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Abstract
Several composite materials used in engineering – such as ceramic/

metal matrix composites, concrete, masonry-like/geo–materials and
innovative meta–materials – have internal micro-structures character-
ized by a random distribution of inclusions (particles) embedded in a
matrix. Their structural response is highly influenced not only by the
mechanical properties of components, but also by the shape, size and
position of the inclusions.

In this work, we adopt a statistically-based micropolar homoge-
nization procedure, to obtain the overall elastic properties of homo-
geneous micropolar continua able to naturally account for scale and
skew–symmetric shear effects. Attention is paid to the sensitivity to
material contrast, defined as the mismatch between classical and mi-
cropolar constitutive properties of matrix and inclusions. A statistical
specifically conceived convergence criterion is adopted which allow us
to identify the REV (Representative Volume Element) for any value
of material contrast.

Keywords— Particle Composites, Micropolar continua, Scale-
Dependent Statistical Homogenization, Representative Volume Ele-
ment

1 Introduction

Particle composites are a special class of heterogeneous materials exhibiting
an internal microstructure characterized by particles randomly distributed
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within a continuous matrix phase. Composites showing such a topology
are widespread in many engineering fields, from aerospace to restoration
of architectural heritage. Besides typical examples of short–fiber reinforced
materials, ceramic- and metal-matrix composites, poly-crystals, concrete and
porous rocks, also innovative smart materials and meta-materials can be
counted among particle composites. The study of these materials certainly
requires a through knowledge of the micromechanical elastic response and
an appropriate estimation of their overall structural behavior. This stage
is a prerequisite for the design of new smart materials with properly tuned
properties and it can guide in the choice of constituent materials and in the
definition of percentage and shape of the inclusions to be embedded in the
matrix, in a perspective of structural optimization.

The discontinuous and heterogeneous nature of these materials has a
strong relevance at the microscale [30]. Based on this observation, Discrete
Element Models [10, 9], successfully adopted to study masonry materials
[22, 3], have been also applied to particulate composites [18, 42], and fibre
reinforced composites [20]. The main drawback of this kind of approaches is
related to the considerably high computational costs required, so that anal-
yses may be limited to small portions of structure.
A possible way out is the use of continuous models within the framework
of multiscale procedures. Multiscale approaches have been used by many
authors for the purpose of obtaining equivalent continua able to take into ac-
count, at a coarse scale, the internal microstructure emerging from embedded
finer scales [14, 29, 12, 5, 32]. Homogenization techniques have been exploited
to study several typologies of materials, in particular to model those having
periodic microstructures via equivalent homogeneous continua both in two
and three dimensional frameworks. Within this approaches several authors
proposed to properly take into account internal material length scales, resort-
ing to non classical continuum modelling (higher order, micropolar and other
kind of multifield continua) [35, 15, 24, 7, 37, 31, 8, 23, 33, 41, 11, 1, 2, 4, 17].

Among various continua, the micropolar continuum proves to be very
effective in representing the scale dependency and skew–symmetric material
response of orthotropic periodic media [27, 40].

Homogenization techniques have been also adopted to model non–periodic
media. In the case of materials exhibiting a random microstructure, such as
random particle composites, the classical homogenization techniques adopted
for periodic media are not suitable. This because the concept of the Rep-
resentative Volume Element (RVE) (a volume portion of the heterogeneous
material that is statistically representative of the microstructural features of
the composite [21]), well-established for periodic media, calls for the need
of very large (theoretically infinite) material domains and depending on the

2



macroscopic body size, this may invalidate the scale separation commonly
assumed in continuum mechanics [25, 26]. The RVE cannot be detected a
priori, but it is an unknown of the homogenization problem.

In the last few decades, procedures based on the solution of Boundary
Value Problems (BVPs) on finite–size mesoscales have been developed in
order to apply homogenization techniques to materials with random mi-
crostructure [34, 28, 16, 43].

According to the statistically-based approach proposed in [25], the evalu-
ation of the overall elastic response of random composites and the identifica-
tion of the RVE size can be performed by exploiting the convergence between
two hierarchies of bounds, that are the solutions of BVPs defined on Statis-
tical Volume Elements (SVEs) undergoing fully displacement (Dirichlet) and
traction (Neumann) boundary conditions; providing upper and lower bounds
of the solution, respectively. This approach has been extended to the case of
micropolar continua at both microscopic and macroscopic scale in [39] and
specialized to the study of particle composites in [38, 36].

In this paper, we apply this statistically–based homogenization procedure
to study particle composites characterized by different mismatch between
the classical and micropolar elastic properties of matrix and inclusions. The
numerical approach aims at detecting the appropriate RVE size defined for
random particle composites modeled as micropolar continua.

We focus on the study of particle composite materials in which typically
the volume fraction of inclusions ρ = Vi/(Vi +Vm) (with Vi and Vm being the
volumes of inclusions and matrix, respectively) is lower than 40%. Under
this assumption, the material can be described at the microscopic scale as an
aggregate of randomly distributed inclusions that are embedded into a base
matrix, either softer or stiffer. At the macroscale the heterogeneous material
is replaced by an equivalent homogeneous material.
The micropolar continuum is adopted at both the macroscale and the mi-
croscale to properly account for scale effects related to the fact that in such
materials the typical size of inclusions d is not negligible with respect to the
structural characteristic length L. In this case the classical homogenization
fails since the scale separation principle is not valid any more.
The satisfaction of an energetically-based generalized macro–homogeneity
condition provides the boundary conditions to be adopted in the BVPs de-
fined on each statistical realization of the microstructure (SVE). The esti-
mation of equivalent elastic, classical and micropolar, moduli is repeated for
several realizations of the random heterogeneous medium. This corresponds
to ideally move a window within the actual material domain. The window
size is then increased until a properly established convergence criterion is
satisfied. The adopted criterion holds true for any value of the material con-
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trast (i.e. the ratio between the elastic moduli of matrix and inclusions).
Once the convergence is achieved, the RVE size is detected and the related
homogenized moduli are estimated.
The results of the statistically based micropolar homogenization procedure
strongly depend on the material properties of the constituents. For this rea-
son, parametric analyses, performed to investigate the converge trends as the
mismatch in the elastic properties of matrix and inclusions vary, are useful
to better characterize these kind of materials.

The outline of the paper is as follows. In Section 2 the micropolar ho-
mogenization approach is introduced. The governing equations at both the
macroscopic and the microscopic scales are recalled and a generalized macro-
homogeneity condition establishes the energy equivalence between them. In
Section 3 the statistically-based procedure adopted to take into account the
randomness in the material parameters distribution is briefly described. Nu-
merical results are presented and discussed in Section 4 where parametric
numerical analyses are carried out in order to investigate the influence of
the mismatch of material parameters at the microscales on the overall elastic
behaviour. Finally, in Section 5 some concluding remarks are presented.

2 Micropolar homogenization

At both macroscopic and microscopic scales, micropolar continua are taken
into account. The governing equations are formally the same except for the
constitutive law that is not ‘a priori’ defined at the macroscopic level, but
directly descends from the lower level as result of the homogenization proce-
dure. In the following, lower case letters always refer to micro while upper
case letters to macro scale. Considering a two–dimensional (2D) case, each
material point is characterized by two displacement and one rotation compo-
nents {u1, u2, φ3} and {U1, U2,Φ3} at micro– and macro–scale, respectively.

Within the framework of a linearized theory, the kinematics of the mi-
cropolar continua are governed by the compatibility equations in which the
symmetric and skew–symmetric parts of the strain are explicitly derived
(i, j = 1, 2):

εij =
1

2
(ui,j +uj,i ),

α12 =
1

2
(u1,2−u1,2 )− e312φ3,

κ3i = φ3,i,

(1)

where (εij) is the symmetric strain tensor, (α12) the skew–symmetric strain
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and (κi3) the curvature tensor at the microscopic level and

Eij =
1

2
(Ui,j +Uj,i ),

A12 =
1

2
(U1,2−U2,1 )− e312φ3,

K3i = Φ3,i,

(2)

where (Eij) is the symmetric strain tensor, (A12) the skew–symmetric strain
and K3i the curvature tensor at the microscopic level.

The stress tensors work conjugated to the strains respectively are (σij),
(β12) and (µ3i) at the microscopic level and (Σij), (B12) and (M3i) at the
macroscopic level.

We assume that at the lower level each material phase is characterized by
linear elastic isotropic micropolar behavior with the stress–strain relations
written as:

σ11
σ22
σ12
β12
µ31

µ32

 =


λ+ 2µ λ 0 0 0 0
λ λ+ 2µ 0 0 0 0
0 0 2µ 0 0 0
0 0 0 2µc 0 0
0 0 0 0 2µl2c 0
0 0 0 0 0 2µl2c




ε11
ε22
ε12
α12

κ31
κ32

 , (3)

which involves four independent elastic constitutive parameters: the Lamé
constants λ and µ, µc the micropolar shear modulus and the so–called char-
acteristic length lc, which is responsible for the rotational stiffness (See [38],
[13] for a more detailed description of the material constants adopted).

At the macroscopic level, the general anisotropic 2D stress–strain rela-
tions, write:


Σ11

Σ22

Σ12

B12

M31

M32

 =


A1111 A1122 A1112 D1112 F1131 F1132

A2211 A2222 A2212 D2212 F2231 F2232

A1211 A1222 A1212 D1212 F1231 F1232

D1211 D1222 D1212 B1212 G1231 G1232

F3111 F3122 F3112 G3112 C3131 C3132

F3211 F3222 F3212 G3212 C3231 C3232




E11

E22

E12

A12

K31

K32

 . (4)

At this level, the equivalent moduli are obtained via the homogenization
procedure proposed in [39], based on a generalization on the original macro-
homogeneity condition, proposed by Hill in [19]:

ΣijEij +B12A12 +M3iK3i =
1

Aδ

∫
Bδ

(σijεij + β12α12 + µ3iκ3i) dA (5)
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where the usual summation convention for repeated indices is used through
and the symmetric and skew-symmetric strain and stress components are
splitted, consistently with the above definitions, in order to separately inves-
tigate their effects. We can notice that, in the case of centrosymmetric (i.e.
non–chiral) materials, the components of the tensors D, F and G vanish.

Equation (5) states the equivalence between the stress power evaluated
at the microscopic level within a window Bδ, occupying the region of area
Aδ, and the stress power at a macroscopic point. Directly from the fulfilment
of Equation (5) a set of Dirichlet and Neumann boundary conditions on the
boundary ∂Bδ derive, applied at the micro–scale for the solution of the BVP:

ui = Eijxj, ϕ3 =
1

2
ekj3Akj +K3jxj on ∂Bδ , (6)

with xj being the j-th coordinate of the generic point on the boundary, with
respect to a reference system with origin in the geometric center of the RVE,
and the Neumann boundary conditions are:

ti = (Σij +Bij)nj, m3 = mo
3 +M3ini on ∂Bδ , (7)

where ti and m3 are tractions and surface couples, mo
3 = −

∫
∂Bδ

e3jlxjBklnk

being the moment imposed to ensure the moment balance in the presence of
skew–symmetric shear.

3 Statistically-based homogenization proce-

dure

The purpose of the statistically–based homogenization procedure is the eval-
uation of the elastic scale–dependent effective response of random particle
composites, basing on the detection of the RVE size, LRV E. Due to the lack
of periodicity in the microstructure, it is, indeed, impossible to ‘a priori’
identify, via topological observations, a representative portion of the hetero-
geneous material, thus LRV E becomes an additional unknown of the problem
with respect to periodic media [26].
In the following we recall the main steps of the procedure, while for a detailed
description refer to the articles [39, 38].

1. The heterogeneous medium is modeled as a two-phase material with cir-
cular inclusions, of diameter d, randomly distributed within a base ma-
trix. The assumptions of statistical homogeneity and mean-ergodicity
hold.
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2. The nominal volume fraction is kept fixed, equal to ρ = 40%, while
both number and position of inclusions can randomly vary.

3. For a fixed value of the scale parameter, δ = L/d (being L the side
of a square test window) a number of realization of the microstructure
Bδ(ω), where ω is an elementary event over a sample space, is gener-
ated. The number and position of inclusions varies within the window,
adopting a Poisson’s distribution (SVEs, i.e. finite domains involving
statistical scattering), satisfying a hard–core condition which prevents
the overlapping between disks. This corresponds to a moving windows
technique.

4. For each realization Bδ(ω), both Dirichlet and Neumann BVPs are
solved, accounting for classical and micropolar deformation modes, and
the relevant homogenized constitutive moduli are numerically deter-
mined.

5. When, after a number of simulations Nδ, the average value of an elastic
modulus falls within a confidence interval, set at 95% over a normal

distribution
1, 96 CV√

Nδ

≤ tol, the procedure stops. The coefficient of

variation CV is defined depending on the material dispersion, CV =
σ/〈Xδ〉, with σ being the standard variation and 〈Xδ〉 the average of
X estimated at a given δ and tol is a given tolerance.

6. The moving window procedure is then repeated for increasing values
of the scale factor, δ, until Nδ satisfies the aforementioned condition.
The most unfavorable case is considered: at this stage we assume that
the RVE is identified.

7. The overall modulus is finally estimated as the average value between
the Dirichlet and Neumann solutions evaluated at δ = δREV = LREV /d.

4 Parametric numerical analyses

Two cases of particle-based composites are considered:

• Material ”A”, in which stiff inclusions are embedded in a soft matrix;

• Material ”B”, in which soft inclusions are embedded in a stiff matrix.

The constitutive behavior of the constituents, for both materials A and
B is assumed linear elastic and isotropic, as described in Section 2. For the
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classical part, the material contrast has been defined as the ratio Ei/Em, with
Ei and Em being the elastic moduli of inclusions and matrix, respectively.
While for the micropolar part, the material contrast has been defined as the
ratio lci/lcm, with lci and lcm being the characteristic lengths of inclusions and
matrix, respectively. For both cases A and B, the simulations are performed
by varying the values of material contrast as reported in Table 1. The limit
cases of the ratios tending to 0 (A) or to ∞ (B) describe composites with
rigid inclusions or pores, while the special case of ratios equal to 1 refers to
homogeneous materials, [6].

Material A A1 A2 A3

Ei
Em

= 10;

lci
lcm

= 10

Ei
Em

= 102;

lci
lcm

= 102

Ei
Em

= 103;

lci
lcm

= 103

Material B B1 B2 B3

Ei
Em

= 10−1;

lci
lcm

= 10−1

Ei
Em

= 10−2;

lci
lcm

= 10−2

Ei
Em

= 10−3;

lci
lcm

= 10−3

Table 1: Classical and micropolar material contrasts

As the homogenized behavior has been found to be isotropic, we select
two representative material parameters: the bulk modulus K, for the classical
part, and the characteristic length, related to the bending and skew shear
moduli, lc for the micropolar part.

Referring to the 2D constitutive equations at the macroscale (4), the effec-
tive bulk modulus and the homogenized characteristic length are respectively
defined as:

K = 2A1122 + A1212

lc =

√
(C3131 + C3232) / B1212 (8)

The statistical procedure described in Section 3 is applied in order to
perform the parametric analysis aimed at identifying the appropriate RVE
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size (δRV E) for materials A and B and the corresponding elastic, classical
and micropolar moduli defined in Equation (8). Attention is paid to the
convergence trend of these homogenized moduli.

In the Finite Element discretization, unstructured meshes of quadratic
Lagrangian triangular elements are adopted. All the BVPs have been solved

by using COMSOL Multiphysics R© code.
The results of the parametric analyses are reported in Figure 1 and 2,

in which the average value of the homogenized bulk modulus < K > and
the average value of the homogenized characteristic length < lc >, obtained
for the different material contrasts, are plotted versus the scale parameter
δ = L/d. Both < K > and < lc > are normalized with respect to the values
obtained at the RVE: < KRV E > and < lcRV E >. In the figures, blue solid
lines are referred to the solution of Neuman BVPs, while the red dashed lines
to the solution of Dirichlet BVPs.

Figure 1: Material A/B: effective bulk moduli (normalized) < Kδ > / <
KRV E > versus scale parameter δ for different contrasts. The ”X” symbol
indicate the value obtained at convergence

As regards to the bulk modulus < K >, both the Dirichlet and the
Neumann solutions converge to an average value falling within the confidence
interval (step 5 of the procedure of Section 3). As indicated in Section 3,
step 6, the value δRV E is then defined by taking into account the largest
convergence value between Dirichlet and Neumann solutions. It is possible
to observe that in the case of material A (Figure1 (a)), looking at the solution
of the Neumann’s BVPs, the convergence criterion is satisfied for values of
δ lower than those obtained adopting Dirichlet BCs; while in the case of
material B (Figure1 (b)) the opposite occurs.

In the latter case the gap between the two, Dirichlet and Neumann, so-
lutions is bigger than in the former. This is due to the fact that material B
needs more simulation to reach the convergence, as it will be explained in
the following.
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Figure 2: Material A/B: effective characteristic length (normalized) < lc δ >
/ < lc RV E > versus scale parameter δ for different contrasts. The ”X” symbol
indicate the value obtained at convergence

Looking at the characteristic length < lc >, a similar trend may be ob-
served (Figure 2). However, in this case the two bounds tend to become
parallel as δ increases and the constant tangent indicates the convergence.
The value of δRV E is then defined by taking into account the largest conver-
gence value between Dirichlet and Neumann solutions.

Also in this case, material B calls for greater values of δREV , in particular
for the solution of Neumann BVPs (Figure 2 (b)).

Concerning the convergence trend, for both the classical and micropolar
material moduli, as δ increases, the results obtained by applying Dirichlet
BCs and Neuman BCs tend to get closer. According to [26], when the values
of classical and micropolar contrasts move away from 1 (homogeneous mate-
rial), the distance between the two solutions increases as the contrast varies
calling for the need of larger size windows for identifying the RVE size, δRV E.
The variation is more sensitive when the contrast decreases (material B).

Within the proposed statistical approach, the RVE can be reached inde-
pendently on the material contrast basing on the criterion of the maximum
number of simulations needed to obtain values that do not vary more than
5% as the window size increases.

Figures (1) and (2) illustrate this criterion, which always ensures the
achievement of the RVE, also in those cases in which the value of the material
contrast is very different from 1.

More in detail, in Figures (3) and (4), the average moduli are plotted
versus the number of simulations.

For the sake of brevity, among the several analysis performed for different
material contrasts, only the results for materials A2 and B2 are reported,
these being the intermediate contrasts of the two typologies of materials
considered. Both the results obtained by applying Dirichlet and Neumann
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BCs are plotted.

Figure 3: Material A2/B2: Average values of the effective bulk modulus
< Kδ > normalized to the convergence value < KRV E > versus the number
of simulations performed for different window sizes.

Figure 4: Material A2/B2: Average of values of the effctive characteristic
length < lcδ > normalized to the convergence value < lcRV E > versus number
of simulations performed for different window sizes.

In particular, Figure 3 shows the average values of the homogenized bulk
modulus, < Kδ > / < KRV E > versus the number N of simulations per-
formed.

It is worth noting that the number of simulations Nδ needed for the con-
vergence decreases as the scale factor δ increases. However, as noted before,
a different trend characterizes the two materials: in the case of material A2
the Dirichlet BVPs solutions require a higher number of simulations with re-
spect to the Neumann BVPs solutions, while the opposite occurs in the case
of material B2. As defined above, the RVE size is obtained as the largest size
between the convergence values of Dirichlet and Neumann BVPs solutions.
In the case of the material A2 for instance, Neumann’s solutions allow us to
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define δRV E = 15, while Dirichlet’s solutions provide δ = 20. This latter
value has been then considered as RVE value. The trend is opposite in the
case of material B2.

Similar considerations may be drawn looking at Figure (4), in which the
average value of the homogenized characteristic length < lc δ > / < lc RV E >
are plotted versus the number of simulations performed N . As previously
noted, in the case of material B, the number of simulation needed to reach
the convergence is higher with respect to material A.

The differences in terms of convergence trend of classical and micropolar
moduli in the material cases A and B depend on the different dispersion of
results are shown in Figures 5 and 6, reporting the Coefficient of Variation
CV (Section 3, step 5) versus δ.

Figure 5: Material A/B: Coefficient of variation of the effective bulk modulus
< Kδ >

Figure 6: Material A/B: Coefficient of variation of the effective characteristic
length < lc δ >

Finally, the results in term of RVE size, δREV , are synthesized and re-
ported in Figures (7) and (8). The δ = δRV E are plotted versus the different
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contrasts considered. It can be observed that as the material contrast differs
from 1, the value of homogeneous media, the parametric analyses, obtained
for different material contrasts, show that δRV E increases: the adoption of
larger δ is needed in order to identify the appropriate RVE.

Accordingly, looking at figure 3 and 4, with the adopted convergence
criterion the number of simulation Nδ needed to reach the δRV E grows as the
value of the contrast moves away from 1.

Moreover, material B provides more dispersed results and requires an
higher number of simulations Nδ.

Figure 7: Material A/B: RVE size for bulk modulus for different material
contrasts

Figure 8: Material A/B: RVE size for characteristic length for different ma-
terial contrasts
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5 Final remarks

In this work, particle composites, made of disk shaped inclusions randomly
distributed within a base matrix, are investigated adopting a micropolar
statistically-based homogenization procedure, previously proposed by some
of the authors. The main focus is studying the sensitivity of the overall
micropolar response to the mismatch between the mechanical properties of
components, that is to the classical and micropolar contrasts between the
elastic properties of matrix and inclusions. To this end, a set of parametric
analyses have been performed for several material contrasts. Two different
material cases have been considered: one with stiff inclusions (referred in
the paper as material ”A”) and the other with soft inclusions (referred in
the paper as material ”B”). Particular attention is focused on the statistical
convergence criterion proposed in order to evaluate the applicability and
reliability of the homogenization approach at varying of the material contrast.

The outcome of the parametric analyses is the identification of the RVE
(representative volume element) for a given material contrast.

Some final remarks may be drawn:

• The presented results show that the adopted scale–dependent multi-
scale procedure allows us to properly estimate the classical and mi-
cropolar constitutive moduli of particle–based composites described as
micropolar continua.

• The window size needed to define the appropriate RVE increases as the
material contrast differ from 1 (corresponding to homogeneous media).

• In both material cases (stiff or soft inclusions) randomness requires that
the window intersect the inclusions.

• At varying of the contrast, the convergence trend changes depending on
the constitutive moduli considered: the convergence is reached when
the number of simulation Nδ needed to obtain average values of the
constitutive parameters falling in a confidence interval is enough small.
The RVE size δRV E is defined considering the most unfavorable case
between the solution of Dirichlet and Neumann BVPs.

• In the case of material A (stiff inclusions) Neumann BCs provide a
smaller δRV E with respect to Dirichlet BCs, while the opposite occurs
in the case of material B (soft inclusions).

• The convergence criterion adopted allows us determining the appropri-
ate RVE size to be used for performing homogenization also at sensitive
varying of the contrast.
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Next step of this research is to investigate several contrasts in order to
provide more significant indications to the RVE size that has to be adopted
for different random composite materials. Whit this purpose, an automation
of the procedure is under definition, as the computational efforts related to
the statistical procedure adopted is very expensive. Moreover, the number
of simulation needed to reach the convergence for materials with contrast far
away from 1 is very high, calling for greater RVE size LRV E, in particular in
the case of materials with soft inclusions (B). In these cases, the mesh refine-
ment needed using classical FE makes the computational efforts even more
expensive. In this view, more efficient numerical methods will be adopted in
order to adopt more coarse mesh allowing the analysis of larger SVEs.
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