information scenario via progressive enlargement of filtrations. The
semimartingale decompositions of the stopped risky asset price process with respect to the enlarged
filtrations G and G respectively, can be found in Section l In Section 4 I we provide a closed
formula for the locally risk-minimizing hedging strategy under incomplete information for the
given endowment insurance contract by means of predictable projections. Finally, in Section
we discuss the problem in a Markovian framework, where the mortality intensity depends on the
unobservable stochastic factor and apply the filtering approach to compute the optimal hedging
strategy. In addition, we address the issue of the hazard process and the martingale hazard
process of 7 under restricted information in Appendix [Al Some technical results on the optional
and predictable projections under partial information and certain proofs can be found in Appendix
Bl

2. THE SETTING

We consider the problem of an insurance company that wishes to hedge a unit-linked life insurance
contract. The value of the policy depends on the performance of the underlying stock or portfolio
traded on the financial market as well as the remaining lifetime of the policyholder. Therefore,
the insurer is exposed to both financial and mortality risks. The nature of the problem suggests
to construct a combined financial-insurance market model and treat the life insurance policy as a
contingent claim. We will define the suitable modeling framework via the progressive enlargement
of filtration approach, which allows for possible dependence between the financial market and the
insurance portfolio. As first step, we introduce the underlying financial market model.

2.1. The financial market model. Let W = {W,, t € [0,T]} and B = {B;, t € [0,T]},
with Wy = By = 0, be two independent one dimensional Brownian motions on the complete
probability space (2, F, P), with 7" denoting a fixed and finite time horizon. We define the filtration
F={F, tel0,T]}, by

F=F"VvF5B,
where FW and F? denote the natural filtrations of the processes W and B, respectively. In addition,

we assume that [ satisfies the usual hypotheses of completeness and right continuity.

We consider a simple financial market which consists of one riskless asset whose price process
is assumed to be equal to 1 at any time, and one risky asset whose (discounted) price process
S ={S;, t €]0,T]} evolves according to the following stochastic differential equation

dSt = St (/L(t, St, Xt)dt + O'(t, St)th> s S() = Sy € R+7 (21)

where X = {X;, t € [0, 7]} is an unobservable exogenous stochastic factor satisfying

dX; = b(t, X,)dt + alt, X,) [det +V/I- pZdBt] . Xo=10 €R, (2.2)
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with p € [0,1]. Here, p1, b are R-valued measurable functions and o, a are R*-valued measurable
functions such that the system of equations (2.1)) and (2.2) admits a unique strong solution, see
for instance Oksendal [42, Chapter 5|. This also implies that the pair (S, X) is an (F, P)-Markov
process.

We assume that the following conditions are in force throughout the paper:

Assumption 2.1.

B[ [t S0 X0+ 07 05)
. N(tﬂstaXt)
W |55

<c¢, P-a.s., for every t € [0,T], with ¢ being a positive constant.

Under Assumption [2.1]the set of all equivalent martingale measures for S is non-empty and contains
more than a single element, since X does not represent the price of any tradeable asset, and
therefore the financial market is incomplete.

Precisely, every equivalent probability measure Q has the following density LR = {L8, t € [0, 77},

given by
:5(/ —MquJr/ ¢3dBu) . telo,1),
0 O(Ua SU) 0 t

where 9@ = {¢2, t € [0,T]} is an F-predictable process such that L2 turns out to be an (F,P)-
martingale. Here £(Y") denotes the Doléans-Dade exponential of an (F, P)-semimartingale Y. The

L? =

|,

choice zth =0, for every t € [0, 7], corresponds to the so-called minimal martingale measure for S
(see e.g. Follmer and Schweizer [20]), denoted by P, whose density process L = {L;, t € [0,T]},
is defined by

_ APl p(w S X))
L= o5 ) 5(/0 S qu)t, te0,7]. (2.3)

Condition (ii) of Assumption implies that L is a square mtegrable (F, P)-martingale. As a
consequence of the Girsanov Theorem we get that the process W = {W,, t €[0,T]}, given by

¢
117 N(ua Sua Xu)
Wy =W, ————du, te]0,7], 2.4
t t + /0\ U(u, Su) u [ ] ( )
is an (F,P)-Brownian motion and § is an (F,P)-local martingale, since it is the Doléans-Dade
t
exponential of the (F, P)-local martingale {/ o(u, Sy)dW,, t € [O,T]}.
0
Note that, since X is not directly observable, the available information on the financial market for

the insurance company is brought by the natural filtration of the risky asset price process S, that
is, F¥ = {F7, t € [0,T]}, with F7 := 0{S,, 0 <u < t}, for each t € [0, T).
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2.2. The combined financial-insurance market model. Now, we extend the financial market
model by also including an individual to be insured. Let 7 be the remaining lifetime of an individual
with age a. Here, 7 is a nonnegative random variable 7 : Q — [0, T]U{+o0} satisfying P(7 = 0) = 0
and P(r > t) > 0, for every ¢t € [0,T]. Since, we only consider a single policyholder we omit the
dependence on the age.

Then, we define the associated death indicator process as H = {H;, t € [0,T]}, where
Hy = 1{7St}7 te [07 T]> (25)

and F7 = {F} t € [0,T]} denotes the natural filtration of H. Notice that 7 is a stopping time
with respect to the filtration FZ, but it is not necessarily a stopping time with respect to the
filtration IF.

Let G ={G;, t € [0,T]} be the enlarged filtration given by
G :=FVFI telo,T).

This is the smallest filtration which contains IF, such that 7 is a G-stopping time. In this framework
the initial market might be correlated with the time of death 7. The connection between the
financial market and 7 is expressed in terms of the conditional distribution of 7 given F;, for every
t € [0, 7], defined as the process F' = {F}, t € [0,T]} given by

F,=P(r <t|F) =E[H/|F], te]0,T]. (2.6)

Notice that, 0 < F; < 1 for every ¢t € [0,7]. In the sequel, we will assume that F;, < 1 for every
t € [0,77]; this excludes the case where 7 is an F-stopping time, see e.g. Bielecki and Rutkowski
[7] for further details.

In the following we define the so-called hazard process of the random time 7.

Definition 2.2. The F-hazard process of T under P is the nonnegative process I' = {I'y, t € [0, T}
defined by

I,=—In(l—F), telo,T] (2.7)

In this paper we assume that I has a density, i.e. T, = fot Yudu, for every t € [0,T], for some

nonnegative [F- predictable process v = {7, t € [0,T]} such that E [ fOT %du} < 00. The process

v is known as the F-mortality intensity or the F-mortality rate and the F-survival process is given
t
by P(1 > t|F) = e Jowdu t € [0, T7.

Now, we introduce the (F,G)-martingale hazard process associated with 7.

Definition 2.3. An F-predictable, right-continuous, increasing process A = {A\;, t € [0,T]} is
called an (F,G)-martingale hazard process of the random time T if and only if the process

M, = Hy — My, £ € (0,71,

is a (G, P)-martingale.
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Remark 2.4. [t is well known that in general, the F-hazard process and the (F,G)-martingale
hazard process do nmot coincide. Nevertheless, the existence of the F-mortality intensity ensures
that the process F is continuous and increasing. Then, by Bielecki and Rutkowski [, Proposition
6.2.1] we get that T is also an (F,G)-martingale hazard process, and consequently, the process

M = {M,;, t €[0,T]} defined by
tAT t
Mt = Ht — Ft/\.,- = Ht — / '}/udu = Ht — / /\udu, t e [O, T], (28)
0 0

where \y = 1>y = (1= Hy-), is a (G, P)-martingale. Furthermore, by Dellacherie and Meyer
[23, Chapter 6.78], T is a totally inaccessible G-stopping time.

We assume that the insurance company issues a unit-linked life insurance policy. Precisely, we
consider an endowment insurance contract with maturity of 7" years which can be defined as
follows.

Definition 2.5. An endowment insurance contract is characterized by a a triplet (£, Z,7), where

e the random variable ¢ € L*(Fy, P)EI 1s the amount paid at maturity T', if the policyholder
18 still alive at time T';

o the process Z = {Z;, t € [0,T|} represents the amount which is immediately paid at death-
time T before maturity T'; here, Z is assumed to be square integrable and F°-predictable;

e the random variable T is the time of death.

Remark 2.6. If Z = 0 the endowment insurance contract reduces to the so-called pure endowment
contract, which pays out the amount & in case of survival until T', whereas, if £ = 0 we obtain the
payoff of a term insurance contract, that provides the amount Z. at the random time T in case of
death before time T'.

We denote by N = {N;, t € [0,T]} the process that models the payment stream arising from the
endowment insurance contract, i.e.

t
N, = Zrl{rgt} = / ZdH,, 0<t<T, and Np = 51{7>T}, t="1T. (2.9)
0

2.3. The information levels. We consider a scenario where the insurance company does not
have a complete information on the market. Precisely, we assume that it can observe neither the
stochastic factor X affecting the behavior of the risky asset price process S nor the Brownian
motions W and B which drive the dynamics of the pair (S, X). In particular, this implies that the
insurer does not know completely the F-mortality rate v of 7. For instance, v may be dependent
on the unobservable stochastic factor X, that is v, = (¢, X;), for each t € [0,T], with - being a
nonnegative measurable function. This special case will be discussed in Section 5] At any time ¢,

IFor any o-algebra H, the set L2(#,P) denotes the space of all H-measurable random variables ¢ such that
E [[¢[?] < oo.
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the insurer may observe the risky asset price and knows if the policyholder died or not. Hence,
the available information is described by the filtration G = {G,, t € [0,T]}, given by

G=F'VF telo1]

Since F¥ C F, we have N
G CG.

We assume throughout the paper that all filtrations satisfy the usual hypotheses of completeness
and right-continuity. Some results about the hazard process and the martingale hazard process of
7 under partial information can be found in Appendix [A]

In the sequel we will address the hedging problem of the endowment insurance contract (£, Z, 7) in
a partial information setting characterized by the information flow G. Since hedging stops either at
time 1" or 7, whichever comes first, it makes sense to consider the stopped discounted price process.
This also implies that we can work without assuming the so-called martingale invariance property
between filtrations F and G, which establishes that every F-martingale is also a G-martingale. The
martingale invariance property is frequently assumed when considering enlargement of filtrations.
To the best of our knowledge there are only a few papers in the literature where this hypothesis
is not imposed, see for instance Barbarin [3], Choulli et al. [2I] in the insurance framework and
Biagini and Cretarola [4] in the credit risk setting.

3. THE SEMIMARTINGALE DECOMPOSITIONS OF THE STOPPED RISKY ASSET PRICE PROCESS

In this section we provide the semimartingale decomposition o£ the stopped price process S7 =
{Sirr, t € [0,T]} with respect to the information flows G and G respectively, and we show that,
under suitable conditions, S™ satisfies the so-called structure condition with respect to both G and

G on the stochastic interval [0,7 A T, see e.g. Schweizer [46, Section 1, page 1540] for further
details.

The structure condition of the stopped price process is a relevant tool for the computation of
the minimal martingale measure and the orthogonal decompositions that allow to characterize
the optimal hedging strategy under full and partial information. Moreover, the semimartingale
decomposition of ST with respect to the information flow G allows to reduce the hedging problem
under partial information to a full information problem where all involved processes are @—adapted.

Remark 3.1. Recall that if the process F' given in (2.6)) is increasing, for any given F-predictable
(F, P)-martingale, m = {my, t € [0,T]}, the stopped process m™ = {mr,, t € [0,T]} is a (G, P)-
martingale, see Bielecki and Rutkowski [, Lemma 5.1.6].

Since F is increasing in our setting, both processes W™ = {Wn., t € [0,T]} and B™ = {Bip., t €
0,7} are (G, P)-martingales.

Moreover, by Lévy’s Theorem we also obtain that W7 and B™ are (G,P)-Brownian mo-

t
tions on [0,7 AT] and, as a consequence, the integral processes {/ w,dW,, t e [O,T]} and
0
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¢

{/ psdB7, t €0, T]} are (G, P)-(local) martingales for any G-predictable process ¢ = {¢¢, t €
0

[

)

By Remark , we get that the stopped price process S™ is a (G, P)-semimartingale, decomposable
as the sum of a locally square integrable (G, P)-local martingale and a (G, P)-predictable process
of finite variation, both null at zero, i.e.

tAT
S,;T:so—i-/ Sop(u, S, X7) du+/ Sro(u,Sp)dW,, tel0,T],
0

where

tAT tAT
X7 = g —|—/ b(u, X])du —|—/ a(u, X}) [deJ ++/1-— deBﬂ , tel0,T].
0 0

Since S7 is @—adapted, then it also admits a semimartingale decomposition with respect to the
information flow G, which will be computed below by means of the (stopped) innovation process
I7, defined in equation (3.1)).

Given any subfiltration H = {H;, t € [0,T]} of G, we will use the notation *®Y" (respectively 1Y)
to indicate the optional (respectively predictable) projection of a given P-integrable, G-adapted
process Y with respect to H and P, defined as the unique H-optional (respectively H-predictable)
process such that *#Yz = E[Yz|Hz] P-a.s. (respectively PYz = E [Yz|Hz-] P-a.s.) on {7 < oo}
for every H-optional (respectively H-predictable) stopping time 7.

Moreover, in the sequel we denote by O’@,u, p’@,u, the optional projection and the predictable
projection respectively of the process {u(t,S7, X7), t € [0,7]} with respect to the information
flow G.

Lemma 3.2. Under Assumption 2.1, the process I™ = {I], t € [0,T]} defined by

AT T T G
M(UJS 7X )_p, Moy
I =wr e d tel0,T 3.1
t t _'_/Ov O-(U,SZ]:) u7 [ ’ ]7 ( )

is a (G, P)-Brownian motion on [0,7 A TT].

The proof is postponed to Appendix
Lemma allows to get the following @—semimartingale decomposition of S7,

tAT _ tAT
ST = s0+ / ST Py du + / ST o(u, ST)AIT, te0,T],
0 0

i.e. the sum of a locally square integrable (@, P)-local martingale and a (((N}, P)-predictable process
of finite variation both null at zero.
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Moreover, S™ satisfies the structure condition with respect to both the filtrations G and G. Pre-
cisely,

tAT
ST = s+ MY +/ dd(MY),, tel0,T],
0
_ tAT _ _
ST = s+ MO +/ WJA(MYy, te[o.T],
0

where M9 = {MF, t € [0,T]} and MY = {Mtg, t € [0,T]} are the locally square integrable

(G, P)-local martingale and (G, P)-local martingale respectively, given by
tAT _ tAT
MY ::/ Sto(u, STYAWT,  MF ::/ Sto(u, Sp)dIr, te[0,T], (3.2)
0 0

and o¢ = {af, t € [0,7T]} and a9 = {oztg, t € [0,T]} are the G-predictable and G-predictable
processes, respectively given by

g mt, ST, XT) s P
S e b 2 =" yeo,T)
TS S T St S)) 0,7]

4. LOCAL RISK-MINIMIZATION FOR PAYMENT STREAMS UNDER PARTIAL INFORMATION

The combined financial-insurance market model outlined in Section [2| is not complete. Indeed,
the number of random sources is larger than the number of tradeable risky assets due to the
presence of a totally inaccessible death time. Moreover, additional randomness is brought here
by the unobservable stochastic factor X. Then, a replicating strategy, which is at the same
time self-financing, may not exist in this framework. In this section we look for a locally risk-
minimizing hedging strategy under restricted information for the payment stream associated with
the endowment insurance contract (£, Z, 7), and discuss the relation with the corresponding optimal
hedging strategy under full information.

Remark 4.1. Since F; < 1 for allt € [0,T], for every G-predictable (respectively @-pr@dictable)
process Y there is an F-predictable (respectively F°-predictable) process Y such that }Zl{gt} =
Y15y P-a.s. for every t € [0,T] (see e.g. Dellacherie et al. [24), Paragraph 75, part a), page
186] or Blanchet-Scalliet and Jeanblanc [12, page 147]).

Remark allows to consider the following classes of admissible hedging strategies under full and
partial information.

Definition 4.2. The space ©F7 consists of all R-valued F-predictable processes 6 = {0;, t €
[0, T AT]} satisfying

E

TNT TNAT 2
/ (00 (u, S7)ST)* du + </ |6, u(u,Sg,X;)Sﬂdu) ] < 00.
0 0
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Definition 4.3. The space OF"\ consists of all R-valued F°-predictable processes 0 = {0;, t €
[0, T AT]} satisfying

TNAT TNAT _ 2
/ (Auo(u, ST)ST)? du + (/ 10, P11, S;|du> ] < 00.
0 0

Remark 4.4. Notice that for 6 € O (respectively 0 € @FS’T), we get

E

tAT t
(i) / 0,dS, = / 0,dS;, for every t € [0,T], see Dellacherie and Meyer [23, Chapter VIII,
0 0
equation 3.3/;

(ii) the integral process {/ 6,dS;, t €0, T]} is a (G, P)-semimartingale (respectively (G, P)-
semimartingale), see Prokhorov and Shiryaev [[4), Chapter 3.11].

Definition 4.5. An (F,G)-strategy (respectwely (F, G) strateqy) is a bidimensional process P =
(6,1) where 6 € OFT (respectively § € OF°7) and n is a real-valued G-adapted (respectively G-
adapted) process such that the associated value process V(¢) := 0S™ + n is right-continuous and
square integrable over [0, T A T].

Note that the first component @ of the (F,G)-strategy (respectively (F?, @)—strategy), which rep-
resents the number of risky assets in the portfolio, is F-predictable (respectively F¥-predictable),
while the amount 7 invested in the risk-free asset is G-adapted (respectively @—adapted). This re-
flects the natural situation where a trader invests in the risky asset according to her /his knowledge
on the asset prices before the death of the policyholder and rebalances the portfolio also upon the
death information.

Following Schweizer [49], we assign to each admissible strategy a cost process.

Definition 4.6. The cost process C(p) of an (F,G)-strategy (respectively (FS,G)-strategy) ¢ =
(0,1m) is given by

t
Ci() = N+ Vi) — / 6,457, te[0,T A7], (4.1)
0

where N is defined in (2.9).

An (F,G)-strategy (respectively (F°, @) -strategy) @ is called mean-self-financing if its cost process
C(y) is a (G, P)-martingale (respectively (G, P)-martingale).

It is well known in the literature (see e.g. Mgller [40], Schweizer [49], Biagini and Cretarola [4])
that a natural extension of the local risk-minimization approach to payment streams requires to
look for admissible strategies ¢ satisfying the 0-achieving property, that is,

Viar(p) =0, P —as..

Then, by Schweizer [49, Theorem 1.6], we provide the following equivalent definition of locally
risk-minimizing strategy.
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Definition 4.7. Let N be the payment stream given in (2.9) associated with the endowment insur-
ance contract (&, 7,7). We say that an (F,G)-strateqy (respectively (F°,G)-strategy) ¢ is (F,G)-
locally risk-minimizing (respectively (F°, G)-locally risk-minimizing) for N if

(i) ¢ is 0-achieving and mean-self-financing;
(ii) the cost process C(yp), defined in ([4.1)), is strongly orthogonal to the G-martingale part M9
(respectively G-martingale part M9) of ST, both given in (3.2).

Locally risk-minimizing hedging strategies can be characterized via the Follmer-Schweizer decom-
position of payment streams associated with life insurance contracts under partial information.

Taking Remark into account, we give the following definitions of stopped Follmer-Schweizer
decompositions of a square integrable random variable with respect to G and G.

Definition 4.8 (Stopped Foéllmer-Schweizer decomposition with respect to G). Given a random
variable ¢ € L*(Gr,P), we say that ¢ admits a stopped Féllmer-Schweizer decomposition with
respect to G, if there ewist a process 07 € O a square integrable (G,P)-martingale A9 =
{Atg, t € [0, T A 7]} null at zero, strongly orthogonal to the martingale part of ST, MY, given in
(3.2), and (o € R such that

T
¢ = o +/ 07dST + A9, . P —as. (4.2)
0

Definition 4.9 (Stopped Féllmer-Schweizer decomposition with respect to @) Given a random
variable ¢ € L2(Q~T,P), we say that ( admits a stopped Follmer-Schweizer decomposition with
respect to @, if there exist a process = @FS’T, a square integrable (@,P)—martingale A9 =
{Atg, t € [0, T AT]} null at zero, strongly orthogonal to the martingale part of ST,Mg, given in

(3-2), and (o € R such that

T ~
¢=2C +/ HdeSZ + A%AT, P—a.s. (4.3)
0

Under Assumption the mean variance tradeoff processes K = {K;, t € [0,T]} and K =
{K}, t €10, 7]} under G and G, respectively defined by

K, = /t(ag)2d<Mg>u, R = /t(a§)2d<MG>u, te0,7],

are bounded uniformly in ¢t and w. Boundedness of the mean variance tradeoff processes and
Remark guarantee the existence of decompositions and for every ( € LZ(éT, P) C
L*(Gr,P), see e.g. Schweizer [46, Section 5] and references therein. Other classes of sufficient
conditions for the existence of the Féllmer-Schweizer decompositions can be found e.g. in Schweizer
[47], Monat and Stricker [41], Choulli et al. [20] and Ceci et al. [16].

Let N be the payment stream associated with the endowment insurance contract (£, Z, 7) given in
(2.9) and consider the random variable

NT/\’T' = 61{T>T} + ZT]-{TST}' (44>
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Note that Nyar € L2(Gr,P) C L2(Gr, P) since & € L2(F2,P) and Z is a P-square integrable
and F°-predictable process. Then, N7, admits a stopped Follmer-Schweizer decomposition with
respect to both G and G, i.e.

T
NT/\T :CO + / efdsg + A%/\T’ P — a.8., (45)
0

T ~
Nppr =Co + / GdeS; + A%\T, P —as.. (4.6)
0
The following proposition gives a characterization of the optimal hedging strategy.

Proposition 4.10. Let N be the payment stream associated with the endowment insurance contract
(&, Z,7) and suppose that Assumption is in force. Then, N admits an (F% G)-locally risk-
minimizing strateqy ©* = (0*,1%), explicitly given by

0* =67, n=V(p)— 675, (4.7)
with value process
t ~
Vi) =Gt [ 62°dST4 AT~ Ny te 0.7 AL (43)
0
and minimal cost
Culy™)=Co+ A9, te]0,T AT, (4.9)

where Co, 07° and A9 are given in decomposition (4.6)).

Proof. Under Assumption [2.1] we have that Ny,, admits a stopped Follmer-Schweizer decomposi-
tion with respect to @, given by . Then, the proof follows by that of Biagini and Cretarola
[4, Proposition 3.7|, by replacing the filtrations G and F with G and FS , respectively. Precisely,
by we get that and define an (IF° ,@)—strategy with cost . It is easy to see
that C(¢*) is a (G, P)-martingale and that ¢* is O-achieving, and therefore ¢* is an (F$, G)-locally
risk-minimizing strategy. ([l

4.1. The optimal strategy via the Galtchouk-Kunita-Watanabe decomposition. Accord-
ing to the local risk-minimization approach, see, e.g. Schweizer [48|, when the underlying risky
asset price process is continuous and satisfies the structure condition, the Féllmer-Schweizer de-
composition of a given square integrable random variable can be computed by switching to the
minimal martingale measure and considering the corresponding Galtchouk-Kunita-Watanabe de-
composition. In the following, we revisit this methodology in the combined financial-insurance
market model outlined in Section [21

Definition 4.11. A martingale measure P equivalent to P with square integrable density is called
minimal for ST if any square integrable (G, P)-martingale, which is strongly orthogonal to the
martingale part of ST, MY given in (3.2)), under P is also a (G, P)-martingale.
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Define the process L™ = {L], t € [0,T]} by setting
SToXT
=& (—/ Mdﬂ”) . tel0,T]. (4.10)
Grns 0 (ua ST) AT

By condition (ii) of Assumption [2.1} we get that L] € L*(G,;, P), for every ¢ € [0, T].

Applying the results in Ansel and Stricker [1], we get that P, given 1n , corresponds to the
minimal martingale measure. By the Girsanov theorem the process WT = {VV[, t € [0, T AT]},
defined by

dpP

M

tAT
—~ p(u, ST, XT)
Wr .=W’ — vt q t T
p p +/0 (0, 57) u, e [0, T NT],

is a (G, f’)—Brownian motion.

Note that L™ and W™ coincide with the processes L and W, given in (2.3) and (2.4) respectively,
on the stochastic interval [0, 7 A 7].

Remark 4.12. We may also define the minimal martingale measure Q for ST with respect to the
information flow G, by setting

dQ :5<—/'a§dM§) :5( / (fST>d]T> .
0 TNAT TAT

dP|_
Since ST has continuous trajectories, Q coincides with the restriction of P over éTAT, see, e.g.

AT
Ceci et al. [19, Lemma 4.3]. Indeed, by ({3.1))

tAT p,@ T T
Loy p(u, ST, X7)
IT—i—/ —du:WT+/ —du—WT, te [0, T AT],
Yo o(uS)) Yo o(u Sy t [[ ]]

which, therefore, implies that the process {IT—i-fMT ps ““ du t € [0, T/\T]]} is a (G,f’)—

Brownian motion since it is @-adapted.

In the following we show that the Follmer-Schweizer decomposition of the payment stream N
associated with the endowment insurance contract (£, 7, 7) indeed coincides with its Galtchouk-
Kunita-Watanabe decomposition under the minimal martingale measure, which is easier to char-
acterize.

For reader’s convenience, we recall the definition of the Galtchouk-Kunita-Watanabe decomposition
of a square integrable random variable, adapted to this setting.

Definition 4.13 (Galtchouk-Kunita-Watanabe decomposition). Any random variable ¢ €
L*(G7,P) (respectively ¢ € L*(Gr,P)) admits a Galtchouk-Kunita-Watanabe decomposition with
respect to ST under P, that is, it can be uniquely written as

T
C=Go+ / 0,457 + Apnr. P —as.
0
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where (o € R, 0 = {6, t € [0,T A 7]} is a G-predictable (respectively G-predictable) process
such that E [ ( wo(u, ST) ST) du] < oo and A= {A,, t€[0,TA7]} is a (G, P)-martingale
(respectively (@ 13) martingale) null at zero, strongly orthogonal to ST.

From now on we work under the following standing assumption.

Assumption 4.14. Given in (| . the payment stream N assoczated with the endowment msumnce
contract (&, Z, 1), we assume that Ny, given in is P- -square integrable and S” is P- locally
square integrable.

Under Assumption[d.14] Ny,, admits the Galtchouk-Kunita-Watanabe decomposition with respect
to S™ under (G, P) given by

N = B [Nyo] + / 69457+ A9, . P—as. (4.11)
0

where 09 = {é\é t € [0,T A 7]} is G-predictable and satisfies E {fo < o(t ST)ST> dt] < 00,

= {Atg, t e [[O T A7)} is a (G, P)- martingale null at time zero, strongly orthogonal to S7.
By Remark |4.1}, it 1s always possible to replace g by an F°-predictable process 67° such that
1{T>t}9t = 1{T>t}9 , for each t € [0, T]. Then, equation (4.11]) can be written as

Nppr = B [Nrar] +/ HFSdST + ATAT, P—as. (4.12)
0

Notice that, since N, is also Gr-measurable, we can consider the Galtchouk-Kunita-Watanabe
decomposition with respect to (G, P), i.e

Nrpr = E [Npps] + / 074S7 + AS, . P —as., (4.13)
0

~ ~ 2 ~
where 67 is an F-predictable process such that E [ T (95 o(u, S;)Sg) du] < oo and AY =
{AY, t € [0,T A7]}is a (G, P)-martingale null at zero strongly orthogonal to S7.

The following proposition provides a representation of the integrand 67 in the Galtchouk-Kunita-
Watanabe decomposition of Ny, under partial information in terms of the corresponding inte-
grand 67 in the Galtchouk-Kunita-Watanabe decomposition under full information, and finally
Theorem gives the characterization of the locally risk-minimizing strategy for the insurance
claim (§, Z, 7) under partial information.

In the sequel, given any subfiltration H of G, the notation PHY refers to the (H, f’)—predictable
projection of a given P-integrable G-adapted process Y.
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Proposition 4.15. Under Assumptions and the integrand 07" in decomposition (4.12])
15 given by
p,Fs (é\t}'e— fg q/udu)

PFS (g~ Jo udu)

07" = . te[0,TAT] (4.14)

where the process 0% is the integrand in decomposition (4.13)), and the (@,ﬁ)—martmgale A9 =
{AY t € [0,T AT]} is given by

~ |~ N t N
AV =F [Af gt} +E [/0 (67 — 67°)dsT

Q}} . te]o,TAT]. (4.15)
Proof. In virtue of Corollary , if 97° satisfies (4.14), then
07" =PEGF e [0,T A 7.
By decomposition (4.13) we can write
T ~ N ~ ~ A~
Nrpr = E [Npas] + / PEOFAST + Appr + AS, ., P —as., (4.16)
0
where A = {A,, t € [0,T A 7]}, given by
A= [ 0287 = [ @ -7%80asT, te 0.7 Ar)
0

0

is a square integrable (G, f’)—martingale (see, e.g. [48, Lemma 2.1]). This is a consequence of the
fact that ST is a (G, P)-local martingale and that, by Jensen’s inequality the following holds

. TAT, 2 Y T, 2
3 {/ (0550(% 31:)5;) du} =E {/ (vaQfg(u, SZ)S;) 1{T>u}du}
0 0 B

R TAN 9 N TAT N 2
<E {/ PG ((é\fo'(u, SZ)S;) 1{72u}> du} =E [/ (950(% SD&:) du
0 0

By (4.15), conditioning (4.16|) with respect to Grar vields

< Q.

T _ o ~ ~
Nipr = B [Npas] + / PEYrAST +E [ATAT + A%ATIQTAT}
0

T o~
= E [Nrar] + / PEYFAST 4 A9, .
0

This provides the Galtchouk-Kunita-Watanabe decomposition of Nr, with respect to (@, f’), once
we verify that the square integrable (G, P)-martingale AY is strongly orthogonal to S™. Note that

A9 satisfies
[ TAT
E {A?AT / gpudS;} =0,
0
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TAT

for all @—predictable processes ¢ such that E [ 0

2 d(ST)u] < 00, i.e. AY is G-weakly orthogonal
to ST, see Definition 2.1 in Ceci et al. [17]. Indeed, since ¢ is @—predictable, by the tower rule

- TAT R TAT T TAT
B {Ag / soudsg} _ & {A%M / soudSZ] LB [A / gouds;} -
0 0 0

Both of the terms on the right-hand side are zero: the first one because A9 is strongly orthogonal
to ST, and the second one follows by the computations below,

I TNAT R TAT .
B dne [ eudst| <[ [ 0@ P00
0 0
- TAT .
-k U NG AL ST><5’>2dU} —0,
0

since {o(t,S7)S], t € [0,T A 7]} has continuous trajectories.

Finally, the strong orthogonality between AY and 57 is equivalent to G-weak orthogonality since
AY is G-adapted (see Ceci et al. [I7, Remark 2.4]). O

Theorem 4.16. Let N be the payment stream given by (2.9)), associated with the endowment
insurance contract (§, Z,T) and let Assumptions andl4.14 hold. Then, equation (4.12)) coincides
with the stopped Follmer-Schweizer decomposition of Npar with respect to G, given in (4.6)).

Moreover, the (F?, @)-locally risk-minimizing strategy ©* = (0*,n*) for N is given by

pFS ((91{%, I %du>
pFS <67 fot 7udu)
ni = Vi) = 0,57, te[0,TAT],

0y =07 =

. te0, T AT, (4.17)

and the optimal value process V (¢*) is given by
t ~
Vil¢®) = E[Nrar] + / 0:dST + AY — Ny, t€[0,T AT],
0

with
A9 =R [Atg

t

G| +E [/ 67dsT
0

where 67 = 07 and A9 = A9 are gien in decomposition (4.13) and 67° = 07 and AY = AY are

given in (4.12)).

Proof. Under Assumption [2.1] the stopped Follmer-Schweizer decompositions of Npa, with respect
to G and @, respectively given by equation and , exist. Then, it follows from Biagini
and Cretarola [4, Theorem 3.9] or Schweizer |48, Theorem 3.5|, that decomposition and
(4.5) coincide. Analogously, by replacing the filtrations G and F with G and FS , we get that

t
gt} —/ 0:ds;, te[0,T AT],
0
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also decompositions (4.12) and (4.6 coincide. Then, the result follows by Proposition and
Proposition O

Representation (4.17)) requires the knowledge of the process 67, that is, the first component of the
(F, G)-locally risk-minimizing strategy (see Biagini and Cretarola [4, Proposition 3.7]).

To characterize the process 67, define the process V= {I//\}, t € [0,T A 7]} by setting
V, :=E[Nrar |G, t € [0, T AT]. (4.18)
Then, by (4.13) the process V admits the Galchouk-Kunita-Watanabe decomposition given by

t
Vt:E[NTAT}Jr/ 07dST + AY, te[0,T AT],
0

where A9 = AY is a square integrable (G, ﬁ)—martingale null at time zero, strongly orthogonal to
ST with respect to P. By taking the predictable covariation with respect to S™ on both sides of

the equality we get that
d(V,S7)P
07 = <’—A>t, t € [0,T AT], (4.19)
d{sm)F

where (-, ~>13 denotes the predictable covariation process under minimal martingale measure P.
Now we have to face the task of computing the process (17, ST>f’.

In the following section we will analyze some examples in a Markovian setting where we are able
to give explicit representations of both the optimal hedging strategies % and 67 * under full and
partial information.

5. AN APPLICATION: THE F-MORTALITY RATE DEPENDING ON THE UNOBSERVABLE
STOCHASTIC FACTOR

To introduce a Markovian setting, we assume that the F-mortality rate v is of the form v, = (¢, X;),
t € [0,7], for a nonnegative measurable function v such that E [fOT 'y(s,Xs)ds] < 00, and the

endowment insurance contract is given by the triplet (£, Z,7), where £ = G(T,Sr) and Z; =
U(t,S;), for some measurable functions G and U such that E[|G(T, S7)|*] < oo and E[|U(¢, S;)[*] <
o0, for every t € [0, T.

On the probability space (2, F ,f’) the pair (S, X) satisfies the following system of stochastic
differential equations

48, = Sio(t, S,)dW,, Sy = sy € RY,

dX, = (b(t,Xt) —alt, X)p plt, S Xi)

FE 00 20 4t 4 a(t, X, <det +/1- p2d3t> Xy =1z €R.
O'(t, St)

(5.1)



UNIT-LINKED LIFE INSURANCE POLICIES 19

We assume throughout the section that

E UT {1b(t, X¢)| + a®(t, X¢) + S7o*(t, Sy) } dt| < oo. (5.2)

Condition (5.2)) guarantees, for instance, that S is a square integrable (T, f’)—martingale. The same
holds for the martingale part of X.

The Markovianity of the pair (S, X)) under P is shown in the Lemma below.
Lemma 5.1. Under Assumption and condition (5.2)), the pair (S,X) is an (F, P)-Markou

process with generator L£5X given by

- o plts,2)altn)] 0F |1, 8
Dng(t,s?x)_a—l—{b(t,x)—p pr PR %+§2( )w (5.3)
o? 1 N

Fpalt )t )5 504 (1) 0L,

for every function f € Cp**([0, T xR xR). Moreover, the following semimartingale decomposition
holds

t
f(t, Sy, Xi) = f(0, s, zo) —|—/ ES’Xf(u, Sy Xy )du + Mtf, t €[0,7T],

0

where MY = {M], t € [0,T]} is the (F, P)-martingale given by
0
am/ = af (t, X,) [det—i—\/l— dBt] o(t, S;)SdV,.

The proof is postponed to Appendix

The idea for computing the (F°, ((N})-locally risk minimizing strategy is to derive 67 via (4.19) and
apply equation (4.17). Therefore, we need to characterize the process V in (4.18]).

First, observe that the process M in (2.8) is a (G, ﬁ)—martingale null at time zero that can also be
written as

t
Mt = Ht — / (1 — HT)")/(T, Xr,-)d?ﬂ,
0

where H is the death indicator process given in (2.5)), i.e. H; = 1{;<;. Then we get that,

V,=E [G(T, S1)(1— Hy) + /OT Ulr, S:)dHr|gt}
~ &[G sp0 - )+ [ UrSH0 - Hnl X))

_ /0 U STY (1 — Hoy(r XT)dr 4+ B {G(T, STY(1 — Hy) + /t U ST — B XT)drG

In order to compute the last conditional expectation we use the Markovianity of the triplet
(S7, X7, H) under P, which is proved in the lemma below. Denote by (/3;1’2’2([0, T] xRt xR x{0,1})
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the set of measurable and bounded functions f : [0,7] x R* x R x {0, 1} — R which are continuous
and differentiable with respect to ¢, continuous and twice differentiable with respect to (s, z) with
bounded derivatives (of all necessary orders).

Lemma 5.2. Under Assumption and condition (5.2)), the triplet (S7, X7, H) is a (G, 13)—Mark0v

process with generator L£5XH

ES’X’Hf(t, S,x,2) = ES’Xf(t, s, 2)(L—2)+{f(t,s,x,z+ 1) — f(t,s,z,2)}y(t,x)(1 — z) (5.4)
for every function f € 62’2’2([0,T] x RT x R x {0,1}), where L5X g given in (5.3)).

given by

Moreover, the following (G,ﬁ)—semimartingale decomposition holds
t
f(t, ST, X7, Hy) = f(0, 80,7, 0) +/ L9 f(u, ST, X7 H,)du+ M, t€[0,TAT],
0

where MY = {M{, t € [0,T]} is the (G,P)-martingale given by
of of

antf =21 (10— H)a(t, X7) [pdW7 + /1= 4B | + S0 = H)olt, S))STAW; (5.5)

+{f(t,S7, X[, H- + 1) — f(t,5], X7, H-) }dM,.
The proof is postponed to Appendix

Then the following result provides a characterization of the locally risk-minimizing strategy for the
insurance claim under full information.

Proposition 5.3 (The full information case). Let Assumption and condition (5.2)) hold and
assume that Npa, is P-square integrable. Let g € Cp>*([0, T] x Rt xR) be a solution of the problem

L5 g(t,s,3) = (t,2)g(t,s,) + Ut,s)y(t,2) =0, (t,5,2) €[0,T) x R* xR, (5.6)
9(T,s,x) =G(T,s), (s,x)eRT xR. ‘
Then, the (F,G)-locally risk minimizing strategy is given by
0 t,X;) O
07 = 994 5, x,) + pAbA) 99, ¢ vy veqo. T AT (5.7)

0s pStCT(t, St) %

Proof. First, note that if g € C,”>*([0,T] x R* x R) is a solution of the problem (5.6) then the
function g € 62’2’2([0, T] x Rt xR x {0,1}), defined as g(t, s, z,0) := g(t, s,x) and g(t, s, z,1) := 0
solves the backward Cauchy problem

BS5HG(t 5,0, 2) + Ult, 5)(1 - 2)9(6,2) =0, (t,5,2,2) € [0,T) x R x R x {0,1},
9(T,s,z,2) = (1—2)G(T,s), (s,z,2) € RT x R x {0, 1}.
By Lemma [5.2] and the Feynman-Kac formula we have that

T
3t ST X7, Hy) =B |G(T, Sp)(1 — Hr) + / Ur, S7)(1— H,)y(r, X7)dr
t

g
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and the following (G, ﬁ)—martingale decomposition of 1% holds,

a/\ a/\ v -~ T T -~ T T
za—i’ds; + BIAXT 4 {G(t, ST, XT, Hee + 1) — §(t, ST, X7, Hy-)}ydM,,

av
¢ ox

where X™ denotes the martingale part of X7, that is

tAT tAT
X[ = p/ a(u, X7)dW, + /1 — p2/ a(u, X;)dB;, te|0,T].
0 0

Then, taking the predictable covariation with respect to S one immediately obtains

iy or\P a/g\ T T P a/g\ T T v or\P
d<V>S >tP :g(t, St 7Xt ) Ht*)d<s >f + %(t St 7Xt 7Ht’)d<X 7S >F7

s £, X7)
with d(X7, STYP = _alt, X7)
XS a8

that g(t,S7, X7, Hi-) = g(t, ST, X7,0) = g(t, S, X;) for any t € [0,T A 7]. O

d<ST)f. The expression of 67 easily follows from (4.19)), observing

Remark 5.4. Note that if p = 0 in , then 67 reduces to one single term of a delta hedge
type, as in the classical Black € Scholes model. The additional term is a correction term due to
correlation. Such a representation is similar to that obtained in stochastic volatility models in a
Brownian motion setting, see e.g. [43, Proposition 1] or [36, Equation 7].

Remark 5.5. Ezxistence and uniqueness of classical solutions to (5.6) can be obtained under suitable
assumptions by applying the results in Heath and Schweizer [30)].

Remark 5.6. By the Feynmann-Kac formula the process {g(t, S, X¢), t € [0,T]} has the following
stochastic representation

T T ”
g(t, Sy, X;) =E e Ji v(rXe)drgy Sr) +/ e i 'Y(“’X”)d“U(r, S )y(r, X,,)dr‘}"t] . (5.8)

t

5.1. A filtering approach to local risk-minimization under partial information. In
this section we wish to apply some results from filtering theory to compute the locally risk-
minimizing hedging strategy under partial information. Precisely, this requires to compute con-
ditional expectations of processes that depend on the trajectories of X. To apply the classical
methodology, we introduce as an additional state process, the F-survival process of 7 given by
Pt >t|F)=1—F =¢ JorwXdu for each ¢ € [0, 7], and denote it by Y;. The dynamics of
Y ={Y,, t €[0,T]}, is given by

dY; = —(t, X)Yidt, Yy = 1. (5.9)
Remark 5.7. Following the same lines of the proof of Lemma for the triplet (S, X,Y), it

1S eas 0 veri a € VeCcltor process 1S an -VMarkov pProcess. en, consiaer-
s easy to verify that the vector p (S, X,Y) is an (F,P)-Markov p Then, d

ing the dynamics of the processes S, X and Y in system (5.1) and equation (5.9), and apply-
ing Ito’s formula, we get that for every function f € Cy**'([0,T] x RT x R x RT), the process
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{f(t, S, X1,Y;), t €[0,T]} has the following semimartingale decomposition

t
f(t,St,Xt,Yt):f(O,so,x0,1)+/ LY f(u, Sy, X, Y, )du+ M, te[0,T], (5.10)
0

where MY = {M], t € [0,T]} is the (F, P)-martingale given by
0 — o —~
thf = a—ia(t, Xt) [det + \V4 1-— deBt] + a—ia(t, St)Stth,

ES,X,Y

and given by

B fts.,0) =L (00) = i (00) G 15,0
provides the (I, f’)-Markov generator of (S, X,Y).

For every measurable function f such that E[|f(t, S;, X, Y;)|] < oo, for each ¢ € [0,T], we define
the filter m(f) = {m/(f), t € [0,T]} with respect to P, by setting

m(f) =B [f(t, S, X0, V)IFE], te0,T).

It is well known that 7 is a probability measure-valued process with cadlag trajectories (see,
e.g. Kurtz and Ocone [34]), and provides the P-conditional law of the stochastic factor X given
the filtration generated by the risky asset prices process. The filter dynamics is given in Proposition

5.9 below.

Assumption 5.8. The functions b, a, v, i, and o are jointly continuous and satisfy the following
growth and locally Lipschitz conditions:

(G) for some nonnegative constant C, and for every (t,s,z) € [0,T] x RT x R,
[b(t, 2)* + |a(t, 2)* + [y(t,2)]* < C(1+ [2),
ity 5, 2) % < CL+ [sf2 + [2f?) and |o(t, 5)|* < C(1L+ |5]);
(LL) for all v > 0 there exists a constant L such that for every t € [0,T], s, ,x,2" € B.(0) :=
{zeR: |z| <r},
|b<t,!17) o b<t7x/)| + ]a(t,a:) - Cl(t, xl)’ + |’y(t,:1:) o ’y(t,x/)| < L’ZC o .T/‘,
\p(t, s,x) — p(t, s, 2")| < L(ls — §'| + |z — 2'|) and |o(t,s) — o(t,s")] < L|s — §'|.

Proposition 5.9. Under Assumptions and and condition (5.2)), for every function f €

CoP*M([0,T] x RT x R x RY) and t € [0,T), the filter w is the unique strong solution of the
following equation

m(f) = f(O,so,x0,1)+/0 WU(ES’X’Yf)dqu/O [mu <a g—i) + S,o(t, Sy)m, (?)] dW,. (5.11)

S
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The proof is postponed to Appendix

Now, we can characterize the optimal hedging strategy for the given endowment insurance contract
(&, Z,7) under partial information as follows.

Theorem 5.10. Assume that the hypotheses of Proposition hold and that Npa, s f’-squar@
integrable. Let g be a solution to problem (5.6). Then, the first component 0* of the (F°, @)—locally
risk-minimizing strateqy for the payment stream N associated with the unit-linked life insurance
contract (§,Z,T) is given by

T (Zdy%) + m’ﬂ't (CL Zdy%)

- : , 5.12
! m(idy) (5.12)
for every t € [0, T A 7], where id,(t,s,x,y) == y.
Proof. By equation (4.17) in Theorem and (5.7) we get
ﬁ,]FS (0{67 f(f fy(u,Xu)d’ul>
07 =
¢ PES (= Jo vudu)
B pFS <€_ It 'y(u,Xu)du%<t7 S, Xt)) N pFS (6_ Jo v(w,Xu)du gtaa(?t?gtt)) %(t S,, Xt))
B pFS (e, I 'Yudu) p,FS (e* I 'yudu) ’
for every t € [0, T A 7]. Finally, (5.12) follows by the definition of the filter. O

5.2. An example with uncorrelated Brownian motions. Throughout this section we choose
p = 0, which corresponds to the case where W and B are P-independent, and therefore W and
B are ﬁ—independent. In this case, a simpler expression for the first component of the optimal
hedging strategy ¢* under partial information is provided.

On the probability space (€, F, f’) the dynamics of the vector process (S, X,Y’) is given by
dSt = St0'<t, St)d/l/l?t, SO = Sg € R+,
dXt = b(t, Xt)dt + @(t, Xt>dBt, XO = X9 € R,

Moreover, we choose a recovery function of the form U(t,s) = ds, for every (t,s) € [0,7] x R¥,
t
where ¢ is a given positive constant. Then, the payment stream N is given by N; = ¢ / S.dH, if
0
t e [0, T) and NT = G(T, ST)]-{T>T}’

In the sequel we wish to characterize the optimal hedging strategy under full information, given in
(5.7), and under partial information via (4.17)), in this simpler example. This requires to compute
g in equation ([5.8)).
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The independence between X and S under P (that also holds when conditioning on F;, for each
t), implies that

E [G(T, Sp)e (oo

F] = RIG(T, 5p)| F)R [ e

g

E Yo7 _

= g(ta St) }/;J

g(t, SE [Yr| F] efo (¥
for every t € [0,T], where by the Feynman-Kac theorem the function g can be characterized as
the solution of the problem

~ 2~

W (1,5)+ 2 (0,9)0%(1, )" =0, (1,5) € 0.7) x B

J(T,s) =G(T,s), seR".

Then, for the remaining part of the conditional expectation in (5.8)), using the f’—independence
between (X,Y) and S and the fact that S is an (F, P)-martingale, we have

~ T/ . 7Ty,
oE {/ e )i V(U’X“)d“Sw(r, Xﬁdr‘]—}] =JE [ —Sv(r, X,) dr‘]—}]
t

t Y,
——iﬁ[/TSdY ]——EE[/Td(SY) }+£1AEU Y,dsS,
Y-t \ r r t }/t ] rir t Y; \ r T

= —éfﬁj [STYT - Sth ]:t] = (57‘53 (Yt - E[YT|E]> :

|

This implies that

08, =~
o0, X,y 8) = 30, SOR Vel 7] i 103004 D0 (v, — B vy 7))
t

= (G(t, S,) — 8S,) elo X0 E [y ] + 88,
Remark 5.11. Note that for every t € [0,T],

E [YT|E] =e f()t ’Y(u,Xu)duE ft (u, X v )du ftB] |

-F;t:| —e f() (u, X) duE|: ft (u, Xy )du

where the last equality follows by the independence of X and W under P. By the Feynman-Kac
theorem, if there exists a function ® € Cy*([0,T] x R) which solves the problem,

00 00 10,
ot (t QZ’) + %(t,l’)b(t,l‘) + éw(tvl‘)a (t,l’) - (I)(t,$)’)/(t,$) =0, <t7$) € [OaT) X Ra

o(T,z) =1, z€R,

then, ®(t,X,) = E [6_ ST (X)) du
(FB, f’)-martmgale.

EB] and the process {e‘fgw(u’X“)duCI)(t,Xt), te [O,T]} is an
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Hence, g(t,S;, Xy) = g(t, S))®(t, X;) + 05:(1 — ®(¢, X)) and by using (5.7) the optimal hedging
strategy under full information is given by
9
07 = (a—i(t,St) — (5> O(t, Xy)+0, te[0,TANT].

Finally, by (4.17) we get that the (F°, @)—locally risk-minimizing strategy can be written as

(g—’g(t, S,) — 5) ., (id, ®)

, +9, te]0,TANT]. 5.13
T [0.7 A 7] (513)

0; =

Note that, by the f’—independence of (X,Y) and S, and the fact that the change of probability
measure from P to P does not affect the law of X, we have that the computation of the filter
reduces to ordinary expectations with respect to P

(P idy,) = E [@(t,Xt)e— Jo Y(w,Xu)du

]—"f] =E [@(t, Xi)e™ fh(“’x")d“} = ®(0,20) = E[Y7],

m(idy,) = i [e‘ Sy (u,Xy)du

FF| =B [ o] —E[y) =E[v],
for every t € [0,7]. Then, we can write (5.13)) as

(g—g(t, S,) — 5) E [Y7] + 6E[Y]]
E[Yy]
where E[Y}] = E [e’ Iy 'Y<“7Xu>d“} L te0,T).

07 = , te]0,TAT],
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APPENDIX A. THE HAZARD PROCESS AND THE MARTINGALE HAZARD PROCESS OF 7 UNDER
PARTIAL INFORMATION
We define the conditional distribution of 7 with respect to F?°, for every t € [0, 7], as
Ff =P(r <t|F), telo,T].
By the tower rule it is easy to check that F}° = E [Ft|]-"ts ] , for each t € [0, T]. Hence, the assumption
F; < 1, for every t € [0, T], also implies that F}° < 1 for every t € [0,T].
We now introduce the F¥-hazard process of 7 under P, I'* = {T'¥, ¢ € [0, T]}, by setting
I =—In(l—F%), tel0,T]. (A1)
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Remark A.1. Notice that the relation between the F-hazard process T', see (2.7)), and the B -hazard
process I'S | see (A.1), is given by

e =FE [e ™| F], telo,T].

If I'S is continuous and increasing, by Bielecki and Rutkowski [7, Proposition 5.1.3] the process
{H,—T%. ., t€]0,T]}is a (G, P)-martingale. However, without these assumptions, we will prove
in Prop081t10n the existence of an (F¥, G)-martingale hazard process.

For the sake of clarity, we recall the definition of martingale hazard process in our setting.

Definition A.2. An FS-predictable, increasing process A = {A, t € [0,T]} is called an (F5,G)-
martingale hazard process of the random time 7 if and only if the process {H; — Ajar, t € [0,T]}
follows a (G, P)-martingale.

In general, the (IF°, @) martingale hazard process does not coincide with the F°-hazard process
'S, This property is fulfilled if the martingale invariance property holds, that is, any (F~, P)-
martingale turns out to be a (G,P)-martingale. In such a case, the (FS,G)-martingale hazard
process uniquely specifies the F¥-survival probabilities of 7. Nevertheless, we do not make this
assumption in the paper.

In order to derive the (F°, @)—martingale hazard process of 7 we need some preliminary results.

Recall that given any subfiltration H = {H;, t € [0,T]} of G, *™Y (respectively 1Y) denotes the
optional (respectively predictable) projection of a given P-integrable, G-adapted process Y with
respect to H and P.

Lemma A.3. Given a P-integrable, G-adapted process Y, we have

“F (Vilgrory)

1{T>t}O7GY; == ]-{T>t} O]Fsl ) (A2)
’ {r>t}
_ PE% (y,1
{r>t}
150"V, = 1{721&}%, (A.3)
{r=t}
for each t € [0, T). Moreover, if Y is F-predictable then
B p,FS (Y}e‘ I %du>
1{72t}p7GY;€ = 1{7’21&} RS [OvT] (A4>

FS (6_ fg yudu)

Proof. How to get formula (A.2)) is shown in Bielecki and Rutkowski [7, Lemma 5.1.2].

To prove , recall that, since F; <1 for all ¢ € [0, 77, there exists an F*-predictable process
{Y}, te [0 T1} such that Y, 1>y = rGy;, 147>y, P-ass. foreach t € [0,7]. By the predictable
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projection properties, for any F°-predictable process ¢ = {¢;, t € [0,T]} and for each t € [0, 7],

we get
o t t _
E |:/ SOSY; p.F 1{7’25}d5:| =K |:/ (psy;]-{TZS}dS:| =K |:/ 3031{723} p7GY:9d3:|
0 0 0

t t
=k [/ %051{T>3}Y8d3] =E [/ s " (L2 Vo) dS] ,
0

0
since the process {¢i1i->4, t € [0,T]} is G-predictable.

Now consider the case where Y is F-predictable. Since {*Fly~y = e~ fg”“d“, t €[0,T)} is a
continuous process, we get

O’]F]_{T>t} — O’]F]-{th} = p’]F]-{TZt}y t e [0’ T]

Finally, equation ([A.4]) is consequence of the following chains of equalities

Py =1 (M Lgay) =P (6_ S Wiu) ;

and
P (Yilpzy) = P (v p’]Fl{TZt}) — pF? (Yte’ I Wi“) ,

for every t € [0, T]. O
Remark A.4. Note that the F¥-hazard process I'° = {I'?, t € [0,T]}, can be written as
If = —tn (5 (e b)), e efo,7)

Remark A.5. Given a (G, P)-martingale m = {my, t € [0,T]} and a G-progressively measurable
process 1 = {uy, t € [0,T]} such that E [fOTWU\du} < 00, the processes {O’Gmt, te [O,T]}

0,G _ ~
and { (fg lpudu) - fg oCop,du, t € [O,T]} are (G, P)-martingales, see for instance Ceci and

Colaneri [13, Remark 2.1].

Finally, we give the (F°, @)—martingale hazard process of 7.

Proposition A.6. The death time T admits an (Fs,@)—martingale hazard process A = {A\;, t €
0,7}, where Ay := fg%fdu, with v° = {v7, t € [0,T]} being a nonnegative, F5-predictable
process. Moreover, for every t € [0,T],

%51{?” = p7G%1{T2t} P—a.s. (A.5)

and
p,FS <%e* s %du>

p7FS (ei f()t ’yud’u‘>

7=

, te[o,TAT].
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Proof. By applying Remark to the (G, P)-martingale M, see (2.8)), we have that

t
{Ht—/ oG\, du, t € [O,T]}
0

is a (((N}, P)-martingale, which implies, taking Lemma into account, that also

t AT
{Ht — / PC), du = H, — / PGy du, t € [O,T]}
0 0

is a (G, P)-martingale.

Since F, < 1 for all t € [0, T, for any G-predictable process h = {h;, ¢ € [0,T]} there exists an
[F¥-predictable process h = {h;, t € [0,T]} such that hilir>y = hyl{r>yy, P-as. for each t € [0,7].
This implies the existence of an F°-predictable process v° such that (A.5) is satisfied.

Hence, the process {A; = fo Sdu, t € [0,T]} is an (FS G)-martingale hazard process of 7 since

— Npr = Hy — JAT v3du, for each t € [0, 7T, is a (G, P)-martingale. To complete the proof is

sufficient to apply the relation (A.4) in Lemma[A.3] O

Note that Proposition ensures that 7 turns out to be a totally inaccessible ((N}-stopping time
thanks to Dellacherie and Meyer |23, Chapter 6.78].

APPENDIX B. TECHNICAL RESULTS

B.1. On optional and predictable projections under partial information.

Lemma B.1. Given a G-progressively measurable process v = {¢y, t € [0,T]} such that
E [fOT Wu\du} < 00, then

t ¢
/ >Gap,du :/ PCipdu P —a.s. t€0,T)]
0 0

Proof. First, we prove that the process U = {U;, t € [0,T]} given by U, := fot(o’@wu — p’@wu)du
t €10,7], is a (G, P)-martingale.

By the properties of predictable and optional projections, for any @-predictable process ¢ =
{¢e, t €[0,T1} we get

E { /O ' %pv%udu} ~F { /0 ' Wpudu] ~F { /0 ' %Ov%udu} .

By choosing ¢, = 141 4(u), s <t, A€ 55, we obtain that
t ~
E [1A / (PSep,, —O’G%)du} = 0.

Finally, since U is a process of finite variation by Revuz and Yor [45, Chapter IV, Proposition 1.2],
U is necessarily constant and equal to Uy = 0, which concludes the proof. U
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For reader’s convenience, we provide a version of the Kallianpur-Striebel formula holding for pre-
dictable projections.

Lemma B.2. If G = {Gy, t € [0,T]} is an F-adapted process, such that E[GiL;] < oo, for any
t €0,T], then
PES(GyLy)

P, SG = —
t S )
p’ t

t € 10,17,
where L s the density process given in ([2.3)).

Proof. To prove the result, we need to check that for every F°-predictable process ¢, the following

t t
E {/ 0. PG, p’FSLSds] =E [/ Vs pF° (GsLy) ds} ,
0 0

for every t € [0,T]. By applying Fubini’s theorem twice, and the property of the predictable

equality holds

projection, for every F°-predictable process ¢ and for every t € [0, T], we get

t t t
E {/ Vs ﬁ’FSGS p’FsLsds} =FE {/ wsG p’FsLsds} = / E [@SGS p’FSLS] ds
0 0 0

t t
- / E [%GSLS p»FSLS] ds = / E [gps P (G L) p’FSLS] ds
0 0

t
/ o0 PF (GLL) ds] ,

0

t
= / E [gps p.F? (GsLs) Lsi| ds =E [

0
which concludes the proof. ([l

If the process G is G-adapted but not necessarily F-adapted, then a similar result is showed in the
following lemma.

Lemma B.3. If G = {Gy, t € [0,T]} is a G-adapted process, such that E[G:L;] < oo, for any
t €0,T], then
P (GiLy)

_ , te|0,T].
G,

LonPCGr = 1y

Proof. Similarly to the proof of Lemma , for every G-adapted process GG and every @—predictable
process ¢ we have

A~

t _ _ N t N L ~

E |:/ 1{7-25}@5 ﬁ’GGS p’GLSd8:| =K |:/ 1{723}¢5Gs p’GLSd8:| = / E [1{723}505Gs p’GLS ds
0 0 0

t

t - ~ ~
= / E L7120 0sGy 0L, | ds = / E [ 1grgps "% (GoLy) "OL,] ds
0 0

t _ Tt _
_ / E [1{725}% P& (G L) LS} ds = E [ / Lironys "% (GLL,) ds] ,
0 0
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for every t € [0,7]. Note that, in the second line, we use the fact that L] = L; for every
t € [0,7 A 7], where L™ is the density process given in (4.10)). U

Corollary B.4. Let 0 = {0,, t € [0,T]} be an F-predictable process. Then,
pFs (Hte_ I 'yudu)

ﬁFS(e* f(f yudu)

Lisn P80, = 1sn , tel0,T]

Proof. By Lemma [B.3| we get

e € (9,1
Lirog P50, = 1{rzt}M

PG,

PF? (9,5[/,567 Jo 'Y“du> pF° <67 Jo 7“du>
=1/ > . B.1
{r>t} TS <€7 s 'Yudu) p,FS <67 S V“duLt> (B.1)

pFe (0 e~ Il 'yudu)

=1 e B.2
{ Zt} ﬁ:FS (67 fO '7udu) ( )
where in line (B.1)) we use Lemma and in line (B.2)) we apply Lemma . 0

B.2. Some proofs.

Proof of Lemmal[3.9 To prove that the process I” is a (@, P)-Brownian motion on [0,7 A T, we
wish to apply the Lévy theorem. First, note that I7 is a square integrable process with continuous
trajectories, and since the following equality is fulfilled

t 1 t p,@lu
I = — dS5] — — du, tel0,7],
1= [, s 450 ssy @ te )
it turns out to be @—adapted. We now prove that I7 is a (@, P)-martingale. As a consequence of

Lemma in Appendix we can work with the (@, P)-optional projection of p, that is O’@u,
instead of the (G, P)-predictable projection ¢ Hence, for every 0 < s <t < T, we have

. tAT ST XT _ o,@ u - ~
E[I{—IST QS}ZE / s S Xo) ="ty 1o +E[W;—W§ gs]
SAT U(u7 S'Z)
By the properties of the conditional expectation we obtain that
. _
- pu(u, ST, XT) o€ [ 1y ~ 7~
Bl -1|G] = [ B |BE2tedy = 7 (B ) 6] |6
Y /S [[O(U,Sg) {r>u} e Gu| |Gs | du
+E[E Wy -wilg,] |6
Since E[W] — WT|G,] = 0, finally we get
~ t 0,G 0,G ~
E |1 - 1[G, - / E{ (%1{T>u}) - (%um}) gs} du = 0.
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To conclude, we apply the Lévy theorem taking into account that (I7) = (W7). O

Proof of Lemma[5.1]. Recall that the process W given in (2.4) and B are independent (]F,f’)—
Brownian motions. Since the change of probability measure from P to P is Markovian, the pair
(S, X) is still an (F,f’)-Markov process, see Ceci and Gerardi |15, Proposition 3.4]|. Then, the
Markov generator L5% of the pair (S, X)) can be easily computed considering the semimartingale

decompositions of the processes S and X with respect to filtration F and the measure Pin system
(5-1) and applying Ito’s formula to any function f € Cp**([0,T] x Rt x R). O

Proof of Lemma[5.4 In order to compute the (G, 13)—Markov generator of the process (S™, X", H)
we recall that the death indicator process H, is given by

t
H, = / (1—H.)vy(r, X,)dr + M;, t€]0,T],
0
and that on the stochastic interval [0,7" A 7], the dynamics of the stopped processes S™ and X7

are given by

dS] = (1 — H,-)STo(t, S7)dWy

t,5{, X{ T T T
dX] = (1— H,-) { (b(z,X;) —a(t,X])p %) dt + a(t, X]) <det + /1 — p2dB;] ) } :
s Mt

Finally, by applying It6’s formula to any function f € 6;’2’2([0,T] x RT x R x {0,1}), we have
that, on the stochastic interval [0,7 A 7],

df(t, ST, X7, Hy) =L5M f(t, 87, X7, Hy)dt + dM{
where £9%H is the operator given in (5.4) and M/ is the (G, f’)—martingale in ((5.5)). OJ

Proof of Proposition[5.9. First, observe that W is an (FS, 13)—Brownian motion since the following
equality holds

P . t p’]FS,u
W, =1, — " Qu, telo,T),
' t_'_/() O'(U,Su) ! [ ]

~ S
where {I, :== W, + [, & (“’Slj;()ii‘;;)w Erdu, t € [0,T]} is the so-called innovation process which is

known to be an (F*, P)-Brownian motion (see, for instance Liptser and Shiryaev [38]).

Recalling the semimartingale decomposition of f(¢, Sy, Xy, Y;), given in (5.10]), we can proceed as
in the proof of Ceci et al. [19, Proposition A.2| and prove that the filter 7 solves equation ({5.11)).

Strong uniqueness for the solution to the filtering equation follows by uniqueness of the filtered
martingale problem for the operator LSXY (see, e.g. Kurtz and Ocone [34], Ceci and Colaneri
[13], Ceci and Colaneri [14]). Precisely, by applying Kurtz and Ocone [34, Theorem 3.3] we get
that the filtered martingale problem for the operator L5XY has a unique solution, and this implies
uniqueness of equation ((5.11). O
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